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Quantum scale symmetry is the realization of scale invariance in a quantum field theory. No
parameters with dimension of length or mass are present in the quantum effective action. Quantum
scale symmetry is generated by quantum fluctuations via the presence of fixed points for running
couplings. As for any global symmetry, the ground state or cosmological state may be scale invariant
or not. Spontaneous breaking of scale symmetry leads to massive particles and predicts a massless
Goldstone boson. A massless particle spectrum follows from scale symmetry of the effective action
only if the ground state is scale symmetric. Approximate scale symmetry close to a fixed point leads
to important predictions for observations in various areas of fundamental physics.
We review consequences of scale symmetry for particle physics, quantum gravity and cosmology.
For particle physics, scale symmetry is closely linked to the tiny ratio between the Fermi scale of weak
interactions and the Planck scale for gravity. For quantum gravity, scale symmetry is associated to the
ultraviolet fixed point which allows for a non-perturbatively renormalizable quantum field theory for
all known interactions. The interplay between gravity and particle physics at this fixed point permits
to predict couplings of the standard model or other “effective low energy models” for momenta below
the Planck mass. In particular, quantum gravity determines the ratio of Higgs boson mass and top
quark mass. In cosmology, approximate scale symmetry explains the almost scale-invariant primordial
fluctuation spectrum which is at the origin of all structures in the universe. The pseudo-Goldstone
boson of spontaneously broken approximate scale symmetry may be responsible for dynamical dark
energy and a solution of the cosmological constant problem.
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31. Introduction
Scale symmetry is associated to the absence of intrinsic
mass or length scales. Do we see scale symmetry in particle
physics and cosmology? There are two well known fields
where approximate scale symmetry plays a central role. The
first is the approximately scale invariant power spectrum
of the primordial cosmic fluctuations. These fluctuations
are the seed for the structure in the Universe, and therefore
of our existence. Their approximate scale invariance hints
to a role of scale symmetry in the very early inflationary
cosmology [1–7] or other variants of primordial cosmology.
The second is the approximate scale invariance of particle
physics at high momenta if the standard model of particle
physics [8–10] can be extrapolated sufficiently above the
Fermi scale ϕ0 = 174.1 GeV, where the electroweak gauge
symmetry is spontaneously broken [11–13]. With the ab-
sence of new physics in the present findings of the large
hadron collider (LHC), the possibility of such an extrapo-
lation is accepted more and more widely. In a momentum
range above 1 TeV the dimensionless couplings in the stan-
dard model are all small. Effects of their running are at least
quadratic in the couplings, often even cubic or quartic, and
therefore even smaller. The role of a possible intrinsic mass
scale associated to the Fermi scale, or to the characteristic
“confinement scale” ΛQCD for quantum chromodynamics
(QCD), is tiny for characteristic momenta p above 1 TeV,
being typically suppressed by powers of ϕ20/p2 or Λ2QCD/p2.
Scale symmetry holds in this high momentum range with
rather high accuracy.
Scale symmetry, often also called dilatation symmetry,
and sometimes somewhat inaccurately conformal symmetry,
has played an important role in the theoretical discussion of
several fundamental questions in particle physics, cosmology
and quantum gravity. Approximate scale symmetry has
been advocated [14–16] for ensuring the naturalness of the
observed small value of the Fermi scale as compared to the
Planck massM = 2.436·1018GeV, namely ϕ0/M ≈ 7·10−17,
the gauge hierarchy [17, 18]. Furthermore, approximate
scale symmetry has been employed for a possible solution
[19] of the cosmological constant problem [20], namely ex-
plaining why the value of the cosmological “constant” λ
is many orders of magnitude smaller than a characteristic
value given by the Planck mass, λ/M4 ≈ 10−120. For this
explanation λ becomes a dynamical quantity, changing with
time in cosmology. The corresponding association of λ with
the decreasing potential energy of a scalar field has pre-
dicted [19] a form of dynamical dark energy several years
before the observational discovery of dark energy [21–23].
Thus, scale symmetry may be related to both observed tiny
ratios in fundamental physics, the gauge hierarchy ϕ0/M
and the cosmological constant λ/M4.
Quantum gravity is a missing corner stone in the building
of a unified picture of theoretical fundamental physics. One
of the simplest possibilities is that quantum gravity is a
renormalizable quantum field theory with diffeomorphisms
(general coordinate transformations) as a gauge symme-
try. Quantum gravity is not perturbatively renormalizable.
Renormalizability of quantum gravity has therefore to be
non-perturbative, associated to an ultraviolet (UV) fixed
point with non-vanishing interactions. The presence of
such a fixed point is called “asymptotic safety” [24]. While
established first only in the vicinity of two dimensions,
non-perturbative computations have become available for
four dimensions by the modern form of functional renor-
malization [25], [26]. Since the pioneering work of Reuter
on functional renormalization for gravity [27], substantial
evidence in favor of the existence of an UV-fixed point for
four-dimensional gravity – the Reuter fixed point – has
accumulated [28–31].
As for any fixed point, the UV-fixed point for quantum
gravity realizes exact scale symmetry. Close to a fixed
point one should observe approximate scale symmetry. It
is tempting to associate the approximate scale symmetry
of the primordial cosmic fluctuations with the vicinity of
the UV-fixed point in quantum gravity [32].
The aim of the present work is a discussion of the rela-
tions between different facets of scale symmetry in particle
physics, cosmology and quantum gravity, and to put them
into a common context. A central theme of this work is
the presence of several types of scale symmetry in particle
physics coupled to quantum gravity. They are related to
the presence of different (approximate) fixed points. The
most prominent ones are: (1) The “gravity scale symmetry”
associated to the UV-fixed point used for the definition
of a renormalizable quantum field theory for gravity. (2)
The “particle scale symmetry” of the standard model (SM)
without gravity, seen as an effective low energy theory below
the Planck mass. This is related to the (almost) second
order character of the electroweak phase transition, and
reflected by the presence of a SM-fixed point. (3) The
“cosmic scale symmetry”, related to the infrared (IR)-fixed
point. This matters for the properties of the Universe at the
largest distances and concerns the issue of the cosmological
constant.
The overall situation can be summarized by the flow
diagram Fig. 1. It exhibits the three fixed points, with
UV-fixed point in the upper right corner, SM-fixed point in
the upper left corner, and IR-fixed point in the lower left
corner. Realistic trajectories approach the SM-fixed point
very closely. The renormalization flow connects the different
facets of scale symmetry which are related to the three
different fixed points. For cosmology, a typical time flow
follows the renormalization group (RG-)trajectory, from the
UV-fixed point in the past to the IR-fixed point in the future.
Trajectories depend on the renormalization scale k or µ via
a dimensionless ratio k/µ˜. There are different possibilities
how cosmology maps to the RG-trajectories. First, µ˜ may
be given by scalar field χ. If χ increases with time, k/µ˜
moves from the UV to the IR as time increases. Second,
k−1 may be associated with some geometrical length scale
which increases for increasing time. We will see for explicit
solutions of field equations for cosmological models that this
behavior is indeed realized. This connects the approximate
scale invariance in early epochs of cosmology to the vicinity
of the UV-fixed point.
Classical scale symmetry is realized if the classical or
microscopic action does not involve a parameter with di-
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FIG. 1. Crossover flow trajectories. We plot 1/
√
1 + w2 (x-axis)
and γ/
√
1 + γ2 (y-axis), with w−1 measuring the strength of
gravity and γ the distance from the electroweak phase transition,
both in units of the renormalization scale k or µ. Trajectories
start for k →∞ in the upper right corner at the UV-fixed point
where γ = 0 and w = w∗ > 0. As k is lowered, the trajectories
sufficiently close to the electroweak phase transition approach
first the standard model fixed point at γ = 0, w = 0 (upper
left corner). Subsequently, they are attracted for k → 0 by
the infrared fixed point at γ → −∞, w = 0. Parameters are
b = c = 0.1, and initial conditions given by γ0 = γ(k = M),
range from γ0 = −0.001 (upper left) to γ0 = −6.0 (lower right),
see sect. 3.6. As γ0 approaches zero, the trajectory becomes a
sequence of two straight lines connecting the three fixed points.
The observed standard model corresponds to very small γ0. For
b > 2c the only possible trajectory has γ0 = 0.
mension of mass or length. Scale invariant classical gravity
has been discussed since a long time [33–35]. A formulation
of classical scale symmetry for the standard model coupled
to gravity introduces in the classical action an additional
scalar singlet field beyond the metric and the fields of the
standard model [36–41]. The Planck mass is proportional
to the singlet scalar field. For a scale invariant potential for
the singlet and doublet scalars, the Fermi scale is no longer
a parameter of the classical action, being proportional to
the expectation value of a scalar field as well.
In a theory with fluctuations, as quantum field theory or
statistical physics, classical or microscopic scale symmetry
can be violated by fluctuations [42]. This is rooted in the
violation of scale symmetry by the measure in the functional
integral or partition function. The results are running
dimensionless couplings, e.g., g(µ) for the strong gauge
coupling. Here, µ sets typically the scale for momenta of
particles involved in a scattering process. Indeed, the overall
momentum dependence of vertices is typically described by
a momentum dependent dimensionless coupling g (besides
a structural momentum dependence of certain vertices).
Since g is dimensionless, any momentum dependence of
g requires the presence of an intrinsic scale µ¯ such that
g(µ/µ¯) can be a dimensionless function of a dimensionless
quantity. The scale µ¯ may be an ultraviolet cutoff ΛUV , or
some other intrinsic scale where the coupling takes a given
value g¯, e.g. g(µ = µ¯) = g¯.
This dependence on an intrinsic scale often translates
to explicit mass scales, a phenomenon called “dimensional
transmutation”. A well known example is the confinement
scale ΛQCD associated with asymptotic freedom in QCD
[43, 44]. The scale ΛQCD determines the mass of protons
and neutrons. Another example is the Coleman-Weinberg
mechanism for radiatively induced spontaneous symmetry
breaking [45]. These examples demonstrate clearly how
quantum fluctuations can break scale symmetry. Several
models assume classical scale symmetry for the standard
model [46–49]. The running dimensionless couplings of
these models induce an intrinsic scale µ¯ that depends on
the precise setting. This amounts to an explicit breaking of
scale symmetry.
On the other hand, the running of dimensionless couplings
or mass ratios may have fixed points. At a fixed point, the
running of couplings is absent – g(µ/µ¯) is replaced by the
fixed point value g∗. No intrinsic mass scale is present at the
fixed point. At a fixed point, scale symmetry is exact. We
call the scale symmetry associated to a fixed point “quantum
scale symmetry”. This is motivated by two properties. First,
the scale symmetry associated to a fixed point is an exact
symmetry in the presence of quantum fluctuations. Second,
the quantum fluctuations are responsible for the presence of
the fixed point, such that scale symmetry is actually induced
by quantum fluctuations, rather than being destroyed by
quantum fluctuations. Quantum scale symmetry does not
need classical scale symmetry on the microscopic level. The
microscopic or classical action may involve intrinsic mass
of length scales. At a fixed point, the memory of these
microscopic scales is wiped out for µ sufficiently below the
microscopic scale. Well known examples are fixed points
in statistical physics, as the Wilson-Fisher fixed point for
scalar theories in three dimensions. It can be realized, for
example, on a lattice, with intrinsic scale given by the lattice
distance a. For critical phenomena at the phase transition,
characterized by the fixed point, no memory of the lattice
distance survives in the limit µa→ 0. This holds provided
one uses suitable renormalized fields.
The presence or absence of scale symmetry is best dis-
cussed in terms of the quantum effective action Γ. The
effective action is a functional of fields, similar to the clas-
sical action. It includes, however, all fluctuation effects.
Quantum scale invariance is realized if the effective action
does not involve any intrinsic mass or length scale. The
effective action contains all the necessary information about
full propagators and vertices - the one-particle-irreducible
vertices can be found by simple functional differentiation of
Γ. Since Γ contains all effects of fluctuations, the running
of dimensionless couplings as well as their fixed points are
directly encoded in Γ. The first derivative of Γ generates the
exact quantum field equations, while the second functional
5derivative constitutes the inverse propagator. Once Γ is
known or assumed, the remaining issues can be dealt with
“classical field theory”. Thus “classical field equations” are
valid for the full quantum field theory. Only the central
object from which they are derived is the quantum effective
action Γ rather than the classical action S.
The central role of the effective action for quantum scale
symmetry becomes visible if one realizes that a fixed point
is not a property of a single coupling or a finite number
of couplings. (Those may be sufficient for partial fixed
points.) A theory contains infinitely many effective vertices,
each with a momentum dependence to be specified. Exact
scale symmetry requires that none of these vertices involves
an intrinsic mass scale µ¯. This is directly encoded in the
effective action Γ. Scale symmetry requires that Γ is a
functional of suitably renormalized fields that does not
involve any intrinsic scale µ¯.
The notion of renormalized fields is important for scale
symmetry. Typically, the relation between the renormalized
fields and the microscopic fields involves the microscopic
length scale. Therefore, an intrinsic scale µ¯ appears in this
relation. If one expresses Γ in terms of microscopic fields,
it will no longer be independent of µ¯. Thus a more precise
characterization of quantum scale invariance states that
there exists a suitable choice of renormalized fields ϕR such
that Γ[ϕR] does not involve any parameters with dimension
of mass or length.
It is possible to discuss scale symmetry in terms of the
Noether construction with the associated dilatation currents,
for an example see refs. [50–52]. The quantum effective ac-
tion contains the necessary information for this construction
in the quantum field theory context. In the present work
we will directly use the quantum effective action for our
discussion of scale symmetry. Presence of scale symmetry
is signaled by the absence of a characteristic scale µ¯, and
approximate scale symmetry close to a fixed point can be
discussed in terms of a weak dependence of Γ on µ¯.
The association between scale symmetry and fixed points
is known since a long time in the theory of critical phenom-
ena in statistical physics [53, 54]. The status of quantum
scale symmetry in particle physics and cosmology is pre-
cisely the same as the one for critical phenomena. For both
statistical physics and quantum field theory for particle
physics, gravity and cosmology, fluctuations are the central
ingredient for the emergence of scale symmetry. This is why
we can take over the concepts for critical phenomena. The
Wilsonian approach [54–56] is common for the issue of scale
symmetry for all fluctuating systems. The present paper
employs these concepts for a systematic view of the various
facets of scale symmetry in particle physics, quantum grav-
ity and cosmology. Our wording of quantum scale symmetry
emphasizes that for these fields quantum fluctuations are
the essential agents for the understanding of fixed points,
as well as for their vicinity, and that the quantum effective
action is the essential tool for our investigation. It also
permits an easy distinction from classical scale symmetry.
In a complete theory of particle physics and gravity quan-
tum scale symmetry can be an exact symmetry [19, 57],
or it can be explicitly broken by an intrinsic mass scale
µ¯ [19]. Exact scale symmetry is typically realized if the
theory is defined exactly on a fixed point. The route of an
exact scale symmetry in particle physics and gravity has
been followed in refs. [58, 59]. If the theory is defined in
the vicinity of an UV-fixed point, scale symmetry becomes
exact only in the limit of infinite momentum. The flow of
the relevant parameters away from the fixed point induces
intrinsic mass scales. This explicit scale symmetry breaking
is often named “dilatation anomaly” or “scale anomaly”.
Models with a small intrinsic mass µ¯ show approximate
scale symmetry. This line of research has been followed in
refs. [19, 32, 60, 61]. In the range of momenta much larger
than µ¯ there is practically no difference between exact scale
symmetry and approximate scale symmetry. This typically
extends to field expectation values much larger than µ¯. The
limit µ¯→ 0 defines a theory closer and closer to the fixed
point and connects to exact scale symmetry in a smooth
way.
Quantum scale symmetry is not necessarily associated
with a massless particle spectrum. As for any other global
continuous symmetry a scale invariant effective action per-
mits two regimes. The solution of the quantum field equa-
tions may or may not break scale symmetry. For solutions
which break scale symmetry one encounters “spontaneously
broken scale symmetry”. This happens, for example, if some
scalar field takes a non-zero value χ. In this “SSB regime”
particles can be massive, with mass given by m = hχ and
h a dimensionless coupling. A spontaneously broken global
symmetry implies the presence of a massless Goldstone
boson. For spontaneously broken scale symmetry this is
the dilaton. The SSB-regime is therefore characterized by a
(partially) massive particle spectrum and a massless dilaton.
On the other hand, if the solution respects scale symmetry
as well, quantum scale symmetry is not spontaneously bro-
ken. In this symmetric regime (SYM-regime) all particles
are massless. Indeed, for m = hχ and χ = 0 one has m = 0.
The SYM-regime is therefore characterized by a massless
particle spectrum.
Only in the SYM-regime the world would look the same
on all scales. This property, often associated with scale
symmetry, therefore needs an additional ingredient, namely
the absence of spontaneous breaking of scale symmetry.
Fixed points with their associated scale symmetry are com-
patible with the appearance of effective mass and length
scales associated to spontaneous breaking of scale symme-
try. Spontaneous breaking of scale symmetry is usually not
realized for critical phenomena in statistical physics. At a
second order phase transition the world looks indeed the
same on all scales. In contrast, cosmological solutions of
field equations derived from a scale invariant effective ac-
tion often involve a non-vanishing scalar field. They realize
scale symmetry in the SSB regime. In our present world
we see explicit mass and length scales as the mass of the
electron or the size of an atom, or else the gravitational
constant. We will see that this is perfectly consistent with
scale symmetry. All observed masses are then proportional
to a scalar field χ.
One of the main distinctions between exact and approxi-
mate scale symmetry concerns the properties of the (pseudo)
6Goldstone boson in case of spontaneous scale symmetry
breaking by a scalar field χ. In case of exact scale symmetry
a massless Goldstone boson is predicted, which can only
have derivative couplings. For approximate scale symmetry
the Goldstone boson acquires a small mass ∼ µ¯2/χ and is
called a “pseudo-Goldstone boson”. The couplings of the
pseudo-Goldstone boson no longer need to be pure deriva-
tive couplings. The exchange of this pseudo-Goldstone
boson, often called “cosmon”, mediates a “fifth force” [50].
In the limit µ¯/χ→ 0 the properties of the pseudo-Goldstone
boson smoothly connect to the exact Goldstone boson or
dilaton. A pseudo-Goldstone boson or cosmon with a tiny,
typically time-dependent mass can play an important cos-
mological role in the present universe, being responsible for
dynamical dark energy [19].
This review is organized as follows: In sect. 2 we describe
the basics of quantum scale symmetry, associated to fixed
points. The difference between classical and quantum scale
symmetry resides in the role of quantum fluctuations. We
discuss the effective action for a quantum scale invariant
standard model coupled to gravity. This extends to ap-
proximate scale symmetry due to the presence of relevant
couplings at the fixed point, and the associated generation
of intrinsic mass scales. In sect. 3 we discuss networks of
fixed points and the crossover between them. They are re-
sponsible for the presence of two different scale symmetries,
one for quantum gravity and the other for the low energy
effective theory below the Planck mass. The discussion of
this section is directly connected to the flow diagram Fig. 1.
We discuss the predictivity for observable parameters due
to couplings becoming irrelevant at the fixed point or due
to partial fixed points. In sects. 2, 3 the scale for flowing
couplings is set by a momentum scale µ characteristic for
the investigated vertices. In sect. 4 we discuss the situation
where the scale is set by the value of a scalar field χ. Any
ground state or cosmological solution with non-vanishing
χ induces a spontaneous breaking of scale symmetry. We
discuss the interplay between spontaneous breaking by χ
and explicit breaking by a possible intrinsic mass scale µ¯.
We also address the relations between the flow with µ and
the flow with χ.
In sect. 5 we turn to particle scale symmetry. It is due
to the SM-fixed point in Fig. 1. We discuss its origin in the
(almost) second order character of the electroweak phase
transition. We investigate the role of particle scale symme-
try for the naturalness of the gauge hierarchy. We describe
the quantum scale invariant standard model as well as a
possible explicit symmetry breaking by a mass parameter
µ¯. We argue that the mass of the pseudo-Goldstone boson
of spontaneously broken dilatation symmetry, m ∼ µ¯2/χ,
cannot be determined within the low energy effective theory.
It needs a specification of the UV-completion, for example
by the UV-fixed point for quantum gravity.
Sect. 6 is devoted to gravity scale symmetry. Gravity
scale symmetry is the scale symmetry for the combined
theory of particle physics and quantum gravity. It is as-
sociated to the UV-fixed point for asymptotic safety. In
Fig. 1 all trajectories start from this UV-fixed point for
k → ∞. We briefly introduce quantum Einstein gravity
and dilaton quantum gravity. For the latter the Planck
mass is proportional to a scalar field χ. For dilaton quan-
tum gravity a scale invariant effective action can be found
easily. One can transform the scale invariant frame to the
more familiar Einstein frame with fixed Planck mass M
by a field transformation of the metric. This Weyl scaling
introduces M as an explicit mass appearing in the field
transformation, thus hiding in a certain way the presence
of scale symmetry. However, M is not an intrinsic scale in
this case, being not visible in the original scale invariant
frame. We describe several versions of a scale invariant
effective action for gravity. The vicinity of an UV-fixed
point involves flowing couplings. If relevant, they lead to
undetermined parameters that have to be specified for the
definition of the model.
We discuss in detail quantum gravity effects for the effec-
tive potential U for scalars. The interplay of the dependence
of U on the renormalization scale k and the scalar field χ
leads to an extended notion of a fixed point. The latter
is characterized by a scaling form of the potential, where
U/k4 only depends on the ratio y = χ2/k2. This is a whole
function, replacing fixed point values for a finite number of
couplings.
Besides the UV-fixed point, quantum gravity also ex-
hibits an IR-fixed point with possible high relevance for
the cosmological constant problem. All flow trajectories in
Fig. 1 end in this IR-fixed point for k → 0. We discuss the
crossover from the UV- to the IR-fixed point. We finally
review the quantum gravity predictions for the effective
potential of the Higgs scalar and the successful prediction
for the mass ratio between the Higgs boson and the top
quark.
In sect. 7 we discuss the important consequences of scale
symmetry for cosmology. This concerns all epochs, from
the almost scale invariant spectrum of primordial cosmic
fluctuations in inflationary cosmology, to cosmological scal-
ing solutions with early dark energy during radiation and
matter domination, and to dynamical dark energy in the
present cosmological epoch. The dynamics of a single scalar
field may be responsible for modifications of Einstein gravity
for all epochs. Its potential energy may both drive inflation
and be responsible for the present accelerated expansion.
After a short discussion of the quantitative relation be-
tween the cosmic fluctuation spectrum and scale invariance
we investigate Starobinski inflation, cosmon inflation and
Higgs inflation with the perspective of scale symmetry, and
also describe inflationary models with exact scale symmetry.
After inflation cosmology makes a transition to cosmological
scaling solutions for the radiation and matter dominated
universe. These scaling solutions can be understood in
terms of scale symmetry and its explicit or spontaneous
breaking. If intrinsic scales µ¯ are small enough, the scaling
solutions typically involve a small constant fraction of early
dark energy. Exact scale symmetry predicts the absence of
a time variation of couplings or apparent violations of the
equivalence principle. Small violations of scale symmetry
could lead to tiny residual effects which may be observable.
Realistic models of quintessence need an exit from the
scaling solution a couple of billion years ago. The associated
7stop of the evolution of the cosmon is due to intrinsic scales
generated by the flow of relevant couplings. We discuss
two cases, one with a crossover in the potential as observed
in dilaton quantum gravity (crossover quintessence), the
other resulting in the flow of beyond standard model cou-
plings within growing neutrino quintessence. It is amazing
to see for crossover quintessence how a quantum gravity
computation of the scaling form of the effective potential
translates directly to predictions for observable quantities in
the present cosmological epoch. We summarize our findings
in sect. 8.
2. Fixed points and scales
The present and next section mainly takes over the con-
cepts and language of critical phenomena to particle physics,
quantum gravity and cosmology. The conceptual part is
not meant to be new, but rather puts various well known
phenomena in particle physics in a common framework with
respect to scale symmetry. Our discussion of the effective
action has direct correspondence in statistical physics. The
effective action is a generalization of the Gibbs free en-
ergy, now defined for arbitrary inhomogeneous fields. In
statistical physics, various “Landau theories” can be seen
as approximations to the effective action.
We stress the natural emergence of quantum scale symme-
try in every continuous complete renormalizable quantum
field theory. It is related to the absence of intrinsic mass
or length scales in the quantum effective action at a fixed
point. We establish the appearance of particle masses in a
quantum scale invariant theory, due to spontaneous symme-
try breaking. In particular, we discuss the quantum scale
invariant standard model.
2.1. Classical scale symmetry
We start our discussion with classical scale symmetry. It
is realized in a classical field theory if the classical action
contains no parameter with dimension mass. We use ~ = 1,
c = 1 such that length and time have dimension mass−1.
We often call all parameters with dimension massP , P 6= 0,
“parameters with dimension mass”, with no restriction to
P = 1. Dimensionless parameters have P = 0. Instead of
classical field theory we may also neglect fluctuation effects
in a quantum field theory (classical approximation). In
this case the classical action S can be associated with a
microscopic action, defined at some high momentum scale.
We employ a euclidean language with
S =
∫
x
√
gL =
∫
d4x√gL (2.1)
and g = det(gµν) the determinant of the metric gµν . The
metric signature is (−,+,+,+), such that g is negative and√
g imaginary. For flat Minkowski space one has √g =
i. The weight factor e−S reads in flat Minkowski space
exp(−i ∫
x
L). Our conventions for L are such that the
potential is positive, while a stable kinetic term for a scalar
field amounts to a negative sign of the term with two time
derivatives due to g00 < 0. (The sign of L is opposite to
the usual Lagrange density.) These conventions permit for
a simple continuation to Euclidean signature. We often use
L˜ = √gL. Our conventions for the curvature tensor are
such that the curvature scalar R is positive for de Sitter
space, and positive for the sphere for euclidean geometry
with signature (+,+,+,+).
Our first example is electrodynamics with
L = 14e2FµνF
µν + iψ¯γµDµψ +meψ¯γ5ψ. (2.2)
Here we use a normalization of the gauge field Aµ such
that the covariant derivative acting on the field ψ for the
electron reads
Dµ = ∂µ − iAµ. (2.3)
The electromagnetic coupling e is related to the fine struc-
ture constant α = e2/4pi, and the electromagnetic field
strength is given as usual by
Fµν = ∂µAν − ∂νAµ , Fµν = gµρgνσFρσ. (2.4)
The matrices γµ are the euclidean Dirac matrices multiplied
with the inverse vierbein eµm
γµ = eµmγm , {γm, γn} = 2δmn , gµν = emµ enν δmn ,
emµ e
µ
n = δmn ,
√
g = e = det(emµ ). (2.5)
In flat Minkowski space one has emk = δmk , em0 = iδm0 , with
µ = (0, k), k = 1, 2, 3. We use conventions [62] for ψ where
ψ¯γ5ψ is a scalar, ψ¯ = ψ†γ0, and me is the electron mass. In
these conventions analytic continuation to euclidean space
only amounts to a change of the phase for the vierbein e0µ
[62].
Scale transformations perform a multiplicative rescaling
of all fields, including the vierbein and the metric,
A′µ = Aµ , ψ′ = α3/2ψ ,
emµ
′ = α−1emµ , g′µν = α−2gµν ,
√
g′ = α−4√g. (2.6)
Scale invariance of S is therefore realized if L′ = α4L. This
is indeed the case for the first two “kinetic” terms in eq. (2.2).
The last “mass term” scales as L′m = α3Lm and therefore
violates scale symmetry, as expected since it involves the
intrinsic scale me. In flat space there exists another version
of scale symmetry where one rescales coordinates instead
of the metric and the vierbein. The formulation with fixed
coordinates and scaling of the geometric fields is simpler,
however. It is easily extended to curved space in quan-
tum gravity, and also allows for a straightforward Noether
construction. In eq. (2.6) the scalar and fermion fields trans-
form according to their canonical dimension, gauge fields
are invariant, and the scaling dimension of the metric is
length squared, as appropriate for unscaled coordinates. In
the absence of electrons the last two terms in eq. (2.2) can
be omitted. The first term yields Maxwell’s equations in
vacuum, and one recovers the well known scale invariance
of these equations. Approximate scale invariance is realized
8for high momenta p where m2e/p2 can be neglected, such
that only the first two terms in eq. (2.2) contribute.
Scale invariant electrodynamics is easily constructed. One
replaces me = hχ, with scalar field χ scaling as
χ′ = αχ , (2.7)
and adding a scalar kinetic term and quartic potential
Lχ = 12g
µν∂µχ∂νχ+ λ˜χ4. (2.8)
For λ˜ > 0 the only homogeneous solution for χ is χ = 0
and scale symmetry is in the SYM-regime, with a massless
electron and scalar field. For λ˜ = 0 one has solutions with
arbitrary χ = χ0. For χ0 6= 0 the electron is massive, with
effective electron mass me = hχ0, while χ−χ0 is associated
to the massless Goldstone boson of spontaneously broken
scale symmetry. (The field for the Goldstone boson that
has only derivative couplings obtains by a non-linear field
redefinition. It exists only for χ0 6= 0.) The action (2.8)
admits both solutions with spontaneous scale symmetry
breaking (SSB-regime) and with unbroken scale symmetry
(SYM-regime). For scale symmetry the transition between
the SSB- and SYM-regimes is somewhat special, since in
both regimes a massless scalar is present. For usual sec-
ond order phase transitions involving an order parameter
breaking a global continuous symmetry a massless scalar
occurs only in the SSB-regime and at the phase transition.
In case of scale symmetry the scalar remains massless in
the SYM-regime as well, since all particles are massless in
this regime.
The generalization to QCD is straightforward. There are
now eight gluon fields Azµ, with non-abelian field strength
F zµν = ∂µAzν − ∂νAzµ + fz vwAvµAwν , (2.9)
and fzvw the totally antisymmetric structure constants of
SU(3). For the first term in eq. (2.2) one replaces FµνFµν
by F zµνFµνz and e is replaced by the strong gauge coupling g.
(Lowering and raising the index z is only for visual purposes,
fzvw = δzyfy vw etc.). The electron is replaced by several
quark fields in the triplet representation of SU(3) and the
two last terms in eq. (2.2) involve now sums over the quark
flavors. The covariant derivative involves the generators Tz
of SU(3) in the fundamental representation
Dµ = ∂µ − iAzµTz. (2.10)
In the limit of vanishing quark masses classical QCD is
scale invariant.
For the standard model of particle physics one adds to
QCD the gauge fields of SU(2) × U(1), extends the co-
variant derivatives correspondingly, and adds the leptons.
Left handed and right handed fermions transform differ-
ently with respect to the standard model gauge symmetry
SU(3)×SU(2)×U(1), such that no field independent mass
term is consistent with the symmetries. This part of the
standard model is scale invariant.
Masses of the W - and Z-bosons, as well as for the quarks
and charged leptons, are induced by spontaneous breaking
of SU(2)× U(1) through the vacuum expectation value ϕ0
of the Higgs scalar field, which sets the Fermi scale. The
action for the complex doublet h is given by
LH = 12(Dµh)
†Dµh+ λH2
(
h†h− ϕ20
)2 + LY (2.11)
with
LY =
∑
i,j
yijψ¯
i
Rγ
5h†ψjL + h.c. . (2.12)
Here ψL and ψR are left handed and right handed fermion
fields
γ5ψL = ψL , γ5ψR = −ψR , (2.13)
and i, j denote the various species of fermion fields. The
dimensionless Yukawa couplings yij need to be compatible
with SU(3) × SU(2) × U(1) symmetry. For 〈h〉 = ϕ0 the
W,Z-bosons acquire a mass through the Higgs mechanism
[11–13], and quark and lepton mass matrices are given by
mij = yijϕ0. (2.14)
The neutrinos remain massless since the neutrino doublets
have no neutrino singlets as counterparts. The only pa-
rameter violating scale symmetry is ϕ0 in eq. (2.11). For
ϕ0 = 0 the standard model exhibits classical scale sym-
metry. This may be easily verified by extending the scale
transformations (2.6), (2.7) to all fields.
2.2. Classically scale invariant standard model
Similar to our discussion of scale invariant QED one can
formulate a classically scale invariant standard model by
replacing the parameter ϕ0 by a field,
ϕ20 = εχ2 , (2.15)
with dimensionless ε and χ a scalar singlet for which we
add the term Lχ in eq. (2.8). This can be extended to a
scale invariant standard model coupled to gravity [36, 41]
by replacing Lχ by LχR,
LχR = −12χ
2R+ 12 (B − 6) ∂
µχ∂µχ+ λ˜χ4. (2.16)
Here R is the curvature scalar formed with the metric gµν .
We have normalized the scalar χ such that the variable
Planck mass is given by χ. The model is stable for all
B > 0, despite the negative sign of the kinetic term for
B < 6.
The field equations derived from the action with classical
scale symmetry admit solutions with a Robertson-Walker
metric and a time dependent homogeneous scalar field χ(t).
After a rather short while the scalar field settles at some
constant value χ0 which only depends on the initial condi-
tions. This type of solution realizes spontaneous breaking
of the scale symmetry. The Fermi scale obeys ϕ20 = εχχ20,
such that the particle spectrum is massive. The particle
masses can be identified with the observed masses for suit-
able values of the gauge and Yukawa couplings, as well
9as the quartic scalar coupling λH . The units of χ0 are
arbitrary. We choose units such that χ0 coincides with the
Planck mass in present cosmology, χ0 = M = 2.435 · 1018
GeV.
Realistic phenomenology requires the dimensionless quar-
tic coupling ε to be tiny,
ε = ϕ
2
0
M2
= 5 · 10−33 , (2.17)
reflecting the gauge hierarchy. The present cosmological
constant is given by
λ = λ˜χ40 , (2.18)
such that λ˜ is again a tiny dimensionless quartic coupling,
reflecting the cosmological constant problem
λ˜ = λ
M4
= 7 · 10−121. (2.19)
Accepting these tiny values the cosmology of Fujii’s scale
symmetric model [36, 41] is standard cosmology, supple-
mented by the dynamics of the Goldstone boson χ − χ0.
Since χ settles to χ0 very rapidly [19], dark energy is given
by a static cosmological constant λ. Dynamical dark energy
is only realized at some very early stage in cosmology before
χ settles to its constant value.
Besides the coupling of the singlet scalar χ to gravity
there is also a scale invariant coupling of the Higgs doublet
to gravity [19, 57]
LϕR = −12 ξH h
†hR . (2.20)
For a sufficiently large value of the dimensionless coupling
ξH this type of model leads to scale invariant Higgs inflation
[58].
2.3. Quantum scale symmetry
Quantum fluctuations violate scale symmetry through
running dimensionless couplings. In a functional integral
formulation of quantum field theory this is due to the lack
of scale invariance of the functional measure. In other
words, the functional integral has to be regularized, and
this procedure introduces a scale. (We will comment in
sect. 2.10 on the possibility to ensure scale invariance by
a field dependent regulator scale [19, 63].) In the context
of classical scale invariance of the standard model coupled
to gravity, the running of the gauge couplings, Yukawa
couplings, λH , ε, B and λ˜ may induce intrinsic scales.
Intrinsic scales are absent, however, if all couplings are at
fixed points where they do not run. In this case quantum
scale symmetry is realized.
We will discuss the issue of scale symmetry breaking
by quantum fluctuations in terms of the properties of the
quantum effective action Γ. The presence of quantum
fluctuations implies that the quantum effective action no
longer retains a simple polynomial form, even if one starts
with a polynomial classical action. We first describe the
example of QCD and turn to other models later.
For the example of perturbative QCD the gluon kinetic
term takes the form [64]
LF = −14F
µν
z (ZF )zρνy F yρµ. (2.21)
The “wave function renormalization” ZF is a dimensionless
matrix-function of a covariant differential operator D,
ZF = ZF
(
D/Λ2UV
)
. (2.22)
The matrix elements Dzνµy of D are given by
Dµ ν = −D2δνµ +DµDν + 2iFµ ν . (2.23)
In eq. (2.23) Dµ ν are matrices in color space, with elements
(Dµ ν)z y = Dzνµy, where we employ the notation
(Aµ)yz = Awµ (Tw)yz , (Fµν)yz = Fwµν (Tw)yz ,
(Tw)yz = −ifwyz , (2.24)
and
Dµ = ∂µ − iAµ , D2 = DµDµ = gµνDµDν . (2.25)
(The operator D can be seen as the projection of −D2 on
the transversal gauge field fluctuations [64].) For
(ZF )zρνy =
1
g2
δzyδ
ρ
ν (2.26)
one recovers the action of classical QCD. Whenever ZF
depends on D, it also depends on some ultraviolet regu-
larization scale ΛUV . (For the example of lattice gauge
theories, ΛUV can be identified with the inverse lattice dis-
tance.) This follows from the simple observation that ZF
is dimensionless and therefore can only depend on dimen-
sionless ratios.
We define the renormalized gauge coupling g(µ/ΛUV ) by
properties of Γ for gauge field configurations for which D
takes values of the order µ2. For example, we may define
g(µ) by the four gluon vertex corresponding to the fourth
functional derivative of Γ evaluated at Aµ = 0. This vertex
depends on momenta, and we chose a configuration of
momenta of the order µ for which they act as an IR-cutoff.
In terms of the renormalized gauge coupling we write
ZF = g−2
(
µ
ΛUV
)
Z˜F . (2.27)
(If no confusion with the inverse function is possible, we
sometimes employ for the purpose of notational simplicity
g−1(x) for 1/g(x) or (g(x))−1 etc.) For a renormalizable
theory and µ  ΛUV , the dimensionless function Z˜F de-
pends on D/µ2 and g(µ/ΛUV ), but contains no longer any
explicit dependence on the UV-regularization scale ΛUV .
As an example, in one loop perturbation theory for a
pure SU(N)-gauge theory one finds
ZF = g−2
(
µ
ΛUV
)
+ 11N48pi2 ln
( D
µ2
)
, (2.28)
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with running renormalized gauge coupling
g−2
(
µ
ΛUV
)
= cUV − 11N48pi2 ln
(
Λ2UV
µ2
)
. (2.29)
We can identify the integration constant cUV = g−2(µ =
ΛUV ). As it should be, ZF does not depend on µ - the
µ-dependence of the two terms in eq. (2.28) cancels. The
scale µ has only been introduced for the definition of g(µ)
and is not present in the effective action. With eq. (2.27)
one obtains
Z˜F = 1 +
11Ng2(µ)
48pi2 ln
( D
µ2
)
. (2.30)
This quantity depends no longer explicitly on ΛUV , only
implicitly via g2(µ). For D close to µ2 one finds Z˜F close
to one, with small corrections that may be neglected to a
good approximation.
The issue of quantum scale symmetry is directly related
to the running of g(µ). With eq. (2.21) the only intrinsic
scale in the effective action arises from ΛUV in eq. (2.22).
For a renormalizable theory this dependence on ΛUV is
only present through the dependence of g(µ/ΛUV ) on ΛUV .
Since g is dimensionless it can depend on ΛUV only if it
depends on µ. For a fixed point g no longer depends on µ
and is therefore also independent of ΛUV . The quantum
effective action no longer involves an intrinsic mass scale
and therefore is quantum scale invariant. The crucial point
of this argument is that Γ depends on ΛUV only via the
renormalized gauge coupling g(µ/ΛUV ). We will under-
stand below this key property of renormalizable quantum
field theories by the discussion of relevant parameters near a
fixed point. The gauge coupling of pure Yang Mills theories
is a special case of a single relevant parameter. In gen-
eral, a renormalizable field theory will have several distinct
renormalizable couplings, but their number has to be finite.
The role of the “renormalization scale” µ is twofold. If
one changes µ with a simultaneous change of g(µ), nothing
depends on µ since µ is not present in the effective action
(2.21). On the other hand, for a fixed value of g(µ = µ¯) = g¯
the scale µ¯ becomes an intrinsic mass scale if g(µ) depends
on µ. Only for a particular µ = µ¯ the running coupling
g(µ) equals g¯. The presence of such an intrinsic mass scale
indicates the violation of scale symmetry. If dimensionless
couplings do not flow with µ, no such intrinsic mass scale is
introduced by the running couplings. If no other parameter
with dimension mass is present, the theory is scale invariant.
We need the flow equation or renormalization group
equation for the running renormalized gauge coupling. For
small couplings this can be computed in perturbation theory.
For QCD one finds in two loop order [65]
∂tg
2 = µ∂µg2 = βg2 = −b0g4 − b1g6 , (2.31)
with t = ln(µ/ΛUV ) and
b0 =
1
16pi2
(
22− 4Nf3
)
, b1 =
1
(16pi2)2
(
204− 76Nf3
)
,
(2.32)
and Nf the number of quark flavors. Fixed points occur for
zeros of the β-function βg2 . If the β-function vanishes, the
flow of g vanishes and g becomes µ-independent. Eq. (2.31)
has a fixed point at g2 = 0. For b0 > 0 the theory is
asymptotically free. This means that the fixed point g2 = 0
is reached in the UV for µ → ∞. Indeed, as µ increases,
g2 decreases until it reaches zero. In the ultraviolet the
interactions vanish and the theory becomes a free theory.
On the other hand, towards the IR the coupling increases.
In general we always consider the flow towards the IR,
unless stated otherwise explicitly. For a region of positive
β the coupling decreases, while for negative β it increases.
For an understanding of the qualitative behavior one may
consider
∂tg
−2 = −g−4∂tg2 = b0 + b1g2. (2.33)
For positive b0 and b1 this implies that g−2 always decreases
until it reaches zero at some scale µ = ΛQCD. At this scale
g2(µ) diverges. Perturbation theory remains no longer valid
for large g2. Neglecting the term ∼ b1, eq. (2.33) is easily
solved
g−2(µ) = g−2(ΛUV )− b02 ln
(
Λ2UV
µ2
)
. (2.34)
One recovers eq. (2.29) with N replaced by 3 − 2Nf/11.
The scale ΛQCD corresponds to the zero of the r.h.s. of
eq. (2.34), namely
ΛQCD = ΛUV exp
(
− 1
b0g2(ΛUV )
)
. (2.35)
The running gauge coupling generates the scale ΛQCD by
dimensional transmutation.
On the other hand, if both b0 and b1 are negative, the
fixed point at g2 = 0 is reached in the IR. Such theories
are called trivial since no long distance interactions survive
for finite g2(ΛUV ) and ΛUV → ∞. Towards the UV one
encounters a “Landau pole” where g2 diverges. It is given
by eq. (2.35), now with the negative sign of b0 or, expressed
in terms of some nonzero g(µ),
ΛLP = µ exp
(
1
|b0|g2(µ)
)
. (2.36)
Trivial theories can be continued towards short distances
only for momenta p2 < Λ2LP . In a strict sense they are
not renormalizable. They may be, however, effectively
renormalizable if one considers them as low energy effective
theories below a certain scale, say M , embedded into a
more complete renormalizable theory. The standard model
is of this type since the hypercharge-gauge coupling has a
Landau pole far above the Planck mass M .
Finally, if b0 and b1 have opposite signs the flow equation
(2.31) exhibits two fixed points, one at g2 = 0, and the
other for
g2∗ = −
b0
b1
. (2.37)
In contrast to asymptotic freedom the interactions do not
vanish for the fixed point (2.37). Defining a renormalizable
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theory by reaching the “interacting fixed point” (2.37) in
the UV-limit realizes asymptotic safety. Precisely at the
fixed point such a theory is scale invariant. It is also “finite”
in the following sense. If g2 is independent of µ, also Z˜F
in eq. (2.27) is independent of µ, since the µ-dependence
of the two factors on the r.h.s. of eq. (2.27) has to cancel.
Furthermore, there is no dependence on ΛUV . If the sum of
all contributions to a vertex diverges with ΛUV →∞, this
would contradict the observation that the vertex cannot
depend on ΛUV . Finiteness does not hold, however, for
arbitrary values of g2, but only for g2 = g2∗. Single diagrams
in perturbation theory are not finite. We also observe that
the normalization of the gauge field by the way it appears
in the covariant derivative (2.25) implies that Aµ is already
a renormalized field.
The behavior away from the interacting fixed point for
g2(ΛUV ) 6= g2∗ depends on the sign of b0. For b0 < 0
and g2(ΛUV ) < g2∗ the theory is trivial. A renormalized
coupling g2(µ) in the range 0 ≤ g2(µ) ≤ g2∗ flows between
the UV-fixed point g2∗ and the IR-fixed point g2 = 0. There
is no Landau pole and the theory is renormalizable. For
a given scale µ any arbitrary value of g2(µ) in the range
0 < g2(µ) < g2∗ can be realized. Thus g is a renormalizable
coupling. For g2(µ) > g2∗ the flow is between the UV-fixed
point g2∗ and a QCD-like behavior with g2(µ → Λ˜) → ∞
as one flows towards the IR. Again this corresponds to a
renormalizable theory with renormalized coupling g2(µ) >
g2∗.
For b0 > 0 the interacting fixed point becomes infrared
stable. Arbitrary g2(µ) flow towards g2∗ for µ/ΛUV → 0.
For 0 < g2(µ) < g2∗ the theory is asymptotically free with
UV-fixed point at g2 = 0. Values of g2(µ) > g2∗ can only be
reached for finite ΛUV , i.e., for an effectively renormalizable
“low energy theory”. A renormalizable theory predicts g2(µ)
in the range
0 ≤ g2(µ) ≤ g2∗ . (2.38)
For b0 > 0, b1 < 0 the flow (2.31) is an example of self-
organized criticality in particle physics [66]. The fixed point
g2∗ is reached in the IR for arbitrary g2(µ) > 0. Indepen-
dently of the parameters of the model the long distance
theory is scale invariant for any g2(ΛUV ) > 0.
For QCD with Nf flavors the IR-fixed point (2.37) is
realized for 8 < Nf < 17. This is the Banks-Zaks fixed
point [65, 67]. The flow equation (2.31) is based on a
perturbative two loop calculation. A reliable fixed point
should lie in the region of validity of this approximation.
Somewhat generously one may assume that this holds for
g2∗ < 4pi, corresponding to a number of flavors Nf > 11.
Functional renormalization investigations confirm this fixed
point [68–70]. A systematic study for perturbatively real-
ized asymptotic safety for a whole class of gauge theories
coupled to fermions and scalars has been initiated by Litim
and Sannino [71] and yields a rather complete picture [72].
At this stage we have encountered first examples of quan-
tum scale symmetry with non-vanishing interactions. For
running couplings with a fixed point at g2∗ 6= 0 one may de-
fine a specific model by choosing g2(µ) = g2∗. The quantum
effective action for this model does not contain an intrinsic
scale. It is quantum scale invariant.
2.4. Quantum scale invariant standard model with
gravity
An interacting fixed point of the type (2.37) is not the
only possible way to realize quantum scale symmetry in
QCD. An alternative is the replacement of ΛUV in eq. (2.22)
by a scalar field χ [19]. This may be supplemented by scale
invariant kinetic and potential terms for χ, as well as a
coupling to gravity according to eq. (2.16). The effective
action no longer contains any intrinsic scale. In particular,
ΛQCD is proportional to χ, as exemplified by the one loop
relation
ΛQCD = χ exp
(
− 1
b0g2(χ)
)
= χ exp
(
− 1
b0g¯2
)
. (2.39)
In eq. (2.39) g2(χ), as defined by a vertex with momenta
p2 ∼ χ2, does not depend on χ, e.g. g2(χ) = g¯2. (Otherwise
this would imply a dependence on some intrinsic scale ΛUV ,
that we have removed by the identification ΛUV = χ.)
The χ-independence of g2(χ) does not mean that the
gauge coupling is not running if we compute it for momenta
p2 = µ2, µ 6= χ. Indeed, with fixed g2(χ) the running of
the gauge coupling depends on the ratio µ/χ. To one loop
order eq. (2.34) reads
g−2(µ) = g−2(χ)− b02 ln
(
χ2
µ2
)
. (2.40)
In case of spontaneous breaking of scale symmetry by a
non-vanishing value of χ one may define an effective field
theory for momenta p2 < χ2. The running (2.40) accounts
for the running of the gauge coupling in this effective field
theory with χ kept fixed. The fact that only the ratio
χ2/µ2 appears in the logarithm (2.40) has a simple reason.
If we lower the momenta p2 in some n-point function from
p2 = χ2 to p2 = µ2, we include the effects of additional
fluctuations in the range between µ and χ. For these con-
tributions χ acts as an UV-cutoff, and µ as an IR-cutoff.
Thus the ratio µ/χ appears in the difference between g2(µ)
and g2(χ).
The scale invariant version of QCD arises from a fixed
point in the running of g2(χ) with χ,
χ∂χg
2(χ) = βˆ(g2(χ)) , βˆ(g¯2) = 0 , (2.41)
with g2(χ) in eq. (2.39) identified with the fixed point value
g¯2. Thus quantum scale symmetry is again connected to
a fixed point. We will discuss in sect. 5.5 how this fixed
point could be associated to a fixed point in quantum
gravity. There we also discuss the conditions under which
the quantum scale invariant standard model is realized.
We emphasize that the function βˆ in eq. (2.41) differs
from the perturbative beta function βg2 in eq. (2.31). The
flow of the gauge coupling is determined by two different
β-functions, βg2 and βˆ. While βˆ accounts for the change
of the gauge coupling at momenta p2 = χ2 with χ, the
function βg2 describes the response of the renormalizable
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gauge coupling to a change in the ratio p2/χ2. Instead of
p2 = χ2 we can take any fixed ratio µ2/χ2 = c2. Keeping c
fixed, e.g., by varying the momentum scale µ together with
χ, the response of the gauge coupling is given by βˆ, as seen
in eq. (2.40)
g−2(cχ) = g−2(χ) + b0 ln(c). (2.42)
Thus βˆ accounts for the change under a simultaneous varia-
tion of µ and χ, while βg2 describes the relative variation of
µ/χ, e.g. the change with c. This holds for arbitrarily small
c. In consequence, quantum scale symmetry is perfectly
compatible with a non-vanishing β-function βg2 . The fixed
point condition that leads to quantum scale symmetry is
βˆ = 0. We will discuss the relation between the different
β-functions in detail in sect. 4.
The extension to a quantum scale invariant standard
model coupled to gravity [19, 63] is straightforward. All
dimensionless couplings, as gauge couplings, Yukawa cou-
plings or quartic scalar couplings, take χ-independent values
if defined at p2 = µ2 = χ2. This generalizes the fixed point
(2.41). The running of these couplings with a change of the
ratio µ2/χ2 is accounted for by the well known perturbative
β-functions that do not vanish.
No intrinsic mass scale is present in the scalar sector as
well. In particular, the effective potential for the Higgs
doublet takes the approximate form
UH =
1
2λH
(
µ˜
χ
)(
h†h− ε
(
µ˜
χ
)
χ2
)2
, (2.43)
neglecting higher order couplings. Here µ˜ = cχ is some
appropriately fixed physical IR-scale proportional to χ, such
that UH indeed does not involve any intrinsic mass scale.
A rather natural choice is an identification of µ˜ with the
Fermi scale, as given by the implicit relation
c2 = ε(c). (2.44)
The running of λH and ε with a change of the ratio µ/χ is
given by the usual perturbative β-functions. In particular,
the running of ε with µ/χ involves for µ/χ  1 the per-
turbative anomalous mass dimension of the Higgs doublet
[14, 73], given up to small corrections by
µ∂µε
∣∣∣∣
χ
= Aε , A = 116pi2
(
6λH + 6y2t −
9
2g
2
2 −
9
10g
2
1
)
.
(2.45)
Here g2 and g1 are the gauge couplings of SU(2) and U(1),
respectively, and yt is the Yukawa coupling of the top quark.
We will later discuss the important property that the flow
of ε has a partial fixed point for ε = 0.
With this setting the effective action for the standard
model does not contain any parameter with dimension
of mass or length. This is the quantum scale invariant
standard model introduced in ref. [19]. Its coupling to
gravity contains in addition to the part (2.16) a coupling
of the Higgs boson to gravity (2.20), as discussed in ref. [9].
This term is important for Higgs inflation [57], as we will
discuss in sect. 7.4, or scale invariant Higgs inflation in
sect. 7.5.2. The quantum scale invariant standard model
corresponds to a model defined precisely at a fixed point.
2.5. Spontaneous scale symmetry breaking
The scale invariant standard model can be consistent
with observation only for χ0 6= 0, implying a spontaneous
breaking of scale symmetry. Inserting µ˜ = cχ one has in
eq. (2.43) constant λH and ε that we assume both positive.
The most general scale invariant potential including the
term from eq. (2.16) reads
U = λH2
(
h†h− εχ2)2 + λ˜χ4 . (2.46)
For λ˜ > 0 the unique minimum of U occurs for χ = 0,
h = 0. This “symmetric” state preserves scale symmetry.
All particles are massless for this state. For λ˜ = 0 the
potential becomes degenerate. There is a valley of minima
for arbitrary χ = χ0, with h†0h0 = εχ20. For any χ0 6=
0 scale symmetry is spontaneously broken. The particle
spectrum is massive, as required by observation. As for
any spontaneously broken symmetry there is a massless
Goldstone boson that only has derivative couplings – the
dilaton.
In the absence of scale invariant gravity the ground state
is given by the minimum of the effective potential. Without
further input a value λ˜ = 0 may seem artificial. Then
spontaneous scale symmetry would appear as a rather ac-
cidental event only for the particular choice λ˜ = 0. This
is the reason why for the statistical physics of critical phe-
nomena scale symmetry is an exact symmetry at a second
order phase transition which is usually not spontaneously
broken. For scale invariant gravity the situation changes
profoundly. In the presence of the scale invariant couplings
to the curvature scalar (2.16), (2.19) the solution of the field
equations is a de Sitter space with constant R given by a
cosmological constant λ˜χ40. The value of χ0 is arbitrary for
every λ˜ ≥ 0. Thus spontaneous breaking of scale symmetry
by the cosmological solution is a generic phenomenon, in
contrast to flat space where it only occurs for λ˜ = 0.
The value of χ0 setting the scale for de Sitter space is
arbitrary, including χ0 = 0 for which geometry is flat space.
This situation may seem somewhat paradoxical since the
massive particle spectrum for χ0 6= 0 looks rather different
from the massless particle spectrum for χ0 = 0. For any
χ0 6= 0 the value χ0 is not observable. Only dimensionless
ratios can be observed as, for example, the ratio between
the momentum of a particle and χ0. For any nonzero, even
arbitrarily small value of χ0 it makes sense to speak about
particles with momenta smaller or larger than its mass which
is proportional to χ0. This differs from the scale symmetric
state with χ0 = 0, for which there is no momentum which is
smaller than the mass. These issues will play a role for our
discussion of scale symmetry in cosmology in sect. 7. The
presence of a massless Goldstone boson for any χ0 6= 0, even
in case of λ˜ > 0 where the potential has no flat direction,
will become visible there. Actually, the non-linear field
corresponding to the Goldstone boson is most easily seen
after a Weyl scaling to the Einstein frame as discussed in
sect. 6.4.
The scalar field χ appearing in the quantum scale invari-
ant standard model or scale invariant gravity (2.16) may be
called “metron”, since it sets in a scale invariant theory all
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scales of mass or length used for measurements. For χ0 6= 0
it is closely related to the dilaton, the Goldstone boson of
spontaneously broken scale symmetry. In an appropriate
normalization the dilaton is given by
τ = ln (χ/χ0) . (2.47)
Under scale transformations the metron transforms multi-
plicatively, while the dilaton is shifted additively,
χ′ = αχ , τ ′ = τ + ln(α) . (2.48)
It is this shift symmetry that forbids all non-derivative
couplings of the dilaton τ in a field basis where the other
fields are invariant. This field basis is the Einstein frame
discussed in sect. 6.4. Die to this close relation the metron
is also often called somewhat unprecisely dilaton. A precise
wording should distinguish between the metron and the
dilaton. The metron is well defined for arbitrary values,
while the dilaton exists only as an excitation around a
non-zero χ0.
While the value of χ0 is not observable for χ0 > 0, the
value of the dimensionless coupling λ˜ is. The effective
squared Planck mass for a given de-Sitter solution is
M2 = χ20 + ξHh
†
0h0 = χ20 (1 + ξHε) . (2.49)
The observable dimensionless ratio between the cosmological
constant λ = λ˜χ40 and the fourth power of M is given by
λ
M4
= λ˜(1 + ξHε)2
. (2.50)
In the present universe λ˜ must be a very small quantity,
λ˜ . 10−120. Thus λ˜ = 0 is not needed for spontaneous
scale symmetry breaking, but a very small value of λ˜ is
required for realistic cosmology. We will address this issue
later. We will see in sect. 6.14 that a non-zero value of λ˜
is not compatible with a fixed point of asymptotically safe
quantum gravity.
This issue generalizes to other scale invariant models.
After solving the field equations for possible additional
scalar fields one ends with a single scalar field χ, where
quantum scale invariance implies in four dimensions
U = λ˜χ4 . (2.51)
As has been noted in refs. [74–76], the scalar effective po-
tential at its minimum always vanishes, independently if
in flat space scale symmetry is spontaneously broken (for
λ˜ = 0) or not (for λ˜ ≥ 0). This does not help for the
cosmological constant problem which concerns the coupling
to gravity. The reason is that the solutions to the field
equations with constant χ0 do not require χ0 to be at a
minimum of the effective potential, as we have discussed
above. In a scale invariant theory of gravity the squared
Planck mass is replaced by M2(χ) = ξχ2. The observable
dimensionless ratio U(χ)/M4(χ) is given by λ˜/ξ2
U
M4(χ) =
λ˜
ξ2
. (2.52)
Observation requires a present value λ˜/ξ2 ≈ 10−120 that
needs explanation. We will see that in quantum gravity
λ˜/ξ2 depends on the field χ and vanishes in the infrared
limit for χ→∞.
2.6. Quantum scale symmetry and quantum effec-
tive action
Our discussion of quantum scale symmetry is based on
the quantum effective action Γ. For the example of a scalar
field theory, Γ obtains from the classical action S by the
implicit definition
exp (−Γ[ϕ]) =
∫
Dχ exp
{
−S[ϕ+ χ] +
∫
x
∂Γ
∂ϕ
χ
}
.
(2.53)
Here ϕ(x) is the macroscopic field and χ(x) denotes the
fluctuating field, with ϕ+χ the microscopic field. The func-
tional integral over χ accounts for all quantum fluctuations.
The exact quantum field equation
∂Γ
∂ϕ(x) = J(x) (2.54)
involves the source term J(x). The effective action is
the generating functional for the one-particle-irreducible
Green’s functions. It obtains from the generating function
for the connected Green’s function W [J ] by a Legendre
transform
Γ[ϕ] = −W [J ] +
∫
x
Jϕ , ϕ = ∂W
∂J
. (2.55)
For local gauge theories one may proceed to gauge fixing.
For a physical gauge fixing one can extract a gauge invariant
effective action [64, 77].
Quantum scale symmetry is realized whenever one can
find suitable renormalized fields, such that the quantum
effective action, expressed as a functional of these renor-
malized fields, contains no intrinsic mass scale. If the
renormalized fields have canonical kinetic terms, the scale
transformations acting on the renormalized fields are given
by eqs. (2.6), (2.7), e.g. according to the canonical scal-
ing dimensions of fermions, scalars, gauge fields, metric
and vierbein. (Recall that the canonical scaling dimension
does not equal the canonical mass dimension. Gauge fields
have mass dimension one and scaling dimension zero.) If
no intrinsic mass scale is present, the effective action Γ is
invariant under this scale transformation. This follows from
dimensional analysis, as we show in the following.
Diffeomorphism symmetry, or Lorentz symmetry for flat
space, implies that every factor ∂µ or Aµ with a lower
Lorentz index has to be contracted by an inverse vierbein
eµm, or pairs of such lower indices are contracted with gµν .
We assume that in the particle sector the renormalized fields
can be chosen such that their kinetic term, e.g. the term
with the lowest nonzero number of derivatives, is canonical.
The canonical scaling dimensions of the renormalized fields
are determined by scale invariance of the canonical kinetic
terms. The invariance of the gauge fields, together with the
invariant coordinates, guarantees the invariance of covari-
ant derivatives Dµ, and therefore extends scale invariance
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to covariant kinetic terms. This also holds if the metric
connection is included in the covariant derivatives.
For the non-derivative terms, as the scalar effective po-
tential or masses or Yukawa couplings for fermions, we
observe that omission of a factor γmeµmDµ or gµνDµDν
in the canonical kinetic terms for fermions or scalars pro-
duces expressions with canonical mass dimension m3 or
m2. Thus fermion bilinears as ψ¯ψ or scalar bilinears as h†h
have to be multiplied by a quantity with dimension m or
m2, respectively. If this quantity is field independent such
non-derivative terms introduce intrinsic masses. In this case
they are also not scale invariant, since a factor α or α2 is
missing due to the missing inverse vierbein or inverse metric.
The only possibilities for avoiding the introduction of an in-
trinsic mass, and which are consistent with diffeomorphism
symmetry, is the multiplication of a fermion bilinear by a
scalar, and the multiplication of a scalar bilinear by another
scalar bilinear. Such terms are scale invariant since the
missing factors of α or α2 are precisely compensated by the
scalar fields. If we do not insist on polynomial interactions
the scalars can be replaced by (ψ¯ψ) 13 . This does not change
the argument.
For higher derivative terms we observe that each addi-
tional derivative produces an additional factor of α since
it has to be contracted with an inverse vierbein. If the
introduction of an intrinsic mass is avoided, each derivative
has to be multiplied with the inverse of a scalar field. Thus
the basic building blocks for higher derivative terms without
intrinsic mass scales are χ−1eµmDµ. These building blocks
are invariant under the canonical scale transformation (2.6),
(2.7). For flat space and cartesian coordinates the reader
may find it easier to switch to an equivalent scale trans-
formation where ∂µ and Aµ scale ∼ α, while emµ and gµν
are invariant. There is a direct match between canonical
mass dimension and canonical scaling dimension in this
case, such that the argument based on dimensional analysis
becomes straightforward.
If Γ is invariant under the scale transformations (2.6),
(2.7) we can directly perform the Noether construction
for conserved currents [19, 50]. One uses for this purpose
that the quantum field equations obtained from the first
functional derivative of Γ are exact. This contrasts with the
classical action. We discuss the quantum dilatation current
and its conservation explicitly in appendix A. One concludes
that the absence of an intrinsic mass in Γ guarantees exact
scale symmetry on the quantum level. We have already
seen how the absence of an intrinsic mass scale arises from
the presence of a fixed point for the running couplings.
Therefore, a fixed point guarantees quantum scale symmetry,
in accordance with the expectations. What is not needed
for this argument is classical scale invariance. The classical
or microscopic action may involve intrinsic mass scales.
At a fixed point the memory of such microscopic intrinsic
mass scales is erased by the quantum fluctuations. At a
fixed point, quantum fluctuations generate scale symmetry,
rather than destroying it.
We finally stress again that the canonical scaling applies
to the renormalized fields. These renormalized fields may
be linear or even non-linear expressions of the microscopic
fields used to formulate the functional integral. Translating
the canonical scaling of the renormalized fields back to the
microscopic fields induces “anomalous dimensions” for the
microscopic fields.
2.7. Renormalizable quantum field theories and
scale symmetry
We next argue that quantum scale symmetry is always
realized for the UV-behavior of continuum renormalizable
quantum field theories. This argument is based on the
necessary presence of an UV-fixed point for continuum
renormalizable quantum field theories. Quantum scale sym-
metry is therefore not an exceptional property for particular
cases. It is a central general ingredient for renormalizable
quantum field theories.
Before presenting the argument for the above statement
we should specify our definition of a renormalizable contin-
uum quantum field theory. First, the notion of continuum
field theory requires that the theory can be formulated for
arbitrarily small distance in continuum space in terms of
a finite number of fields. (This includes a finite number of
fields in higher dimensions which appear as infinitely many
four-dimensional fields after dimensional reduction. In con-
trast, string theories or discrete lattice theories are not in
this class.) Second, by “renormalizable” we understand
that the theory can indeed be continued to arbitrarily short
distances. This goes beyond perturbative renormalizability.
In our sense renormalizability is not a technical statement,
as often used, but rather concerns the validity of the theory
at arbitrarily small distances. We may call this a “complete
renormalizable theory”. For example, the standard model
may not be renormalizable in our sense due to the presence
of a Landau pole in the abelian (hypercharge) gauge cou-
pling. It is perturbatively renormalizable, however, which
guarantees that is is a valid effective low energy theory.
The presence of a fixed point renders a quantum field
theory renormalizable, in the sense that it can be used con-
sistently up to infinitely short distances or infinite momenta.
If the theory is defined precisely at the fixed point it is scale
invariant. Since no intrinsic momentum scale µ¯ is present,
the theory is valid for arbitrary momenta and can be con-
tinued to p2 →∞. More generally, a renormalizable theory
is realized if the flow of couplings reaches a fixed point for
p2 → ∞. Thus a fixed point is sufficient for defining a
renormalizable quantum field theory.
For a quantum field theory that can be extrapolated to
infinitely short distances a fixed point is also necessary. If
the dimensionless couplings do not reach fixed values for
µ → ∞ they have to diverge, or first run to a “forbidden
region” where the theory becomes inconsistent for other
reasons. This signals the breakdown of a given model at
some finite UV-scale ΛUV . This is perfectly admissible for
an effective low energy theory, but not for a theory that
remains valid for p2 → ∞. (To be more precise, one has
to specify which dimensionless couplings need to remain
finite for a valid description. Only those need to reach fixed
points in the UV. Other couplings, for example related to
particular derivatives with respect to momenta or fields,
may diverge for p2 → ∞. This happens if the UV-theory
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shows non-analytic behavior.)
Continuum quantum field theories as QCD are sometimes
regularized by other, perhaps discrete, types of models as
lattice gauge theories. Similar discrete formulations are pro-
posed for quantum gravity. Such formulations may exhibit
an intrinsic regularization scale ΛUV given, for example, by
the inverse lattice distance. If such regularizations admit a
continuum limit where the effective physics can be described
in terms of continuous spacetime, and if for given “physical
momenta” p the regularization scale ΛUV can be moved
to infinity, this continuum limit has again to correspond
to a fixed point. (In practice, one often uses fixed points
associated to a second order phase transition in parameter
space.)
If a continuum quantum field theory remains valid for
p2 → ∞ the existence of a fixed point for its running
dimensionless couplings is mandatory. The existence of a
fixed point does not exclude the presence of an intrinsic
mass scale µ¯. Nevertheless, for p2/µ¯2 → ∞ the effect
of the intrinsic mass scale µ¯ becomes negligible. Then
scale symmetry is realized in the UV-limit for this case
too. We conclude that scale symmetry in the UV is the
generic case for all continuum quantum field theories that
remain valid for arbitrarily small distances. This is not
the only possibility to formulate consistent theories - for
example, there could be some intrinsic smallest distance or
largest momentum. Even in this case (approximate) scale
symmetry becomes relevant if the intrinsic momentum scale
is far above the intrinsic mass scales and relevant physical
momenta.
There exist two types of UV-fixed points that can be used
to define renormalizable quantum field theories. For the
first, the fixed point occurs for vanishing couplings, more
precisely for a free quantum field theory without interac-
tions. This is asymptotic freedom [43, 44]. Such theories
are perturbatively renormalizable. One can perform a loop
expansion, corresponding to a power series in (arbitrarily)
small couplings close to the fixed point. Renormalization is
possible on a diagrammatic level, with the usual subtraction
of counterterms order by order in the expansion. For the
other possibility, called asymptotic safety [24], the fixed
point occurs for nonzero couplings. The theory is renor-
malizable, but typically not in a perturbative approach.
Most models for critical phenomena in statistical physics
are of the asymptotic safety type. A typical example is the
Wilson-Fisher fixed point for three-dimensional scalar mod-
els with O(N)-symmetry. Asymptotic safety does, however,
not exclude perturbative renormalizability. A fixed point
with interactions does not contradict the perturbative as-
sumption of small couplings. Perturbatively renormalizable
models with asymptotic safety have been investigated rather
systematically in ref. [71]. Quantum gravity is presumably
not a perturbatively renormalizable quantum field theory.
A consistent quantum field theory for the metric therefore
needs the existence of an UV-fixed point of the asymp-
totic safety type. Non-vanishing interactions at the fixed
point seem rather natural since gravitational interactions
cannot be “turned off”. As for any other UV-fixed point,
asymptotically safe quantum gravity is scale invariant in
the UV-limit.
2.8. Relevant parameters
We next discuss the flow of couplings close to a fixed point.
We consider a certain number of dimensionless couplings
gi, with fixed point values gi∗. In principle, the number of
couplings in a quantum field theory is infinite, associated,
for example, to coefficients of an expansion in powers of
fields and momenta. For simplicity we only take a finite
number, which becomes a good approximation if the number
is sufficiently large and the couplings cover the relevant
aspects of the model. The flow equation for the couplings
is specified by their β-functions
∂tgi = µ∂µgi = βi(gj) . (2.56)
A fixed point with couplings g∗ = {gj∗} occurs if all β-
functions vanish
βi(g∗) = 0 . (2.57)
The linearization near the fixed point is characterized by
the stability matrix T
∂t(gi − gi∗) = ∂βi
∂gj
∣∣∣∣
g∗
(gj − gj∗) = −Tij(gj − gj∗). (2.58)
The eigenvalues of T are the critical exponents θi. We
can diagonalize T and denote the eigenvectors by vi =
Dij(gj − gj∗),
∂tvi = −θivi. (2.59)
Eigenvectors belonging to positive θi are called relevant
parameters, those for negative are irrelevant, and those
with θi = 0 marginal. The solutions of eq. (2.59), with
arbitrary Λ,
vi(µ) =
(
Λ
µ
)θi
vi(Λ) , (2.60)
show an increase of the relevant parameters as µ is low-
ered, while irrelevant parameters decrease. For marginal
couplings higher orders in the expansion are needed for a
decision if they increase (marginally relevant) or decrease
(marginally irrelevant).
If we assume finite vi(Λ) and take the limit Λ/µ→∞, the
irrelevant couplings vanish. This is the central ingredient for
the predictivity of quantum field theories. Any microscopic
information about irrelevant parameters is lost, such that
only the information about relevant or marginal parameters
remains available. If the number of relevant parameters
is finite, all observable quantities only depend on a finite
number of parameters. (We include the marginally relevant
parameters in the set of “relevant parameters”.)
For the relevant parameters we can take arbitrary values
vi(µ) if vi remains sufficiently small such that eq. (2.58)
remains valid. The relevant parameters vanish in the UV-
limit µ → ∞, e.g., they approach the fixed point values
arbitrarily closely. This is expected for the UV-limit of a
model defined at a given UV-fixed point. In the UV-limit
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the fixed point is approached arbitrarily closely and scale
symmetry is realized.
All available information about a model is contained in
the values of the relevant parameters vi(µ) at some given
scale µ¯. We assume their number Nr to be finite. As the
flow moves away from the fixed point, the linearized flow
equation (2.58) typically remains no longer valid. Never-
theless, no new information is added. As a result, at any
scale µ the description of the model can only involve Nr in-
dependent dimensionless quantities. They can be identified
with the values of Nr renormalizable couplings at the scale
µ. This is the reason why a renormalizable quantum field
theory with a given content of fields is fully specified by
the values of Nr renormalizable couplings at some scale µ.
All memory about physics at some much higher scale, e.g.,
ΛUV in eq. (2.22), can only be transported by the values
of the renormalizable couplings. In the particular case of
QCD without quarks there is only one (marginally) relevant
parameter. It can be identified with the gauge coupling.
This is the reason why the dependence of ZF in eq. (2.22)
on ΛUV can only arise via the renormalized gauge coupling
g(µ/ΛUV ).
The number Nr constitutes the maximal number of inde-
pendent parameters for a renormalizable quantum field the-
ory. The number of observables far exceeds Nr. Therefore
many observables or relations between observables become
predictable in renormalizable quantum field theories. This
predictivity extends to a wide class of microscopic theories
beyond renormalizable quantum field theories. If there is a
large range of scales for which a continuum quantum field
theory is valid, many of the possible couplings will show a
flow-behavior similar to irrelevant parameters. Information
about such couplings is lost in the long distance limit.
The number of of renormalizable couplings in the stan-
dard model may be larger than the number Nr of relevant
theories in the full quantum field theory including gravity.
Then part of the renormalizable couplings of the standard
model, or relations between these couplings, become pre-
dictable. Couplings that behave as relevant or marginal
couplings from the point of view of the standard model
may be irrelevant at the UV-fixed point which necessarily
includes the fluctuations of gravitational degrees of freedom.
An example is the quartic Higgs-boson coupling λH . Due
to a substantial gravity-induced positive anomalous dimen-
sion this coupling is irrelevant at the UV-fixed point of
asymptotically safe quantum gravity [78]. Anticipating this
behavior the mass of the Higgs scalar has been predicted
from asymptotically safe gravity to be 126GeV, with a few
GeV uncertainty [79]. This prediction has been confirmed
by the measurement of the Higgs boson mass at the LHC,
finding a mass of 125GeV [80, 81]. We discuss this issue in
detail in sect. 6.17.
2.9. Relevant parameters and mass scales
We have discussed before how running renormalizable
dimensionless couplings can induce mass scales by dimen-
sional transmutation. A first example is the “confinement
scale” ΛQCD in QCD (2.35), which is dominantly responsi-
ble for the nucleon masses. In general, a given model will
have more than one relevant parameter. As a consequence,
rather different mass scales can be generated by the running
couplings.
A second example is the standard model. The running
of the strong gauge coupling g3 generates the confinement
scale ΛQCD. One the other hand, in the electroweak sector
we may consider the dimensionless ratio
γ = δ
µ2
, (2.61)
where δ is a parameter with dimension mass squared which
measures the distance from the critical surface of the almost
second order vacuum electroweak phase transition [14, 73,
82–84]. We can treat γ as one of the running dimensionless
couplings. In the effective low energy theory, where graviton
fluctuations play no role, the running of γ obeys
∂tγ = (−2 +A)γ , (2.62)
with A given by eq. (2.45). In this range γ behaves as a
relevant parameter with critical exponent θ = 2−A. Since
θ is large, a very small value of γ(ΛUV ) is needed in order to
obtain γ(µ) ≈ 1 for µ near ϕ0 - this is the gauge hierarchy
problem. A relevant parameter γ generates the Fermi scale
ϕ0 as the scale where it becomes of order one. The Fermi
scale is only a factor 103 larger than ΛQCD, but theoretically
it could be many orders of magnitude larger. Two relevant
parameters g3 and γ can induce largely different mass scales.
We discuss in sect. 6.17 the question if γ remains a relevant
parameter in a more complete theory including gravity.
A third example for a hierarchy of scales generated by
the flow of different relevant parameters is the standard
model coupled to quantum gravity. In quantum gravity
(without additional scalar singlet fields) the Planck mass
corresponds to a relevant parameter. For a scale dependent
Planck mass M(µ) we may define a dimensionless coupling
similar to eq. (2.61)
w(µ) = M
2(µ)
2µ2 . (2.63)
In the momentum regime where the fluctuations of grav-
itational degrees of freedom play an important role the
running of M2(µ) may be substantial. For a fixed point
one expects a constant value w(µ) = w∗. If the flow of w(µ)
away from the fixed point is characterized by positive θ
the Planck mass correspond to relevant parameter. If w(µ)
scales for small µ proportional to µ−2 its running defines
the Planck mass M = M(µ→ 0) as an intrinsic scale.
At this place we do not give a precise definition ofM2(µ),
nor do we present a computation of its evolution equa-
tion. We will be satisfied with a simple illustration how
the dimension of M2 turns w into a relevant parameter.
Qualitative properties of the quantum gravity fixed point
may be illustrated by assuming an effective action of the
form
LR = −12f(R). (2.64)
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We define
M2(R) = ∂f
∂R
, (2.65)
and associate
µ2 = R . (2.66)
This can be motivated by the fact that a curved geometry
can act as an IR-cutoff, such that R can replace external
momenta for the definition of running couplings. As a result,
w(µ) is identified with w(R),
w(R) = 12R
∂f
∂R
. (2.67)
There are several reasons why the associations (2.66), (2.67)
are only partly valid. A better treatment of a flowing Planck
mass will be discussed within functional renormalization
in sect. 6. Nevertheless, some key features become already
visible in this setting.
Let us assume a flow equation for w of the form
∂tw = β(w) = −2w + 2c− dc
2
2w , (2.68)
with positive constants c and d. This is motivated by the
canonical scaling for µ2/M2 → 0, w →∞, where graviton
fluctuations decouple and M2 becomes independent of µ,
such that β(w →∞)→ −2w. On the other hand, negative
w correspond to instabilities, such that the flow of w should
not cross a barrier at w = 0. We assume d < 1 such that
the β-function has two fixed points,
w∗ =
c
2
(
1±√1− d
)
. (2.69)
The UV-fixed point for quantum gravity corresponds to the
plus sign in eq. (2.69). For small d the critical exponent is
close to two
θ = − ∂β
∂w
∣∣∣∣
w∗
= 2− 2d
(1 +
√
1− d)2 . (2.70)
For w > w∗ the relevant parameter w − w∗ increases as
µ is lowered, reaching for large w an asymptotic behavior
w ∼ µ−2, such that M2(µ) = 2µ2w(µ) indeed settles to a
constant value. With M2(R) independent of R eqs. (2.64),
(2.65) yield in the IR limit the standard Einstein-Hilbert
action for gravity, LR = −M2R/2+. . .. In the UV-limit the
effective action becomes scale invariant, LR = −w∗R2/2.
The qualitative behavior of f can be approximated by
LR = −12
(
w∗R2 +M2R
)
. (2.71)
For small d this approximation becomes even quantitatively
rather close to the solution of the flow equation (2.68).
With eq. (2.71) describing the limits R → ∞ and R → 0,
an expansion around the UV-fixed point for R→∞ yields
f(R) = w∗R2 + cR2−
θ
2 . (2.72)
The lessons from this simple illustration are:
1. For large R (mimicking the UV-limit) the effective
action L ∼ R2 becomes scale invariant.
2. A relevant parameter induces for small R the Planck
mass by dimensional transmutation.
3. There is no reason why the UV-limit of the effec-
tive action should be analytic – in our example this
happens only if θ equals two precisely.
There is no reason why the mass scales M and ΛQCD
should be close to each other. This demonstrates in a simple
way that largely hierarchical mass ratios as ΛQCD/M can
be generated in a very natural way if several relevant param-
eters are present. This holds, in particular, for marginally
relevant parameters or parameters with critical exponents
close to zero. For QCD it is sufficient that the gauge cou-
pling g2(M) is small at the scale M generated by the flow
in the gravitational sector.
In the linear approximation (2.58) all relevant parameters
vi grow independently of each other, each one according
to its own critical exponent θi. This could suggest that
an independent intrinsic mass scale can be associated to
every relevant parameter, more or less associated to the
scale µi where vi(µi) ≈ 1. The independent running of the
relevant parameters does not hold, however, beyond the lin-
ear regime. Once one of the relevant parameters has grown
large enough (typically of the order one) it can influence
the flow of the other relevant parameters. An example is
the interplay between the scales ΛQCD and ϕ0. It provides
a lower bound for ϕ0/ΛQCD. Indeed, the vacuum elec-
troweak phase transition is not precisely second order, but
rather weakly first order or a crossover. Quark-antiquark
condensates induced by the strong interactions give a mass
to the W - and Z-bosons, similar to the Higgs-mechanism.
There is therefore a minimal mass for these bosons that
we may associate with a minimal value of the generalized
Fermi constant. A minimal value of the order parameter
of spontaneous symmetry breaking is not compatible with
a second order phase transition. Nevertheless, the critical
phenomena associated to a second order phase transition
will be a very good approximation for all scales µ sufficiently
above the minimal value of the order parameter.
2.10. Exact and approximate quantum scale
symmetry
At this point we can compare models with exact and ap-
proximate quantum scale symmetry. Exact scale symmetry
is realized if the model is defined precisely on a fixed point.
This includes the case of finite theories. For finite theories
dimensionless couplings are scale independent in the UV. If
there are free dimensionless couplings, the β-functions have
formally a degenerate zero on the hypersurface of these
couplings.
It has been proposed to obtain a scale invariant quantum
field theory by replacing a fixed mass scale in the regular-
ization of the theory or in the renormalization condition
by a scalar field χ [19, 37, 63, 85–89]. We may consider
this issue in the light of Wilsonian renormalization flow. A
replacement of some ultraviolet cutoff ΛUV by χ is valid for
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an effective “low energy theory” for momenta smaller than
χ. For momenta larger than χ, however, the scalar field
can no longer act as an UV-cutoff. If couplings flow in the
momentum range above χ a fixed point is needed. Only for
UV-finite theories χ can act as an UV-regulator. Finiteness
may be obtained if the range of possible momenta is re-
stricted, as for lattice theories [90]. In this case there is no
continuum field theory for momenta of the order of χ. For
example, ref. [63] proposes to replace a fixed lattice distance
by the inverse of a scalar field χ−1, thereby realizing a scale
invariant regularization.
Scale symmetry may also be obtained if one choses for
the renormalization condition a dynamical scalar χ instead
of a fixed momentum scale µ. We will discuss in sect. 4
that dimensionless couplings g typically depend both on χ
and on µ. Such a normalization condition therefore reads
more precisely g(µ = χ) = g¯. A fixed value of g¯ is possible
if g depends only on the ratio χ/µ, e.g. g(µ, χ) = g(χ/µ).
In this case scale symmetry is indeed exact. In contrast, if
g¯ depends on χ the model contains again an intrinsic mass
scale, now connected to the flow of g¯(χ) with χ. We will
argue in sect. 4 that a χ-independent g¯ obtains precisely
if g¯ = g∗ is the value of g at some UV-fixed point. Either
g − g∗ is an irrelevant parameter, or it is relevant but the
theory is defined precisely on the fixed point. We present
a detailed computation for this issue in sect. 5.5 and give
quantitative cosmological bounds on the χ-dependence of g¯
in sect. 7.7.5. (For these arguments g may be considered as
a multi-component dimensionless coupling.)
For a renormalizable continuum quantum field in our
strict sense it should be possible to follow the flow of
g(µ, χ) for fixed χ to µ → ∞. This is indeed the case
if g(µ → ∞, χ) = g′∗ is given by a fixed point value. For
a scale invariant model defined precisely on a fixed point
the “scaling function” g(χ/µ) does not involve an intrin-
sic mass scale. The fixed point values g∗ = g(χ/µ = 1),
g′∗ = g(χ/µ = 0) or g′′∗ = g(χ/µ→∞) are different facets
of this scaling function. They all do not depend on χ.
Models with approximate quantum scale symmetry are
defined in the “vicinity of an UV-fixed point”. This means
that the fixed point is reached only for infinite momenta,
while for any finite momenta at least one of the relevant
parameters differs from its fixed point value. In this case
the flow of relevant couplings away from the fixed point
induces an intrinsic scale µ¯ which explicitly breaks scale
symmetry. One can choose µ¯ as the largest intrinsic mass
scale, and express all other mass scales in terms of µ¯ and
dimensionless couplings. The value of µ¯ is arbitrary - it
only sets the units of mass and is not measurable.
Consider now physics in a typical range of momenta µ.
As long as µ  µ¯ the explicit scale symmetry breaking
by µ¯ is negligible and the physics of an exactly scale in-
variant model is not distinguished from approximate scale
symmetry. Observables can only depend on the ratio µ¯/µ.
For fixed µ one can take the limit µ¯ → 0. This limit is
smooth and realizes exact scale symmetry. Decreasing µ¯
towards zero simply means that the model is defined closer
and closer to the fixed point. Alternatively, one may keep
µ¯ fixed and approach the UV-fixed point for µ → ∞. As
we will discuss in sect. 4, the momentum scale µ may be
replaced by a field expectation value χ.
3. Networks of fixed points and crossovers
In this section we discuss the presence of several fixed
points and the associated crossover between them. This
is a central ingredient for the understanding of different
versions of scale symmetry, e.g. one for particle physics
coupled to gravity, and another one for particle physics
without gravity. We include in our discussion approximate
fixed points for which all couplings run very slowly instead
of being precisely constant. This section substantiates the
flow diagram Fig. 1. We specify the SM-fixed point and
display simple flow equations for the couplings w and γ
whose trajectories are shown in Fig. 1. In the present section
we treat the Planck mass M as an intrinsic scale. In the
following sections we will extend the discussion to the case
where M is given by a scalar field and reflects spontaneous
scale symmetry breaking.
The simple general properties discussed in this section
are basic for what seems to be realized in Nature, namely
the important role of different (approximate) fixed points.
Such fixed points are necessarily connected by crossover
trajectories.
3.1. UV- and IR-fixed points
An ultraviolet fixed point is reached as momenta grow
and length scales shrink. In the opposite, an infrared fixed
point is approached for decreasing momenta. We associate
momenta here with the renormalization scale µ. A renor-
malizable quantum field theory is defined at the UV-fixed
point. In case of the existence of several fixed points in
a system of flowing couplings we define as the UV-fixed
point the one on which the quantum field theory is defined.
Thus flow trajectories towards the IR (lowering µ) always
start at the UV-fixed point. If a flow trajectory encounters
several approximate fixed points, the order of the fixed
points from the UV to the IR is defined by the direction of
this flow. The relative ordering is not free since trajectories
have to exist between these fixed points, and their flow
direction orders the sequence. If a trajectory comes close to
an exact fixed point and departs from its vicinity for lower
scales, we subsume this situation under a trajectory passing
an approximate fixed point. Near an exact fixed point all
couplings run indeed very slowly.
For an UV-fixed point with several relevant parameters
a sequence of approximate fixed points is a rather general
case. Different relevant parameters are often associated to
different intrinsic mass scales. Assume that at the largest
intrinsic mass scale a certain number of degrees of freedom
decouples from the other particles, either because their
masses exceed µ, or their interactions get very small. The
remaining massless particles form a subsystem, which is
characterized by an approximate fixed point if the inter-
actions within this subsystem still change only slowly. If
several distinct intrinsic mass scales are present, this pattern
can be repeated several times.
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3.2. Particle scale symmetry
This type of sequence happens in quantum gravity cou-
pled to the standard model. The highest intrinsic mass scale
can be associated with the Planck massM . For µM the
contributions of the gravitational degrees of freedom to the
flow of the standard model couplings become tiny. They
involve inverse powers of M and are therefore suppressed
by powers of µ/M . The gravitational degrees of freedom
decouple. For µM the flow of the standard model cou-
plings is determined by the perturbative β-functions of the
standard model without gravity.
For µM the running of the standard model couplings
is slow. At the scale M the dimensionless gauge, Yukawa
and quartic scalar couplings are still close to their “quantum
gravity fixed points”, determined by the UV-fixed point, and
the slow running away from it. For µ < M the further flow
of these couplings follows the perturbative renormalization
group equations. Since for µ = M all these couplings
are small, their running is very slow. The dimensionless
parameter γ measuring the distance to the (almost) second
order electroweak phase transition has to be tiny at the
scale µ = M . Following eq. (2.62) it remains very small
for the whole range µ  ϕ0. This behavior defines the
approximate fixed point for the standard model without
gravity. It is valid for scales ϕ0  µM . For µ ≈ ϕ0 the
relevant parameter γ becomes of order one. This ends the
range of validity of the standard model approximate fixed
point.
For the whole range ϕ0  µ  M scale symmetry is a
good approximation. We call the scale symmetry associated
to the standard model fixed point “particle scale symmetry”,
in distinction to “gravity scale symmetry” which includes
the gravitational degrees of freedom and becomes relevant
for the UV-fixed point of quantum gravity coupled to par-
ticle physics. The essential ingredient for the existence of
particle scale symmetry is the second order character of the
vacuum electroweak phase transition. The critical behavior
for a second order phase transition is always characterized
by an exact fixed point and the associated exact quantum
scale symmetry.
There is an exact fixed point that can be associated to
the slow running of couplings in the standard model. This is
the SM-fixed point in Fig. 1. The SM-fixed point is a trivial
fixed point with all gauge couplings and Yukawa couplings
vanishing, as well as γ = 0, λH = 0 in the Higgs sector.
For vanishing gauge and Yukawa couplings the vacuum
electroweak phase transition is indeed of second order. We
can add a small nonzero λH as a marginally irrelevant
coupling. It runs very slowly, βλ ∼ λ2H , such it can be
taken effectively as constant. For vanishing non-abelian
gauge couplings g2 and g3 also the Yukawa couplings and
the hypercharge gauge coupling g1 are marginally irrelevant
and run very slowly towards zero. For vanishing gauge
couplings g3 = g2 = g1 = 0 the parameter γ is the only
relevant parameter. For the flow between the UV-fixed
point and the SM-fixed point, it is the SM-fixed point that
plays the role of an IR-fixed point. As characteristic for an
IR-fixed point the flow towards the UV is unstable. Every
nonzero Yukawa coupling, as well as λH , has a Landau pole.
Since the validity of this fixed point is restricted to µ < M ,
these Landau poles far above M do not matter in practice.
The gauge couplings g3 and g2 are marginally relevant.
As long as they remain small, they do not disturb the second
order character of the vacuum electroweak phase transition
and therefore the existence of the fixed point. Once one of
these couplings gets large, however, it will typically induce
a minimal mass for the W - and Z-bosons. The vacuum
electroweak phase transition does not stay second order,
but rather becomes first order or a crossover. For the
standard model with γ → 0 the first coupling growing large
is the strong gauge coupling g3. This induces a minimal W ,
Z-mass of the order of Λ(6)QCD, e.g., the confinement scale
obtained for six flavors of massless quarks. (For γ = 0 all
quarks presumably remain massless for µ  Λ(6)QCD.) For
a given g3(M) one finds Λ(6)QCD substantially smaller than
the confinement scale in the presence of the physical Fermi
scale, far below 100 MeV. Non-zero g2 and g1 can drive
λH towards negative values and induce a first order phase
transition by the Coleman-Weinberg mechanism [45]. For
realistic values of the top-Yukawa coupling this effect can
be neglected for µ > Λ(6)QCD.
We conclude that for the relevant range µ > ϕ0 one can
neglect all effects related to the small minimal mass of
the W , Z-bosons and treat the vacuum electroweak phase
transition effectively as second order. Nevertheless, the
presence of non-zero asymptotically free gauge couplings g2
and g3 implies that the SM-fixed point cannot be reached
exactly. Incorporating this in Fig. 1 means that even the
trajectory with γ0 = 0 does not reach the SM-fixed point
but finally has to bend towards the IR-fixed point.
There are two possible views on the particle scale sym-
metry associated to the approximate standard model fixed
point. The first considers it as a consequence of the vicinity
of the exact standard model fixed point described above.
The transition at µ ≈ M is as a crossover from the UV-
fixed point of quantum gravity to the SM-fixed point for the
standard model. Since the SM-fixed point is a genuine fixed
point, particle scale symmetry is a necessary consequence of
this fixed point. This holds independently of what happens
in the short distance theory. It does not involve properties
of the UV-fixed point and would hold even in models with-
out an UV-fixed point. In this view particle scale symmetry
emerges as the SM-fixed point is approached.
The second point of view considers particle scale sym-
metry as a remnant of the scale symmetry of the UV-fixed
point. The scale symmetry at the UV-fixed point is explic-
itly broken if the Planck mass is an intrinsic scale associated
to a relevant parameter. Nevertheless, this breaking only
concerns the gravitational sector. The scale symmetry for
the particle subsector with fixed metric for flat space is
not affected. In this sense particle scale symmetry may be
considered as originating from the scale symmetry at the
UV-fixed point in a situation where explicit scale symmetry
breaking only concerns degrees of freedom that decouple
from the SM. Indeed, the second order character of the
vacuum electroweak phase transition is already a property
of the UV-fixed point. It implies a running ∂tγ ∼ γ for
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all scales. It dictates properties of the flow of couplings
already for the UV-fixed point. The line γ = 0 in Fig. 1
is protected from crossing by any trajectory at all scales.
The connection to the UV-fixed point is smooth. At the
crossover scaleM the change of the couplings is small. Only
their β-functions undergo a rapid change.
3.3. Sequence of particle physics fixed points
Particle physics needs ingredients beyond the standard
model. The observed neutrino oscillations imply a minimal
value for the mass of the heaviest neutrino m¯ν . In the
standard model neutrino-masses cannot be described by
renormalized couplings. A neutrino mass term for the left-
handed neutrinos, which belong to the same doublet as
the left-handed charged leptons, has to be quadratic in the
expectation value ϕ0 of the Higgs doublet
mν = Hν
ϕ20
MB−L
. (3.1)
Here MB−L is a heavy mass scale, often (but not neces-
sarily) associated to spontaneous symmetry breaking of a
local B − L-symmetry. Indeed, mass terms involving only
the three known neutrinos violate the difference between
baryon number B and lepton number L by two units. The
parameter Hν is dimensionless and reflects dimensionless
combinations of couplings in some beyond-standard model
sector that is responsible for the mass (3.1).
Typically, the parameter Hν cannot be much larger than
one. For Hν < 1 and m¯ν > 0.05 eV this yields an upper
bound for MB−L
MB−L < 6 · 1014 GeV. (3.2)
This is substantially smaller than the Planck mass M . One
concludes that the observed neutrino properties require an
intermediate scale [91]. A typical value may be MB−L =
1012 GeV, with much smaller values requiring very small Hν .
For µ > MB−L additional particles beyond the standard
model are needed and contribute to the flow equations.
These could be singlet neutrinos (sterile or right-handed
neutrinos) [92–94] or a SU(2)-triplet of massive scalars
[95–98]. The running in the range MB−L < µ < M will
correspond to an extended standard model fixed point,
with β-functions including contributions of the additional
particles. If the number of additional particles is not very
high, this is quantitatively a small effect.
There may be additional characteristic mass scales be-
tween M and ϕ0, or even below ϕ0. For example, grand
unified models require spontaneous symmetry breaking at
a scale MGUT not too far below the Planck scale. A typical
sequence of scales in particle physics is depicted in Fig. 2.
All these scale have ultimately to be connected with sepa-
rate relevant parameters at the UV-fixed point, or some of
their ratios have to become predictable. We conclude that
sequences of largely different scales can be a rather natural
consequence of properties of an UV-fixed point.
FIG. 2. Fixed points, including approximate ones, and crossover scales. For a minimal extension of the standard model the
GUT-fixed point with associated crossover scale MGUT is not present.
3.4. Predictivity in presence of several fixed points
or partial fixed points
In a renormalizable quantum field theory the predictivity
for observables at some scale µ, say µ = 1 GeV, depends
on properties of all the fixed points encountered by the
relevant flow trajectory in the space of couplings. First of
all, the standard model fixed point implies that to a high
accuracy all observables depend only on the renormalizable
couplings of the standard model. Those can be associated
to the relevant and marginal parameters for the standard
model fixed point. Corrections involve non-renormalizable
operators that are suppressed by typical mass scales where
the validity of the standard model ends. An example are
the neutrino masses (3.1).
Second, the number of free parameters cannot exceed the
number of relevant parameters for the UV-fixed point. If
this number is smaller than the number of renormalizable
couplings in the standard model, some relations between
standard model couplings can be predicted. An example is
the quartic coupling of the Higgs scalar λH . In the standard
model this is a renormalizable coupling, corresponding to
a marginal parameter. For the UV-fixed point there are
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strong indications that λH is an irrelevant parameter. The
graviton fluctuations induce an anomalous dimension Aλ >
0 which is of the order one [78, 99–101]. Combining this
with contributions from gauge bosons, fermions and possible
other scalars yields
∂tλH = AHλH − CH , (3.3)
with
CH =
1
16pi2
(
bhy
4 − bgg4 − bsλ2s
)
. (3.4)
The coefficient bh depends on the fermions present for
µ > M and their Yukawa couplings, and similarly for
bg for the gauge bosons and bs for the scalars. (For more
details see sect. 6.17 where also the omitted terms from the
scalar anomalous dimension and non-minimal gravitational
couplings are added.) The couplings y, g and λs (for the
scalars) are small and run very slowly for µ > M , such that
CH is small. One infers for the UV-fixed point a small value
λH∗ =
CH
AH
. (3.5)
Here we neglect in CH the terms ∼ λ2H which only give
small corrections. The critical exponent associated to λH
reads θH ≈ −AH . It is negative, such that λH is indeed
an irrelevant parameter. In practice, a flow equation (3.5)
leads to the value λH(M) ≈ 0. The increase of λH for
µ < M can be computed perturbatively. Including only
standard model particles and taking for definiteness CH
as obtained from the fermions and gauge bosons of the
standard model has led to the prediction [79] of a Higgs
boson mass of 126 GeV with a few GeV uncertainty.
A third source of predictivity concerns partial fixed points
for the flow of couplings in the standard model. Partial
fixed points are related to the non-linear flow equations for
marginal couplings, for which the β-function (2.58) vanishes
in the linear approximation. One example is the partial
IR-fixed point [15, 73] in the ratio λH/y2t which restricts
the mass of the Higgs scalar as a function of the mass of the
top quark. Since dimensionless couplings in the standard
model run only slowly, the partial fixed point is not yet
reached for µ = ϕ0. For the predictivity of λH this replaces
the partial fixed point value by an infrared interval [15],
which determines upper and lower bounds for the mass of
the Higgs scalar [102, 103]. A similar partial fixed point
exists for the ratio g23/y2t [15, 73, 104, 105].
3.5. Crossover
Let us assume that the flow of couplings admits both an
UV- and an IR-fixed point, with a “crossover-trajectory”
leading from the first to the second. Unless a theory is
exactly defined on one of the fixed points, the crossover
situation defines an intrinsic mass scale µ¯. It is determined
by fixing the value of the couplings at a given renormaliza-
tion scale µ = µ¯. For example, one may define µ¯ such that
couplings are in some sense “half way” between the UV-
and IR-fixed points. Comparing characteristic momenta
p of a given process with µ¯ permits an assessment where
the situation can be placed on the critical trajectory. For
p µ¯ one is close to the UV-fixed point, whereas for p µ¯
the situation is close to the IR-fixed point. If there is only
one intrinsic scale µ¯ this is not a measurable quantity. It
only sets units of mass and length. What is measurable are
ratios as p2/µ¯2. They express the measured momenta in
units of the intrinsic scale µ¯.
For a concrete example we consider the flow of a single
dimensionless coupling λ. The flow equations are assumed
to exhibit an UV-fixed point at λUV , and an IR-fixed point
at λIR,
∂tλ = βλ = c(λ− λUV )(λ− λIR). (3.6)
We take c > 0 with λUV < λIR. The general solution reads
λIR − λ
λ− λUV =
(
µ
µ¯
)c(λIR−λUV )
. (3.7)
As µ decreases from infinity to zero this describes a crossover
from λ(µ → ∞) = λUV to λ(µ → 0) = λIR. We have
chosen the intrinsic scale µ¯ such that
λ(µ¯) = 12 (λIR − λUV ) . (3.8)
For µ µ¯ one has approximately
λ(µ) = λIR − (λIR − λUV )
(
µ
µ¯
)c(λIR−λUV )
. (3.9)
The relative change of λ becomes tiny
1
λ
∂tλ = −c (λIR − λUV )
2
λIR
(
µ
µ¯
)c(λIR−λUV )
. (3.10)
Similarly, for µ → ∞ and λ close to λUV the flow is very
slow. We encounter a situation where scale symmetry
is not an overall property of the theory. It is realized
approximately only in specific momentum regions, namely
the UV-region p2  µ¯2 and the IR-region p2  µ¯2. In the
crossover region for p2 ≈ µ¯2 scale symmetry can be strongly
violated.
For a sequence with several fixed points and several
crossover regions scale symmetry is realized in the mo-
mentum ranges corresponding to µ in the vicinity of the
fixed points, while substantial running and strong scale sym-
metry violations can be expected in the crossover regions.
We note that only one of the intrinsic crossover scales sets
the units. Ratios between two different crossover scales, as
the gauge hierarchy ϕ0/M , are measurable quantities. The
overall conclusion of this section states that quantum scale
symmetry is typically not an overall property of a theory. It
is rather realized effectively in certain regions of momentum
of field space, that can be associated to approximate fixed
points.
3.6. Flow diagram for particle physics and quantum
gravity
Having established the general properties of fixed points
and the crossover between them, we can now address the
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flow diagram Fig. 1. It accounts for three fixed points
(UV,SM,IR), and the crossover between them. We restrict
the discussion to two parameters, a running squared Planck
mass M2(k) and a running deviation from the electroweak
phase transition δ(k). Typically, δ(k) is a type of mass
term for the Higgs boson with dimension mass squared –
for more details see sect. 5. The value δ = 0 corresponds to
the vacuum electroweak phase transition. We use here k as
a generalized renormalization scale, not necessarily related
to nonvanishing momentum.
We assume simple flow equations whose characteristic
features are given by dimensional analysis and general prop-
erties. The flow equation for the running Planck mass,
∂t = k∂k,
∂tM
2 = 4ck2 (3.11)
follows from dimensional analysis and we assume constant
c. For δ we only include the contribution from gravitational
fluctuations
∂tδ =
2bk2
M2
δ . (3.12)
The right hand side has to vanish for δ = 0 since the
critical surface of a second order phase transition cannot be
crossed. Gravity decouples for k2/M2 → 0, explaining the
factor k2/M2. We assume constant b. It is related to the
gravitational contribution to A = b/w in eq. (2.62). Direct
computations for quantum gravity in sect. 6 indeed yield
eqs. (3.11), (3.12) as valid approximations. A typical value,
cf. eq. (6.315), is b ≈ 0.1, while c is of a similar order of
magnitude, depending on the precise particle content of the
model.
Employing dimensionless quantities,
γ = δ
k2
, w = M
2
2k2 , (3.13)
the flow equations read
∂tw = −2w + 2c ,
∂tγ =
(
−2 + b
w
)
γ . (3.14)
The first equation corresponds to d→ 0 in eq. (2.68). The
general solution of eq. (3.14) is given by
w = c+ M¯
2
2k2 ,
γ = γ0(1 + 2c)−
b
2c
M¯2
k2
(
1 + 2c k
2
M¯2
) b
2c
. (3.15)
It involves two integration constants. One is a scale M¯ that
we may associate with the observed (constant) value of the
Planck mass. The other is
γ0 = γ(k = M¯) . (3.16)
Following the flow for k → 0 one arrives at
M2(k = 0) = M¯2 , δ(k = 0) = γ0(1+2c)−
b
2c M¯2 . (3.17)
The use of a dimensionless flow parameter
x = ln
(
k2
M¯2
)
(3.18)
absorbs M¯2,
w = c+ 12e
−x ,
γ = γ0(1 + 2c)−
b
2c e−x (1 + 2cex)
b
2c . (3.19)
The flow trajectories run from the UV-fixed point for
x → ∞ to the IR-fixed point for x → −∞. Different
trajectories in Fig. 1 are characterized by different values
of γ0 < 0 that correspond to spontaneous breaking of
the electroweak symmetry. Positive γ0 result in unbroken
electroweak symmetry. We have not shown them in Fig. 1
since the diagram is symmetric under a reflection at the
axis γ = 0. With our simple ansatz the trajectories can be
given explicitly
γ = 2γ0(w − c)
(
w
(1 + 2c)(w − c)
) b
2c
. (3.20)
For easier visualization we actually use for the x-axis the
function fw = 1/
√
1 + w2 which approaches w−1 for large
w (weak gravity) and maps w → 0 (strong gravity) to
one. Similarly, we take for the y-axis the function fγ =
γ/
√
1 + γ2. It maps γ → ±∞ to fγ = ±1.
The UV-fixed point is given by
UV: w∗ = c , fw∗ =
1√
1 + c2
, γ∗ = 0 , fγ∗ = 0 . (3.21)
It is in the upper right corner of Fig. 1, with fw∗ only
slightly smaller than one. The IR-fixed point corresponds
to
IR: w−1∗ = 0 , fw∗ = 0 , γ−1 = 0 , fγ∗ = −1 . (3.22)
It is the lower left corner of the flow diagram. The standard
model fixed point is
SM: w−1∗ = 0 , fw∗ = 0 , γ∗ = 0 , fγ∗ = 0 . (3.23)
It is in the upper left corner of Fig. 1. For small values of
|γ0| one observes first a crossover from the UV-fixed point
to the vicinity of the SM-fixed point. This is followed by
a second crossover to the IR-fixed point. For |γ0| → 0 the
SM-fixed point is approached arbitrarily closely.
For Fig. 1 we have employed the parameters b = 0.1, c =
0.1. The overall picture of flow trajectories is similar as long
as b < 2c. For b > 2 the parameter γ becomes irrelevant and
one encounters self organized criticality for the electroweak
phase transition. Only γ0 = 0 is possible. We discuss this
issue in sect. 6.17.3. There are also trajectories leaving the
UV-fixed point in Fig. 1 towards the right. They correspond
to negative M¯2 in eq. (3.15). Before M2(k) = 0 is reached,
gravity becomes very strong and the approximation (3.11)
is no longer applicable.
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A more complete picture of the three fixed points and the
crossover between them includes other couplings beyond
w and γ. Typically, b and c depend on such additional
couplings. A quantity important for cosmology is λ˜ =
U0/M
4, with U0 the value of the scalar effective potential
at the minimum of U/M4. We discuss the flow of λ˜ in detail
in sect. 6. We find that λ˜ flows to zero as one approaches
the IR-fixed point. We find additional steps of crossover in
the flow of λ˜ from its value at the UV-fixed point to the
value at the IR-fixed point. As we have discussed in sect. 3.3
also the crossover in the particle physics sector proceeds
in several steps. Nevertheless, the simple flow equations
(3.14) provide already for a rather reliable overview of the
overall situation in the interplay between particle physics
and quantum gravity.
4. Flow in field space
So far we have discussed the flow as a function of charac-
teristic momenta, associated to the renormalization scale µ.
Characteristic momenta are often not the only scales in a
problem. There are also characteristic expectation values
of fields, that we denote generically by χ. If the scales µ
and χ are different, one may also have a nontrivial flow in
dependence of the ratio µ/χ. Since χ can be associated
with spontaneous scale symmetry breaking, we will find
new types of scale symmetry that exist in the spontaneously
broken regime. The scale symmetric standard model dis-
cussed in sect. 2 is of this type. Throughout this section χ
is taken as a renormalized field.
The central role of a possible χ-dependence of couplings
is apparent in the simplified flow of the couplings w and γ
in eq. (3.14). These flow equations hold for fixed χ, with w
and γ being functions of χ. In the general solution (3.15)
we can replace M¯2 by a function F (χ). Following the flow
to k = 0 therefore also replaces in eq. (3.17) M¯2 by F (χ).
For F = χ2 this realizes the scale invariant standard model,
with
εH ∼ −γ0(1 + 2c)− b2c . (4.1)
The present section provides the basic setting for a discus-
sion which version of the standard model arises from some
given microscopic theory. In particular, we explain how the
observed momentum dependence of the gauge coupling in
QCD is compatible with exact quantum scale symmetry.
4.1. Field dependent couplings
A classical example for field-dependent couplings is the
discussion of the effective potential for the Higgs field (or
the analogue in an abelian U(1)-gauge theory) by Coleman
and Weinberg [45]. By virtue of the gauge symmetry the
quantum effective potential U(ρ) can only depend on ρ =
h†h. One may define the field dependent quartic coupling
λH(ρ) by
λH(ρ) =
∂2U
∂ρ2
, ρ = h†h . (4.2)
Also the quadratic “radial mass term” is a field-dependent
function,
m2H(ρ) =
∂U
∂ρ
+ 2λH(ρ)ρ , (4.3)
with observable mass of the Higgs boson given bymH(ρ0) at
the location ρ0 = ϕ20 of the minimum of U(ρ). In a quartic
approximation (quadratic in ρ) of the effective potential
one has
m2H(ρ) = λH(ρ)(3ρ− ρ0). (4.4)
Let us first omit the gauge bosons and consider a sin-
gle real scalar field, with discrete Z2-symmetry ϕ → −ϕ,
ρ = ϕ2/2. If m2H(ρ) exceeds all relevant momenta, it acts as
an infrared cutoff for the scalar fluctuations. Only momenta
larger than mH(ρ) contribute to the running of the dimen-
sionless coupling λH , such that the renormalized coupling
depends now on the ratio ΛUV /mH(ρ) instead of ΛUV /µ.
For µ2  m2H(ρ) the coupling λH depends no longer on the
momentum scale µ.
We may define a quartic coupling λH(µ, ρ) that depends
both on a characteristic momentum scale µ and the field
expectation value ρ. Since λH is dimensionless, the depen-
dence on the scales involved is of the form
λH(µ, ρ) = λH
(
µ
ΛUV
,
µ2
ρ
)
. (4.5)
The running takes the qualitative form
µ∂µλH = βλ(λH) θ(µ−mH(ρ)) ,
ρ∂ρλH =
1
2βλ(λH) θ(mH(ρ)− µ) , (4.6)
where the step function θ may be replaced by an appropriate
smooth threshold function for a more accurate computation.
On a trajectory with a fixed ratio µ2/ρ one recovers the
β-function as computed from the variation of a single scale
or the variation of ΛUV ,
(µ∂µ + 2ρ∂ρ)λH = −ΛUV ∂
∂ΛUV
λH = βλ(λH). (4.7)
For ρ ρ0 and mH(ρ) µ we can approximate
ρ∂ρλH =
1
2βλ(λH). (4.8)
The running of λH with
√
ρ is in this range the same as the
running with µ in the range µ mH(ρ).
The inclusion of the SU(2)-gauge bosons and the exten-
sion to a complex doublet scalar field does not change the
qualitative picture. The gauge bosons acquire an effective
mass ∼ g√ρ which again acts as an effective infrared cutoff
for ρ 6= 0. The form of eqs. (4.6)-(4.8) remains the same,
with threshold function reflecting both ρ dependent masses,
e.g. mH(ρ) and g
√
ρ. Further extension by including the
U(1)-hypercharge gauge boson of the standard model shows
similar features. There is now a mass split between the
W - and Z-boson, while the photon remains massless for
all values of ρ. The effect of the photon-fluctuations is
independent of ρ and does not contribute to the flow of λH .
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4.2. Spontaneous and explicit scale symmetry
breaking
Let us associate the scalar singlet field or metron χ with
the characteristic quantity for the spontaneous breaking
of scale symmetry - typically it will be a variable Planck
mass. We consider a dimensionless coupling λ that depends
both on the field χ and the characteristic momentum µ of a
suitable vertex defining λ. In case of several dimensionless
couplings λi we may take λ as a vector with components λi.
If λ depends only on the ratio µ/χ, quantum scale symmetry
is realized. Since there is no trace of some regularization
scale ΛUV , no intrinsic scale is generated even if λ runs as
a function of µ/χ. The scale symmetric standard model
discussed in sect. 2 realizes quantum scale symmetry in
this way. Still, scale symmetry is spontaneously broken by
any nonzero value of χ. In this case a precisely massless
Goldstone boson will be present.
Explicit breaking of scale symmetry occurs if λ depends,
in addition, on some UV-regularization scale via the di-
mensionless ratios µ/ΛUV or χ/ΛUV . Now the flow of λ
generates an intrinsic scale µ¯, breaking the scale symmetry
explicitly. No precisely massless Goldstone boson will be
found. For small values of µ¯/χ there will be, however, an
almost massless pseudo-Goldstone boson.
We may first discuss the running of λ with χ at zero
momentum, µ = 0. Then λ can only depend on χ/ΛUV .
The flow of λ with χ at µ = 0 is described by
χ∂χλ = βˆλ(λ). (4.9)
Any non-zero flow generator βˆλ induces an intrinsic mass
scale µ¯. On the other hand, a zero of βˆλ generates at fixed
point for the χ-dependence of λ at µ = 0. At the fixed point
there is no longer any dependence on ΛUV . No intrinsic
scale is present and quantum scale symmetry is realized.
The issue of scale symmetry depends therefore on the zeros
of βˆλ, rather than on the dependence of λ on the ratio µ/χ.
Correspondingly, intrinsic scales µ¯ correspond to properties
of βˆλ.
For the simple Coleman-Weinberg type scenario (4.6)
there is no difference between βˆλ and βλ. One could extract
the dependence of λ on ΛUV equally well from the running
with µ for χ = 0. This is, however, not the most general
situation. Let us assume that for momenta smaller than χ
some particles decouple because of a mass ∼ χ or because
of interactions inversely proportional to χ. This happens
for gravity if we associate χ with a variable Planck mass.
The gravitational degrees of freedom in the metric field
decouple. Another example are grand unified theories with
χ the unification mass. For µ  χ one is left with an
effective theory for light particles, while the heavy gauge
bosons and scalars decouple. The expectation value χ
separates the UV-theory for µ  χ from the low energy
effective theory for µ χ. From the point of view of the
UV-theory χ acts as a partial IR-cutoff, while from the
point of view of the effective low energy theory it is an UV-
cutoff beyond which the effective theory looses its validity.
Varying µ at a fixed scale χ defines the flow generator βλ,
µ∂µλ|χ = βλ(λ). (4.10)
Typically, βλ depends on the ratio µ/χ. For µ  χ all
particles contribute to the flow, while for µ χ only the
light particles of the effective low energy theory contribute,
βλ =
{
β
(UV )
λ for µ χ
β
(IR)
λ for µ χ .
(4.11)
For µ  χ the variation with µ at fixed χ induces a
dependence of λ on the ratio µ/χ, driven by the fluctuations
of the light particles with βλ = β(IR)λ . For our examples
of the standard model coupled to gravity or embedded in
a grand unified theory the function, β(IR)λ is given by the
perturbative β-function of the standard model.
In contrast, the function βˆλ accounts for the variation of
λ with fixed ratio µ/χ, generalizing eq. (4.9),
χ∂χλ|µ/χ = βˆλ(λ). (4.12)
(The case µ = 0 is a particular case with µ/χ = 0.) It
involves the effects of fluctuations of all particles, including
the “heavy particles” in a grand unified theory, or including
the fluctuations of the gravitational degrees of freedom.
The functions βλ and βˆλ differ. They both depend on
the ratio µ/χ and on the renormalizable couplings of the
model. The properties of βˆλ decide on the realization of
quantum scale symmetry and on the existence or not of
an exactly massless Goldstone boson. Independently of
the form of βλ quantum scale symmetry is realized, and
spontaneously broken for χ 6= 0, if βˆλ vanishes at a fixed
point. The Goldstone boson of spontaneously broken scale
symmetry is present despite the non-trivial dependence of
λ on µ/χ, as described for µ χ by non-vanishing β(IR)λ .
For the standard model coupled to gravity the UV-fixed
point corresponds to vanishing βˆλ.
The running of couplings with µ for fixed χ may again
induce scales, as ΛQCD for the strong interactions. For
βˆλ = 0 such scales are all proportional to χ as in eq. (2.39).
Only for βˆλ 6= 0 scales as ΛQCD also depend on ΛUV ,
reflecting explicit scale symmetry breaking by the presence
of intrinsic mass scales. For βˆλ 6= 0 the coupling g¯ in
eq. (2.39) is no longer χ-independent, but rather depends
on χ/ΛUV according to the solution of eq. (4.9).
We may summarize the relations between the different
flow generators by admitting a general dependence of the
dimensionless coupling λ(µ, χ,Λ) = λ(r, s) on the dimen-
sionless ratios r = µ/χ and s = χ/Λ, with Λ = ΛUV some
intrinsic UV-regularization scale. With
βλ = µ∂µλ|χ,Λ = (µ∂µr)
∂λ
∂r
, (4.13)
and
βˆλ = χ∂χλ|µ/χ,Λ = (χ∂χs)
∂λ
∂s
, (4.14)
the χ-dependence at fixed µ and Λ involves both the depen-
dence on r and s,
χ∂χλ|µ,Λ = (χ∂χr)
∂λ
∂r
+ (χ∂χs)
∂λ
∂s
. (4.15)
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Employing χ∂χr = −µ∂µr, one has
χ∂χλµ,Λ = βˆλ − βλ , (4.16)
or
βˆλ = βλ + χ∂χλ|µ,Λ . (4.17)
We observe that the dependence on Λ, and therefore the
possible existence of an intrinsic scale µ¯, arises only through
the dependence on s,
Λ∂Λλ = (Λ∂Λs)
∂λ
∂s
= −(χ∂χs)∂λ
∂s
= −βˆλ . (4.18)
Similar to λ, the derivatives βλ and βˆλ are functions of r
and s. The dependence on s arises only indirectly through
the dependence of renormalized couplings on s. The depen-
dence on r is induced both by r-dependent renormalized
couplings and possible “threshold functions” depending ex-
plicitly on r. We may investigate limiting cases. For µ χ
the presence of χ plays no role for the running of λ with µ,
such that λ only depends on µ/Λ in this range. For µ χ
one therefore has
µ∂µλ = −Λ∂Λλ = β(UV )λ . (4.19)
This identifies for r →∞, s→ 0
βˆλ = β(UV )λ . (4.20)
As stated before, the fluctuations of all particles contribute
to βˆλ. The relation (4.20) holds for r →∞, while for the
evaluation of βˆλ at µ = 0 one needs the opposite limit r → 0.
In general, the relation between βˆλ(r →∞) and βˆλ(r → 0)
depends on the detailed flow of couplings. A simple property
is easy to understand, however. If βˆλ vanishes for a range
of large finite r, there is no dependence on the UV-scale
Λ. As a result, λ cannot depend on s and βˆλ = 0 holds
for all r and s. Intrinsic mass scales and the corresponding
explicit breaking of scale symmetry are always related to a
nonzero value of β(UV )λ .
For β(IR)λ 6= 0 the flow of λ with the momentum scale µ
continues for fixed χ and µ  χ. There are several ways
how this flow can end. First, there could be a new scale
µ˜ < χ such that the flow stops for µ < µ˜. An example is
the Fermi scale in the standard model. If µ˜ is proportional
to χ the stop of the flow by spontaneous scale symmetry
breaking occurs in two steps at χ and at µ˜ ∼ χ, µ˜  χ.
For β(UV )λ = 0 no violation of scale symmetry is present.
Second, the coupling λ may grow large at some scale µ˜,
procuring dynamics that stops the flow. An example for µ˜
is the confinement scale ΛQCD of strong interactions. For
β
(UV )
λ 6= 0 the scale µ˜ will depend both on ΛUV and χ,
while β(UV )λ = 0 implies µ˜ ∼ χ. Finally, the running of λ
with µ for fixed χ may approach an IR-fixed point where it
stops.
4.3. Fixed points in field space
Let us next consider the case of explicit scale symmetry
breaking by an intrinsic scale µ¯. We concentrate on van-
ishing momenta, µ = 0. The coupling λ is now a function
of µ¯/χ, with ΛUV eliminated in favor of µ¯. It corresponds
to a solution of the flow equation (4.9). Assume that βˆλ
has a zero corresponding to a fixed point. At the fixed
point µ¯ vanishes. Close to the fixed point µ¯ is small and
the fixed point is reached for µ¯/χ→ 0. For fixed µ¯ one can
reach the fixed point in the limit χ→∞. This leads to the
interesting situation that scale symmetry is (approximately)
realized for certain regions in field space, in our case for
χ/µ¯  1. In other regions of field space, e.g. for χ ≈ µ¯,
scale symmetry is broken explicitly.
Scale symmetry is no longer an overall property of such
a model, holding for arbitrary values of the scalar field.
The relevance of scale symmetry is restricted to particular
regions in field space. Only exactly on a fixed point, e.g. for
µ¯ = 0, scale symmetry holds for arbitrary χ. This situation
is the analogue of a well known feature in momentum space.
If the theory is defined by the vicinity of an UV-fixed point,
scale symmetry is realized effectively only for high enough
momenta, e.g. µ  µ¯. For “low momenta” µ ≈ µ¯ it is
broken explicitly. This situation is taken over by replacing µ
with χ. As a direct consequence of the fixed point behavior
for χ → ∞ the mass of the pseudo-Goldstone resulting
from spontaneous scale symmetry breaking will be field
dependent. It vanishes for χ/µ¯→∞.
4.4. Crossover in field space
There may be situations with two different fixed points
in field space, and an associated crossover between them.
As an example we investigate the flow (at µ = 0)
χ∂χλ = βˆλ = −aλ(c− λ) (4.21)
with positive a and c. It has fixed points for
λ∗ = 0 , λ∗ = c. (4.22)
The solution reads, with ρ = χ2/2,
λ = c
1 +
(
χ√
2µ¯
)ac = c
[
1 +
(
ρ
µ¯2
) ac
2
]−1
. (4.23)
For χ→∞ one reaches the fixed point λ∗ = 0, while in the
opposite limit χ→ 0 the other fixed point λ∗ = c is attained.
The intrinsic scale µ¯ can be used for a specification at what
point on the crossover trajectory a given value of χ can be
situated.
If we associate λ = ∂2U/∂ρ2 we find for the flow of
∂U/∂ρ = U ′ with ρ
ρ∂ρU
′ = λρ = cρ
1 +
(
ρ
µ¯2
) ac
2
. (4.24)
The solution for U ′(ρ) involves an integration constant
m2 that can play the role of a second intrinsic mass scale
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violating scale symmetry. The same holds for the solution
of the flow equation for U . If a fixed point is reached for
ρ→ 0 these integration constants have to be set such that
for ρ→ 0 one has
U(ρ→ 0) = c2ρ
2
[
1− 2(
1 + ac2
)(
2 + ac2
) ( ρ
µ¯2
) ac
2
]
.
(4.25)
Indeed, one finds for ρ = 0 a massless scalar, (U ′ +
2ρU ′′)(ρ = 0) = 0.
In the opposite limit for ρ → ∞ the fixed integration
constants imply
U(ρ→∞) = cµ¯
4(
1− ac2
)(
2− ac2
) ( ρ
µ¯2
)2− ac2
+h1µ¯2ρ+h2µ¯4 ,
(4.26)
where the dimensionless coefficients h1 and h2 may be com-
puted by a numerical solution of eq. (4.24). We concentrate
on
ac < 2 , (4.27)
such that U grows monotonically with ρ and the first term
in eq. (4.26) is leading. In the limit ac = 2 one finds
∂U
∂ρ
= cµ¯2 ln
(
1 + ρ
µ¯2
)
. (4.28)
One observes that for ρ→∞ the squared scalar mass
m2(ρ) = ∂U
∂ρ
+ 2ρλ(ρ) = 2c(3− ac)2− ac µ¯
2
(
ρ
µ¯2
)1− ac2
(4.29)
does not vanish. This seems to contradict the expectation
of a massless Goldstone boson associated to the fixed point
for ρ → ∞. The reason is that the mass term (4.29) cor-
responds to an expansion around some homogeneous field
χ. Such a homogeneous field is, however, not a solution
of the field equation for a pure scalar theory. We will see
in sect. 7 that a scale invariant coupling to gravity indeed
allows for a homogeneous asymptotic solution with ρ→∞.
The relevant mass term for the physical scalar excitation
is proportional to the dimensionless ratio m2(ρ)/ρ, which
indeed vanishes for ρ→∞. For finite ρ one finds a pseudo-
Goldstone boson, with a mass vanishing indeed in the limit
ρ → ∞. We also observe that for fixed ρ the mass term
(4.29) vanishes for µ¯→ 0.
4.5. Flow with momentum for fixed field
Let us next discuss the momentum dependence of λ by
investigating its dependence on µ at fixed χ. We first
consider a scale invariant theory defined precisely on a
fixed point. In this case βˆλ vanishes for all values of µ/χ.
Therefore λ can depend only on the ratio µ/χ, implying
µ∂µλ|χ = βλ = −χ∂χλ|µ. (4.30)
The coupling λ(µ, χ) depends only on the ratio µ/χ, as
described by a “scaling function” λ∗(µ/χ) for the whole
range of µ. In momentum space it covers the UV-range
for µ → ∞ as well as the IR-range for µ → 0. Since λ
depends only on the dimensionless ratio µ/χ, the IR-limit
µ→ 0 is also realized for fixed µ by the limit χ→∞. In
this sense the fixed point of eq. (4.21) for χ→∞ could be
associated to an infrared fixed point for vanishing momenta.
In particular, if λ becomes independent of µ/χ in the limit
µ/χ→ 0 one has
βλ = µ∂µλ = 0 , χ∂χλ|µ = 0 , (4.31)
in accordance with vanishing βˆλ by virtue of eq. (4.17).
The UV-limit is realized for fixed χ by µ → ∞ or for
fixed µ by χ → 0. If λ admits a finite limit for vanishing
χ, e.g. µ/χ→∞, then both βλ and χ∂χλ|µ vanish in this
limit. This limit corresponds to an UV-fixed point without
spontaneous symmetry breaking, χ = 0. We emphasize that
a scale invariant theory defined precisely on a fixed point
involves only one fixed point, covering the whole momentum
range of arbitrary µ. This contrasts with the crossover situ-
ation described previously that involves two different fixed
points and a location on the crossover trajectory specified
by an intrinsic scale µ¯. For a scale invariant theory one
still may observe a type of crossover as a function of µ/χ.
This does, however, not induce scale symmetry breaking.
An exactly massless Goldstone boson is expected for all
nonzero values of χ.
Despite the preservation of scale symmetry and the pres-
ence of a unique “overall fixed point” characterized by
scaling functions as λ∗(µ/χ), the flow with µ at fixed χ
may be associated in practice to different fixed points, e.g.
the UV-fixed point for µ→∞ and the IR-fixed point for
µ→ 0. The physical properties, as the spectrum of massless
particles, may be rather different for µ → ∞ and µ → 0.
This happens for the quantum scale invariant standard
model coupled to gravity. The UV-fixed point in Fig. 1
corresponds in this case to µ χ, while the SM-fixed point
is realized for µ χ. The flow trajectory linking the two
fixed points corresponds to the scaling solution. We will
often adopt the language of different fixed points even for
situations where they are connected by a scaling solution
for a common “overall fixed point”.
We associate the overall fixed point with its scaling so-
lution to the UV-fixed point at which the renormalizable
quantum field theory is defined. We next discuss small de-
viations from the UV-fixed point, corresponding to relevant
parameters. They will induce an intrinsic scale µ¯, or several
such scales. A particularly simple situation arises if the
flow with µ stops for momenta smaller than the intrinsic
scale µ¯ generated by some relevant coupling,
βλ(µ < µ¯) = 0 , (4.32)
while for µ > µ¯ the flow according to the scaling solution
is not affected much by µ¯. (Such situations are rather
common, as exemplified by quantum electrodynamics where
µ¯ is identified with the electron mass.) In this case we may
employ the scaling function λ∗(µ/χ) for all µ > µ¯, and
replace µ by µ¯ for µ < µ¯. In particular, for µ = 0 we have
λ(χ) = λ∗(µ¯/χ). The χ-dependence of λ obeys
βˆλ = χ∂χλ|µ=0 = −β∗λ(µ¯/χ) , (4.33)
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with β∗λ the flow generator for the µ-dependence of the
scaling function at fixed χ. For non-zero β∗λ(µ¯/χ) also
βˆλ differs from zero, indicating explicit scale symmetry
breaking.
If the scaling solution λ∗ becomes independent of µ/χ
for µ/χ → 0, one has β∗λ(µ/χ → 0) = 0, cf. eq. (4.31).
Accordingly, also βˆλ vanishes for χ → ∞, such that a
fixed point with quantum scale symmetry is reached in
the limit µ¯/χ → 0. We next consider for arbitrary χ the
momentum range µ  µ¯. The range µ  µ¯ corresponds
by our assumption to the scaling regime associated to the
UV-fixed point, with λ(µ, χ) = λ∗(µ/χ) given by the scaling
function. One infers that βˆλ vanishes also for µ¯/µ→ 0.
We have depicted the scaling regimes for λ(χ, µ) closed to
fixed points in Fig. 3(a). Exact scale symmetry is realized
for the limits µ → ∞ and χ → ∞, indicated by thick
lines at the boundary of the shown region. Approximate
scale symmetry holds in the neighborhood of these lines.
Qualitatively, the µ- and χ-dependence of λ(µ, χ) is well
described if we replace in the scaling function λ∗(µ/χ) the
scale µ by
√
µ2 + µ¯2,
λ(µ, χ) = λ∗
(√
µ2 + µ¯2
χ
)
. (4.34)
The intrinsic scale µ¯ becomes unimportant both for µ¯ µ
and µ¯  χ, such that approximate scaling is realized for
these limits.
These types of simple scenarios extend to scaling functions
for which β∗λ has two zeros. For example, we may consider
the analogue of eq. (4.21)
β∗λ = aλ(c− λ). (4.35)
The scaling solution is given by eq. (4.23), with µ¯ replaced by
µ. The qualitative behavior of λ(µ, χ) is given by (ρ = χ2/2)
λ(µ, χ) = c
[
1 +
(
ρ
µ2 + µ¯2
) ac
2
]−1
. (4.36)
We have depicted the scaling regimes of this scenario in
fig. 3(b).Exact scale symmetry occurs now for χ→∞ and
χ → 0, as well as for µ → ∞ (thick lines). At µ = 0
we observe now a crossover from a fixed point for χ → 0
to another fixed point for χ → ∞. Both fixed points are
inherited from the common scaling function for the fixed
point used for the definition of the renormalizable quantum
theory. By analogy with the momentum dependence of
the scaling solution we call the fixed point in field space
for χ → ∞ the IR-fixed point, and the one for χ → 0
the UV-fixed point. In cosmology the value of a scalar
field χ can change in time. We will discuss in sect. 7
crossover cosmologies where χ changes from the UV-fixed
point (χ → 0) in the infinite past to the IR-fixed point
(χ→∞) in the infinite future.
FIG. 3. Scaling regions for λ(µ, χ). Thick lines are fixed points with exact quantum scale symmetry. The shaded regions denote
qualitatively the vicinity of the fixed points. (a) The fixed point for χ/µ¯→∞ is induced by a zero of β∗λ for χ/µ→∞. (b) The
fixed points at χ/µ¯→∞ and χ/µ¯→ 0 correspond to a crossover with two zeros of β∗λ for χ/µ→∞ and χ/µ→ 0.
More complicated situations can arise if the stop of the
flow at µ¯ is only partial. A subsector corresponding to an
effective low momentum theory for µ < µ¯ may still induce
a non-vanishing βλ, and a different fixed point could be
reached for µ→ 0. This would realize the crossover to an
IR-fixed point in a more complicated way.
Our discussion of the different scenarios may perhaps
appear somewhat lengthy. A precise understanding is, how-
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ever, required for the issue of the Goldstone boson of spon-
taneously broken scale symmetry for χ 6= 0. It makes a
difference if a quantum field theory is defined precisely on
a fixed point, or in the vicinity of a fixed point in the sense
that not all relevant couplings vanish. Precisely on the fixed
point quantum scale symmetry is exact and the Goldstone
boson is massless. In the vicinity of the fixed point scale
symmetry is explicitly broken by the intrinsic scale µ¯. For
χ  µ¯ a characteristic pseudo-Goldstone boson mass is
given by
m ∼ µ¯
2
χ
. (4.37)
It vanishes for χ→∞.
5. Particle scale symmetry
This section discusses scale symmetry for the standard
model of particles physics, considered as an effective low en-
ergy theory for momenta smaller than a scale M . Typically,
M may be associated to the Planck mass. We will inves-
tigate two versions. The first considers M as an intrinsic
scale that acts like an UV-cutoff ΛUV for the effective low
energy theory. The second associates M with the vacuum
expectation value of a scalar field χ which spontaneously
breaks scale symmetry. If the standard model does not
extend to the Planck mass, the scale M may be taken as
the scale for grand unification MGUT , or the scale of B–L
- symmetry breaking MB−L. For definiteness, we assume
here M to be the Planck mass.
In a wider picture including gravity, particle scale sym-
metry is associated to the SM-fixed point in Fig. 1. As
we have mentioned already, particle scale symmetry can
be understood only based on the properties of this fixed
point. No assumption about the detailed microphysics is
needed for the discussion of the consequences of particle
scale symmetry for the naturalness of the Fermi scale and
related issues. We argue that particle scale symmetry is
the symmetry that “protects” a small Fermi scale. We also
address the scale invariant standard model for which two
types of scale symmetry are present: gravity scale symmetry
and particle scale symmetry.
The fixed point associated to exact particle scale sym-
metry is a trivial fixed point with vanishing gauge and
Yukawa couplings. In view of the observed non-vanishing
couplings particle scale symmetry is only an approximate
symmetry. The running couplings induce an explicit break-
ing of particle scale symmetry by inducing the Fermi scale
and the confinement scale. There is no Goldstone boson
associated to particle scale symmetry. In contrast, gravity
scale symmetry for the scale symmetric standard model
can be exact. It has to be spontaneously broken, implying
the presence of a Goldstone boson, or a pseudo-Goldstone
boson if an intrinsic mass scale exists. We argue that the
issue of the presence of an intrinsic mass scale depends on
the properties of the UV-fixed point. As a consequence,
the mass of the pseudo-Goldstone boson cannot be com-
puted within the standard model. It needs the properties
of the UV-completion of the standard model. The quantum
scale invariant standard model is realized if the gauge and
Yukawa couplings at the Planck scale correspond to fixed
point values at the UV-fixed point. In this case they are,
in principle, predictable.
5.1. Scale symmetry and vacuum electroweak
phase transition
The largest mass scale in the standard model is the Fermi
scale ϕ0, given by the vacuum expectation value of the
Higgs doublet. The dimensionless parameter
ε = ϕ
2
0
M2
= 5 · 10−33 (5.1)
is tiny. The gauge hierarchy problem [17, 18] concerns dif-
ferent aspects of the understanding of this small parameter.
We first discuss the issue of naturalness of a small parameter
ε in the light of particle scale symmetry [14–16].
Particle scale symmetry is associated to the second order
electroweak phase transition in the limit of vanishing gauge
couplings. In the language of statistical physics this is
a quantum phase transition at zero temperature. As for
any second order phase transition, the critical surface in
coupling constant space corresponds to an exact fixed point.
We have discussed this fixed point for the standard model
in sect. 3.2. The scale symmetry associated to this fixed
point is particle scale symmetry.
The transformation properties with respect to particle
scale symmetry are simple: The Higgs scalar and the metric
transform as
h→ αph , gµν → α−2p gµν , (5.2)
while other scalars as χ or some grand unified scalars are
invariant. The light fermions transform as ψ → α3/2p ψ and
the gauge bosons are invariant. Precisely on the second
order phase transition (ε = 0) particle scale symmetry
becomes an exact symmetry of the low energy effective
action. This effective action does not include dynamical
gravity. Indeed, a term L˜ ∼ √gM2R violates particle scale
symmetry, independently if M is a constant or M ∼ χ.
Away from the critical surface of the phase transition
particle scale symmetry is violated by terms in the low
energy effective action. Small deviations from the critical
surface of the phase transition are protected by particle
scale symmetry in the sense that their flow is very slow.
This follows by continuity from the basic property of a
critical surface that for all couplings on the surface the flow
vanishes. For small non-zero gauge couplings particle scale
symmetry is only approximate. As we have discussed in
sect. 3 the intrinsic mass scales associated to these running
couplings are much smaller than ϕ0. We can neglect the
effect of these intrinsic mass scales for the discussion of the
gauge hierarchy and treat the vacuum electroweak phase
transition as a second order phase transition even in the
presence of non-vanishing gauge and Yukawa couplings.
A non-vanishing parameter ε expresses the deviation from
the critical surface of the electroweak phase transition. As
well known from statistical physics, any valid expansion
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method should reflect this property. One such method is
renormalization group improved perturbation theory. In
this approach the generators (β-functions) for running di-
mensionless couplings are computed in a loop expansion.
This is the method employed for the computation of the
running of the gauge couplings, Yukawa couplings and quar-
tic scalar coupling. It can also be employed for the flow of
the deviation from the critical surface of the electroweak
phase transition [14, 15, 82]. For small enough couplings low
order perturbation theory converges well. This contrasts
with a bare loop expansion which computes directly the
couplings of interest in a perturbative expansion. In bare
perturbation theory a computation of ε does not converge,
requiring severe cancellations or “fine tuning” for obtaining
a small ε.
The reason for the different convergence properties arises
from the fact that possible fixed points are visible in renor-
malization group improved perturbation theory, but not in
bare perturbation theory. At a fixed point, many different
contributions of bare perturbation theory have to cancel
in order to obtain the fixed point values of couplings. The
presence of fixed points is related to universality. Details
of the microscopic theory (e.g. the regularization or UV-
completion) become unimportant - the “memory” of the
microscopic physics is partly lost. This important property
is not directly visible in bare perturbation theory. Typically,
the low orders (one and two loop) of the β-functions are
universal. They neither depend on the UV-regularization,
nor on the precise definition of the running renormalized
couplings. This universality is absent for bare perturbation
theory. We conclude that bare perturbation theory is not
an appropriate method for addressing the gauge hierarchy
problem.
The location of the critical surface of the electroweak
phase transition in coupling constant space is not a universal
quantity. It depends on the precise regularization and
on the precise definition of the individual couplings as
coordinates in coupling constant space. Let us define some
type of effective potential Uk(ρ) for the Higgs doublet,
ρ = h†h, for which quantum fluctuations with momenta
q2 & k2 have already been included, while the integration
over fluctuations with momenta q2 . k2 still needs to be
performed. For the computation of the fluctuation effects
from the low momentum modes k acts as a variable UV-
cutoff. (Within functional renormalization the potential
Uk(ρ) can be associated with the effective average potential
[25], but the concept used here is wider.) A flowing mass
term may be defined as
m¯2(k) = ∂Uk(ρ)
∂ρ
∣∣
ρ
= 0 . (5.3)
This definition yields the lowest order in a polynomial
expansion of Uk around the origin,
Uk(ρ) = U¯k + m¯2k h†h+ . . . . (5.4)
It is particularly well adapted if the minimum of Uk(ρ)
occurs for ρ = 0. For a minimum of Uk(ρ) at ρ0(k) 6= 0 a
mass term may be defined by a polynomial expansion in
the radial direction,
m2H(k) =
(
∂Uk
∂ρ
+ 2ρ∂
2Uk
∂ρ2
) ∣∣
ρ=ρ0(k)
. (5.5)
Whatever precise definition of the mass term we choose, it
will depend on the precise way how the separation into high
momenta and low momenta (as compared to k) is defined.
For k = 0 all fluctuations are included and Uk=0(ρ) is
the (quantum) effective potential, with ρ0(k = 0) = ϕ20 and
m2H(k = 0) the squared Higgs boson mass. The relation
between m2H(k) and m2H(0) typically involves an additive
“quadratic term” ∼ k2,
m2H(0) = m2H(k) + ck2 , (5.6)
with coefficient c involving the couplings of the theory. Not
surprisingly, the coefficient c depends strongly on the way
how the separation of fluctuation modes is done. A similar
quadratic term ∼ c′k2 relates m¯2(0) and m¯2(k).
The quadratic term ∼ ck2 is the essence of the so-called
quadratic divergence of the mass of the Higgs scalar. Indeed,
in a theory with a physical UV-cutoff ΛUV we can start
with k = ΛUV . The term cΛ2UV diverges for ΛUV → ∞.
Now c depends on the way the cutoff is implemented or
the regularization scheme [14–16]. It will differ between a
sharp cutoff and a smooth cutoff in momentum space. For
a smooth cutoff the values of c will depend on the precise
form of the cutoff function. In short, the quadratic term
reflects the detailed microphysics. It is not universal.
What is common to all regularizations and all definitions
of the mass term is the existence of a “critical trajectory”
m2H∗(k) with the property
m2H∗(k = 0) = 0 . (5.7)
The same holds for m¯2∗(k). The existence of the critical
trajectory is directly linked to the second order character
of the vacuum electroweak phase transition. Precisely on
the phase transition the scalar mass term vanishes - the
correlation length ξ = m−1H diverges. If the minimum of
Uk(ρ) occurs for ρ0(k) 6= 0, there exists also a critical
trajectory ρ0∗(k) with
ρ0∗(k = 0) = 0 . (5.8)
At the phase transition the order parameter ρ0 vanishes.
The critical trajectories m2H∗(k), m¯2∗(k), ρ0∗(k) are related,
reflecting different facets of the phase transition. The crit-
ical trajectory separates trajectories that correspond to
the symmetric or disordered phase with m¯2(k = 0) > 0,
ρ0(k = 0) = 0 from trajectories that correspond to the
ordered phase with spontaneous symmetry breaking, where
ρ0(k = 0) > 0. No trajectory can cross the critical trajec-
tory. More precisely, in case of several flowing couplings the
critical trajectory is generalized to a critical hypersurface
in coupling constant space. This hypersurface separates
the disordered and ordered phase. Every point on the crit-
ical hypersurface flows for k → 0 to m¯2 = m2H = ρ0 = 0,
as characteristic for a second order phase transition. All
trajectories which are on the critical hypersurface at some
30
scale k¯ are critical trajectories that stay on the critical
hypersurface for all k < k¯. The critical hypersurface cannot
be crossed by any trajectory. If a trajectory hits the critical
hypersurface, it would remain on this hypersurface until
k = 0. (We recall that strictly speaking our discussion of
the properties of a second order phase transition only holds
for vanishing gauge couplings. The small running gauge
couplings do not affect the qualitative properties of the flow
in the relevant range of scales. Also the fact that local
gauge symmetries are not spontaneously broken in a strict
sense does not alter the results.)
This general properties can be seen by a functional renor-
malization group investigation [82]. The flow equation for
the mass term takes the form [82, 106–115]
∂tm
2 = Am2 +Bk2 , (5.9)
where A and B depend on other couplings that typically
may flow mildly with k. We derive this type of flow equation
in sect. 6.17.4, with
B = 3y
2
t
8pi2 + . . . , (5.10)
where yt is the top-quark Yukawa coupling. Let us pur-
sue the approximation of constant B and A. The general
solution for A < 2,
m2(k) = B2−Ak
2 + dkA , (5.11)
involves the integration constant d which specifies the par-
ticular flow trajectory. The critical trajectory corresponds
to d = 0,
m2∗(k) =
B
2−Ak
2 , (5.12)
and therefore to a fixed point of the dimensionless ratio
m2∗(k)
k2
= B2−A . (5.13)
On the fixed point trajectory the mass term does not vanish
for k 6= 0. It only vanishes in the limit k → 0. As advo-
cated, the other flow trajectories do not cross the critical
trajectory. For d > 0 one has m2(k) > m2∗(k) for all k,
while d < 0 corresponds for all k to m2 < m2∗(k). For small
A the constant c in eq. (5.6) is given approximately by
c = −B/(2−A). It depends on the particular choice of the
IR-regulator function via the regulator dependence of B.
5.2. Anomalous mass dimension
The crucial quantity for the understanding of the scale
of electroweak symmetry breaking is the distance from the
critical trajectory [14, 15, 82, 84]. In general, the distance
from a critical trajectory δ obeys a universal flow equation.
For a flow with ρ0(k) 6= 0 we may define
δ˜(k) = ρ0∗(k)− ρ0(k) , (5.14)
while for ρ0(k) = 0 one can take
δ(k) = m¯2(k)− m¯2∗(k) . (5.15)
Trajectories with positive δ or δ˜ belong to the symmetric
phase, while negative δ or δ˜ leads to spontaneous symmetry
breaking with ρ0(k = 0) > 0. The critical surface corre-
sponds to δ = δ˜ = 0. The β-function for δ or δ˜ has to
vanish for δ = 0 or δ˜ = 0 since the critical surface at δ = 0
(δ˜ = 0) cannot be crossed. For small δ it is given by an
anomalous mass dimension
k∂kδ = Aδ . (5.16)
This behavior is explicit for the functional flow equation
(5.9). For constant A this leads to a slow powerlike decrease
of δ with decreasing k,
δ = δ0
(
k
k0
)A
. (5.17)
The anomalous mass dimension A can be computed in
perturbation theory. For the standard model it is given
by eq. (2.45) [14, 73]. This quantity is universal and does
not depend on the regularization or the precise definition
of δ. (It holds as well for δ˜.) In contrast to the flow of
m¯2∗, m2H∗ or ρ0∗, which only concerns the precise location
of the critical hypersurface in coupling constant space and
therefore depends on the “microscopic physics” or regular-
ization, the flow of the deviation from the critical surface δ
is only a property of the effective low energy theory. From
the point of view of the fixed point associated to the second
order vacuum electroweak phase transition the deviation
from the fixed point corresponds to a relevant dimensionless
parameter γ = δ/k2, with flow given by eq. (2.62). From
this point of view it is obvious that the critical hypersurface
at γ = 0 cannot be crossed. The same picture arises from
functional renormalization where
A = ∂
∂m2
β2m
∣∣
m2∗
. (5.18)
In lowest order one finds indeed [82] the perturbative anoma-
lous dimension (2.45). For the general solution (5.11), (5.12)
one has
γ = dγkA−2 , (5.19)
such that for A < 2 one finds an increase of |γ| for decreasing
k, as appropriate for a relevant coupling.
We summarize that a perturbative computation of quanti-
ties as m¯2 or ρ0, with the associated “quadratic divergences”
and the necessity of fine tuning order by order in the ex-
pansion for obtaining m¯2 = ρ0 = 0, only concerns the
expression for the location of the critical hypersurface in
terms of microphysical or “bare” couplings. It depends on
the precise choice of the bare couplings and the precise
ultraviolet regularization. In contrast, flow equations only
involve renormalized couplings. The existence of a critical
surface (d = 0 in eq. (5.11)) follows immediately from the
structure of the flow equation in the limit where a second
order phase transition is a good approximation. The re-
lation to the microscopic “bare couplings” is given by the
solution of the flow equation with bare couplings specifying
the initial values for some large k, say k = M . The pre-
cise embedding of the critical hypersurface in the space of
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microphysical couplings remains complicated. The precise
location of the critical hypersurface in the space of bare
couplings is, however, not important for the computation
of physical quantities at low momenta which only depend
on renormalized couplings, not on bare couplings.
The renormalized scalar mass term appears in the propa-
gator or Greens function G(p2) for the Higgs boson. The
dependence of the inverse propagator on the squared mo-
mentum p2 takes the characteristic form (in a euclidean
setting)
G−1(p2) = Zϕ(p2)
(
p2 +m2(p2)
)
, (5.20)
with slowly varying wave function renormalization Zϕ(p2).
The critical hypersurface corresponds to m2(p2) = 0. We
can take m2(p2) as a version for the deviation δ from the
critical hypersurface. Associating the renormalization scale
µ2 = p2 one finds the flow equation
µ∂µm
2 = Am2 . (5.21)
Only the universal anomalous mass dimension (2.45) ap-
pears in the physical quantities. No influence of “quadratic
divergencies” or other features concerning the expression
of the critical surface in terms of bare couplings is present.
Renormalization group improved perturbation has no prob-
lems with convergence (at least not in low orders). The two
loop contribution to A contains terms ∼ g4, y4t , λ2H and is
small as compared to the one loop expression.
These features of the vacuum electroweak phase transition
fit perfectly into the general framework for the understand-
ing of critical phenomena in statistical physics. The precise
location of the critical surface in the space of microscopical
couplings is often rather complicated and not known in
practice. Very often no reliable methods for its computa-
tion are known. This location is not needed, either. All
universal physics for critical phenomena concern only the
deviations from the critical hypersurface, as parameterized
by the relevant parameters.
5.3. Naturalness of the Fermi scale
The understanding of a small parameter as ε involves two
issues. The first asks if there are particular properties that
protect the value ε = 0 in the sense that it is not changed
if the microphysics undergoes small changes. This is the
issue of naturalness. A small parameter is then protected
against large corrections. A typical case is a symmetry that
implies ε = 0. In this case a small value of ε amounts to a
small breaking of this symmetry. The second issue concerns
an explanation why the parameter is small. We investigate
here the question of naturalness of a small ε. In sect. 6.17
we will turn to a possible explanation of its small value.
An example for a natural small parameter is the ratio
of electron mass over Planck mass, me/M , in quantum
electrodynamics coupled to gravity. The additional chiral
symmetry for me/M = 0 protects the small electron mass
from large corrections in all calculational schemes that re-
spect chiral symmetry. We will see that the gauge hierarchy
ϕ0/M is natural in the same sense, the relevant symmetry
being scale symmetry. Naturalness of a small quantity is
not yet an explanation why the quantity is small. In this
respect there is no difference between a small me/M in
QED or a small ϕ0/M in the standard model.
In a renormalizable quantum field theory the dependence
on the microphysics arises only through the values of the
renormalized couplings or relevant parameters. A violation
of naturalness of a small parameter is associated to a large
relative change of this parameter if some of the relevant
parameters are subject to a small relative change. For a
general discussion we may denote the investigated small
dimensionless parameter by σ - for the problem of natural-
ness of the gauge hierarchy σ will correspond to γ. We are
interested in the relative change of σ under a relative change
of relevant couplings gi, taken at some scale k which will
be associated here to high momenta or small distances. (In
a model with physical UV-cutoff ΛUV , as a lattice model,
we take k somewhat smaller than ΛUV such that irrelevant
couplings no longer matter.) We parametrize the relative
change of σ by
∆σ
σ
=
∑
i
Si
∆gi(k)
gi(k)
. (5.22)
For “sensitivity coefficients” Si of the order one or smaller,
a small parameter σ is natural, for large Si  1 it is
not natural. For σ → 0 naturalness requires that ∆σ is
proportional to σ.
Any observable parameter σ is a function of the renormal-
ized couplings gi. Such a relation holds for all k and we may
therefore consider a k-dependent quantity σ(k) = σ(gi(k)).
The observable small parameter may be associated with
σ = σ(k = 0) or σ = σ(k = µ) for some particular ap-
propriate µ. We can expand the flow equation for small
σ(k)
k∂kσ = Bσ(gi) +Aσ(gi)σ + . . . . (5.23)
For Bσ 6= 0 a small parameter σ is not natural, since the
coefficient Bσ drives σ(k) through zero. Typically, σ(k)
may reach a value σ(k¯) = 0 at some particular scale k¯.
Then it differs from zero for k > k¯ and k < k¯. The precise
value k¯ where σ(k¯) = 0 depends on the precise values of
the renormalized couplings gi(k) and changes under a small
relative change ∆gi(k)/gi(k). Obtaining k¯ = 0 or k¯ = µ
requires fine-tuning of the microphysical renormalizable
couplings. On the other hand, for Bσ = 0 a small value of
σ is natural. If σ(k) = 0 at some scale k, it stays zero for
all k.
From the point of view of flow equations a small param-
eter σ is natural if σ = 0 corresponds to a partial fixed
point of the flow. Whenever σ = 0 corresponds to an en-
hanced symmetry there is an associated partial fixed point
of the flow, provided that the flow is consistent with this
symmetry. The association of naturalness with a partial
fixed point therefore recovers the case where naturalness is
associated to an enhanced symmetry. It is more general,
however, since partial fixed points are not always associated
to enhanced symmetries.
A partial fixed point at σ = 0 does not yet explain a small
parameter σ = σ(k = 0). It only guarantees naturalness
32
in the sense that a small value of σ at some microphysical
scale k¯ guarantees a small σ at all k < k¯, including k = 0,
and that this property does not require a fine tuning of
the renormalizable couplings gi(k). Most importantly, it
leaves open the scale at which a small value of σ may find
an explanation. This can be a very high momentum scale.
On the basis of these properties it has been argued that
a small value of the gauge hierarchy parameter ε is natural
[14]. A second order phase transition indeed corresponds to
a partial fixed point [73], since the critical surface cannot be
crossed by the flow. The flow of γ vanishes for γ = 0, inde-
pendently of the values of the other relevant parameters or
renormalized couplings. As has been noted in refs. [14, 15],
this partial fixed point is associated to an enhanced symme-
try, namely scale symmetry. In this sense scale symmetry
protects ε and renders a small value natural. If a symmetry
plays a central role, it is a good idea to choose a regular-
ization consistent with this symmetry. The naturalness of
a small value of ε by a scale invariant regularization has
been emphasized by Bardeen [16] and advocated in later
work [46–49, 84, 116, 117]. Many conceptual and technical
aspects of this proposal for naturalness have been clarified
[118–122].
The partial fixed point due to the second order phase
transition is a rather robust property. Even for a large
class of grand unified theories, with a complicated sector of
many scalar fields, the vacuum electroweak phase transition
remains typically of second order. The critical surface may
now be a rather complicated hypersurface in the space of
couplings of the grand unified model. Nevertheless, the
critical surface is never crossed such that the flow of δ is
proportional to δ. The anomalous mass dimension A is
modified in a grand unified theory. As long as A < 2 the
dimensionless ratio γ remains a relevant coupling. The issue
that the Higgs doublet is only part of a larger representa-
tion of some GUT symmetry (“doublet-triplet splitting”),
or even a mixture of different representations, does not
change the naturalness of a small parameter ε due to the
scale symmetry for a second order phase transition. As a
consequence, it remains open at which scale an explanation
of the small value of ε has to be found [123]. It may be
near the Fermi scale, or above the Planck scale. We will
discuss in sect. 6.17 the proposal that fluctuations of the
gravitational degrees of freedom may lead to an explanation
of the small value of ε [83].
5.4. Scale invariant standard model with singlet
scalar
So far we have discussed a scenario where the Planck
mass M , or some other physical scale ΛUV where the stan-
dard model has to be extended, is an intrinsic mass scale.
The particle scale symmetry associated to the vacuum elec-
troweak phase transition is then the only scale symmetry
relevant for momenta belowM . It is explicitly broken by the
non-zero value of the relevant parameter γ or, equivalently,
by the expectation value ϕ0 of the Higgs doublet. No Gold-
stone boson is present in this scenario, since scale symmetry
is not broken spontaneously. If one embeds the standard
model into a more complete renormalizable quantum field
theory including gravity, the scales M or MGUT correspond
in this scenario to explicit scale symmetry breaking by the
values of parameters that are relevant with respect to the
UV-fixed point.
A different scenario embeds the standard model into a
renormalizable theory where M is given by a scalar field
χ. The scale symmetry associated to the UV-fixed point is
spontaneously broken by χ. The ultraviolet completion of
the standard model does not involve intrinsic mass scales.
The effective reduction of the short distance theory to the
standard model as an effective model for large distances
occurs by spontaneous symmetry breaking. If there is no
intrinsic mass scale above the Fermi scale, the momentum
range µ ϕ0 is characterized by two different scale symme-
tries. The first is the “gravity scale symmetry” associated
to the UV-fixed point of the full theory including grav-
ity. As we have discussed in sect. 2.6, this scale symmetry
is exact if we define the model precisely on the UV-fixed
point. In this case the function βˆλ in sect. 4.2 vanishes.
The second scale symmetry is particle scale symmetry, as
discussed in sect. 3.2. Particle scale symmetry is present
in both scenarios, being only related to the second order
vacuum electroweak phase transition. The issues related
to particle scale symmetry discussed in the present section
are the same if M is an intrinsic scale or if M = χ reflects
spontaneous symmetry breaking. In the second case the
running of couplings relevant for particle scale symmetry
concerns their dependence on µ/χ, as discussed in sect. 4.
For a Planck mass given by a scalar field, M = χ, the
two different scale symmetries correspond to different field
transformations. Gravity scale symmetry is characterized
by an invariance under the scalings (2.6), (2.7), with h scal-
ing as χ, h′ = αh. In contrast, for particle scale symmetry
χ is kept fixed. The part LχR in eq. (2.16) violates particle
scale symmetry. It is discarded for the low energy effective
theory because the gravitational and χ-mediated interac-
tions are very small for the momentum range far below M .
In case of grand unification, all scalar fields except for the
Higgs doublet are invariant under particle scale symmetry.
Again their kinetic and potential terms violate particle scale
symmetry and are discarded from the effective low energy
theory. With respect to particle scale symmetry χ and
other scalars beyond the Higgs doublet are treated as fixed
parameters.
It is particle symmetry that is responsible for the natu-
ralness of a small Fermi scale. Indeed, exact particle scale
symmetry requires ε = 0, such that small values of ε are
protected by this symmetry. Gravity scale symmetry is
unrelated to this issue. Indeed, arbitrary values of ε are
compatible with gravity scale symmetry. Gravity scale sym-
metry for the standard model should not be invoked for an
understanding of the naturalness problem.
The main observational difference between the two sce-
narios concerns the dynamics of the scalar field χ. If we
define the theory exactly on the UV-fixed point, gravity
scale symmetry is exact. Its spontaneous breaking by a
non-zero cosmological value of χ results in a massless Gold-
stone boson. We will see this explicitly in sect. 7 where
we discuss cosmological solutions. In contrast, defining the
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theory in the vicinity of the UV-fixed point, in the sense
that some relevant parameter differs from zero and the fixed
point is reached only for µ→∞, necessarily introduces an
intrinsic scale µ¯ due to the running of the relevant couplings.
We take here µ¯ as the largest such scale. For µ¯  χ one
predicts a pseudo-Goldstone boson with mass ∼ µ¯2/χ. In
the limit µ¯/χ → 0 this becomes the massless Goldstone
boson, the dilaton.
5.5. Mass of the pseudo-Goldstone boson
The pseudo-Goldstone boson of spontaneously broken
approximate scale symmetry has been named “cosmon”
[19, 50] because of its possible role for the solution of the
cosmological constant problem, c.f. sects. 6, 7. For simplic-
ity we employ here this name, even though the presence of
the pseudo-Goldstone boson is a general property and not
necessarily related to the cosmological constant problem or
an important role in cosmology. The mass of the cosmon
mc ∼ µ¯
2
χ
(5.24)
depends on the value of the scalar field χ. It will vary
for cosmological solutions for which χ is time-dependent.
In the limit χ/µ¯ → ∞ the cosmon mass vanishes. If we
associate the present value of χ with the present value of
the Planck mass, χ(t0) = M , the cosmon mass can be
very small for µ¯  M . In the limit µ¯ → 0 the cosmon
has all properties of a Goldstone boson. In particular, all
its couplings are derivative couplings. This implies that
non-derivative couplings are suppressed by µ¯/χ and vanish
in the limit µ¯/χ → 0. This has important consequences
for the issues of time varying fundamental constants and
apparent violation of the equivalence principle, since the
cosmon mediates a type of “fifth force” [50].
The present cosmon mass depends on the value of the in-
trinsic mass scale µ¯ (in units in which χ(t0) = 2.4·1018GeV).
A few examples are:
µ¯ = ΛQCD , mc ≈ 2 · 10−11eV , m−1c ≈ 10km
µ¯ = ϕ0 , mc ≈ 1.27 · 10−5eV , m−1c ≈ 1.6cm (5.25)
µ¯ = 2 · 10−3eV , mc ≈ H0 , m−1c ≈ H−10 [19] ,
with H0 = 1.5 · 10−33eV the present value of the Hubble
parameter. The value of µ¯ is not a property of the standard
model of particle physics. Being related to the flow of a
relevant parameter at the UV-fixed point, its computation
involves properties of this fixed point. Furthermore, the
present value of χ is needed, which may involve properties
of a cosmological solution.
The issue of the cosmon mass is directly related to the
question under which circumstances an exactly scale invari-
ant standard model can be realized. The latter corresponds
to a vanishing cosmon mass – spontaneously broken exact
gravity scale symmetry implies the presence of an exactly
massless Goldstone boson, the dilaton. We will find that
the issue depends crucially on the question if the gauge
and Yukawa couplings of the SM correspond to relevant or
irrelevant couplings at the UV-fixed point. Only if these
couplings are irrelevant, with nonzero values given by their
fixed point values, exact gravity scale symmetry can hold
for the SM. If gauge or Yukawa couplings correspond to
relevant couplings with UV-fixed point values zero, the flow
of these couplings from zero to their non-zero values at the
Planck scale induces a violation of gravity scale symmetry
that forbids a massless Goldstone boson.
In short, the issue concerns the question of what happens
when the momentum scale µ exceeds χ. If dimensionless
couplings continue to flow in this range, this induces the
presence of an intrinsic scale µ¯. Indeed, for µ  χ the
presence of χ is irrelevant for the fluctuation effects since
µ (or k) is already an IR-cutoff, such that the fluctuations
with momenta q2 & µ2 are not affected by χ. Thus χ
cannot appear as a scale for a running of couplings at
µ  χ. Any nonzero running of dimensionless couplings
must therefore involve another scale, e.g. an intrinsic scale
µ¯. The vanishing of βˆλ in eq. (4.9) requires that the running
of λ with µ stops once µ exceeds χ.
We demonstrate this issue in a simplified model of QCD
coupled to quantum gravity in presence of a scalar singlet χ
(“dilaton quantum gravity”). We assume the presence of an
ultraviolet fixed point, for which the graviton-dilaton part
of the effective action takes the form (2.16). Close to the
UV-fixed point the gauge coupling may either be a relevant
coupling with fixed point at g∗ = 0, or an irrelevant coupling
with fixed point g∗ 6= 0. Examples for both scenarios have
been found in quantum gravity computations, depending
on the matter content of the model [124–130]. The two
scenarios lead to quite different implications for the intrinsic
scale µ¯.
Let us start with the somewhat simpler toy example of
an asymptotically free gauge coupling, with flow equation
approximated by
µ∂µg
2 =
{
−bUV g4 for µ > χ
−b0g4 for µ < χ . (5.26)
We assume that for µ > χ additional degrees of freedom
influence the running of g and bUV . This is not precisely
quantum gravity, since the gravitational contribution is
an anomalous dimension, µ∂µg2 = ηgg2, ηg < 0. The
example demonstrates, however, important issues about the
dependence on χ and the presence of an intrinsic scale. For
the toy model bUV determines the flow close to the fixed
point. The flow in this range differs from µ < χ where
only the gluon and quark fluctuations contribute, with b0
the value of the standard model given by eq. (2.32). The
solution of eq. (5.26) reads
g−2(µ = χ) = g−2(χ) = g−2(Λ)− bUV2 ln
(
Λ2
χ2
)
, (5.27)
g−2(µ < χ) = g−2(χ)− b02 ln
(
χ2
µ2
)
. (5.28)
The scale Λ is arbitrary in the range Λ ≥ χ. Together with
g−2(Λ) it defines the value of the relevant parameter at
some scale Λ. In particular, we may choose Λ to be the
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present Planck mass, Λ = M , such that
g−2(µ < χ) = g−2(M)− bUV2 ln
(
M2
χ2
)
− b02 ln
(
χ2
µ2
)
.
(5.29)
The confinement scale, defined by g−2(ΛQCD) = 0, de-
pends on χ according to
b0 ln
(
χ2
Λ2QCD
)
+ bUV ln
(
M2
χ2
)
= 2
g2(M) . (5.30)
Two limits are of interest. For bUV = 0 one has ΛQCD ∼ χ,
ΛQCD = χ exp
(
− 1
b0g2(M)
)
. (5.31)
This limit corresponds to the scale invariant standard model,
cf. eq. (2.39) with g¯2 = g2(M). This is the limit considered
in ref. [19]. On the other hand, for bUV = b0 the confinement
scale is independent of χ,
ΛQCD = M exp
(
− 1
b0g2(M)
)
. (5.32)
This is the limit assumed in refs. [50, 118–120, 131–133].
For the general χ-dependence of ΛQCD(χ) we may define
Λ¯QCD = ΛQCD(χ = M) , (5.33)
and use this in order to eliminate g2(M),
b0
[
ln
(
χ2
Λ2QCD
)
− ln
(
M2
Λ¯2QCD
)]
+ bUV ln
(
M2
χ2
)
= 0 .
(5.34)
This yields
ΛQCD(χ) = Λ¯QCD
( χ
M
)1− bUVb0
. (5.35)
Only for bUV = b0 the confinement scale becomes indepen-
dent of χ and only for bUV = 0 it is precisely proportional
to χ.
The two limits lead to rather different consequences for
the intrinsic mass scale µ¯. In the limit bUV = 0 the running
gauge coupling only depends on µ/χ, cf. eq. (2.40). In this
case no intrinsic scale is generated, µ¯ = 0. The spontaneous
breaking of the exact scale invariance induces a massless
Goldstone boson. The case bUV = 0 implies that in the
range µ χ the gauge coupling runs towards a fixed point
g∗ 6= 0 since the running stops for µ > χ. (Threshold
effects smoothen the transition at µ = χ, but the running
has to stop sufficiently far above the threshold.) For the
other limit bUV = b0 the confinement scale appears as an
intrinsic mass scale, µ¯ = ΛQCD. The cosmon has a typical
mass ≈ 2 · 10−11eV. For intermediate bUV the cosmon mass
interpolates between the two limits. These simple findings
demonstrate that the cosmon mass cannot be computed
without assumptions about the properties of the UV-fixed
point.
In quantum gravity, the situation is conceptually similar.
For µ > χ the running of the gauge coupling obeys
µ∂µg
2 = ηgg2 − bUV g4 , ηg < 0 . (5.36)
For bUV > 0 the gauge coupling is asymptotically free.
Its UV-fixed point value is g∗ = 0, and it is a relevant
coupling, with critical exponent θg = −ηg > 0. The value of
α = g2/4pi has to reach at µ = χ = M a value around 1/40,
if the present value of χ is associated to the Planck mass
(or a scale in the vicinity of it). Neglecting for simplicity
the term ∼ bUV g4 one has
g−2(µ = χ) = g−2(Λ)
(χ
Λ
)−ηg
. (5.37)
This yields for µ < χ, identifying Λ with M
g−2(µ) = 14piα(M)
( χ
M
)−ηg − b02 ln
(
χ2
µ2
)
. (5.38)
One finds a confinement scale depending both on χ and M
ΛQCD = χ exp
{
− 14piα(M)
( χ
M
)−ηg}
. (5.39)
The dependence of ΛQCD/χ on χ introduces an explicit
breaking of scale symmetry and an intrinsic mass scale.
Asymptotically free gauge couplings in asymptotically safe
quantum gravity are not compatible with a scale invariant
standard model.
On the other hand, the scale invariant standard model
is predicted if gauge and Yukawa couplings are irrelevant
couplings at the UV-fixed point, taking nonzero fixed point
values g∗ 6= 0. For the standard model this is possible if one
adds for the high-energy flow a sufficient number of scalars
and gauge bosons as, for example, in grand unification [130].
In this case bUV is negative and a fixed point occurs for
g2∗ =
ηg
bUV
. (5.40)
The critical exponent at the fixed point is indeed negative
θ = −ηg + 2bUV g2∗ = bUV g2∗ . (5.41)
For g near g∗ the flow equation for µ > χ can be approxi-
mated by
µ∂µg
2 = −θ (g2 − g2∗) . (5.42)
Following the discussion in sect. 2.8 the irrelevant coupling
g − g∗ has to be zero for a renormalizable quantum field
theory valid for all momenta. The solution for µ ≥ χ is
simply g(µ ≥ χ) = g∗. The ratio ΛQCD/χ is predicted in
terms of the fixed point value g∗,
ΛQCD
χ
= exp
(
− 1
b0g2∗
)
. (5.43)
Scale symmetry is exact without an intrinsic mass scale
(µ¯ = 0), and a Goldstone boson is present for any χ 6= 0.
We conclude that scale invariant QCD is realized if the
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gauge coupling takes a non-zero fixed point value at the
UV-fixed point.
Similar considerations hold for the electroweak sector
of the standard model. Consider first the dimensionless
Yukawa couplings, quartic scalar coupling and electroweak
gauge couplings. If their UV-flow close to the fixed point
is characterized by fixed nonzero values, with deviations
from the fixed point values being irrelevant parameters,
the values of these couplings do not depend on µ or χ as
long as µ ≥ χ. For µ < χ they can only depend on the
ratio µ/χ. The running as a function of µ/χ is governed
by the usual β-functions of the standard model. No scale
symmetry breaking occurs in this sector. On the other
hand, if some of these couplings are relevant parameters,
with values for Λ = M different from the UV-fixed point
values, then the couplings depend for µ < χ both on µ/χ
and M/χ, similar to eq. (5.29) for bUV 6= 0 or to eq. (5.37).
Eliminating the values of the couplings at M in terms of a
suitable intrinsic scale µ¯ the couplings depend on µ/χ and
µ¯/χ. The dependence on µ¯ reflects scale symmetry breaking
by the flow away from the fixed point. In the language of
sect. 4.2 the function βˆ in eq. (4.12) differs from zero.
The most important question concerns the deviation from
the critical surface of the vacuum electroweak phase tran-
sition. There may be more than one relevant or irrelevant
coupling playing a role. Consider a minimum of the Higgs
potential at ρ = h†h = 0, with terms quadratic in h of the
form
U = m¯2ρ+ ε˜χ2ρ+ . . . . (5.44)
At the UV fixed point both m¯2/k2 and ε˜ take fixed values.
The critical surface of the electroweak phase transition is
invariant with respect to the flow. We assume that the
UV-fixed point is on the critical surface (γ∗ = 0).
There are several possible scenarios, depending on the two
parameters m¯2 and ε˜ being relevant or irrelevant. If both
m¯2 and ε˜ are irrelevant, the theory is exactly on the critical
surface of the vacuum electroweak phase transition [73, 83].
This would be an example of “self organized criticality” [66].
An explanation why the observed Fermi scale is not the
minimal possible one will be needed. The SM would be
scale invariant. If m¯2/k2 is irrelevant it can be replaced by
its fixed point value for µ ≥ χ. The χ-dependence of ϕ0
depends then on the running of the dimensionless coupling
ε˜, as defined by the quartic vertex with two singlets and two
doublets. If this running does not involve an intrinsic scale µ¯,
or if µ¯ ϕ0, one will find ϕ0 ∼ χ. Scale symmetry remains
exact (or a very good approximation for µ¯  ϕ0). This
realizes the standard model with quantum scale symmetry
discussed in sect. 2.6. The flow of m¯2 and ε˜ for µ < χ
depends only on µ/χ and involves the anomalous mass
dimension (2.45). If both m¯2 and ε˜ are relevant parameters
at the UV-fixed point, the χ-dependence of ϕ0 depends on
the relative size of the two contributions m¯2ρ and ε˜χ2ρ. If
the term ε˜χ2ρ dominates, the intrinsic scale associated to
the running of m¯2(k) (more precisely (m¯2 − m¯2∗)/k2) leads
only to small corrections of the scaling relation ϕ0 ∼ χ. On
the other hand, if m¯2ρ dominates, the Fermi scale becomes
an intrinsic scale, µ¯ = ϕ0. In this case the present mass of
the cosmon is of the order µ¯2/M . One may also consider
the possibility that the intrinsic scale symmetry breaking
is not directly related to the potential for the Higgs scalar.
This leads to scale symmetry breaking in extensions of the
standard model [131–153].
In summary, the mass of the cosmon depends on the ratio
µ¯/χ of the intrinsic scale µ¯, as compared to the scale of
spontaneous scale symmetry breaking χ. In turn, the issue
of an intrinsic scale depends on the properties of the UV-
fixed point and cannot be settled by investigating properties
of the standard model as an effective low energy theory. If
the couplings of the standard model at the scale µ = χ are
given by the UV-fixed point values, the standard model is
quantum scale invariant. No intrinsic scale µ¯ arises at this
level. There may still be an intrinsic scale µ¯ generated in
a different sector, for example in the sector of the scalar
singlet χ. As we will discuss later, this scale may be many
orders of magnitudes smaller than ΛQCD.
As a second important lesson of this investigation we
argue that the scale invariance of the (extended) standard
model cannot simply be “postulated” by imposing field-
dependent renormalization conditions. The condition that
a coupling λ(µ = χ) is independent of χ, i.e. βˆλ = 0 in
eq. (4.9), makes implicitly an assumption. Either there is
no momentum range µ > χ for which a continuum quantum
field theory holds, as for example for a lattice theory. Or a
continuum quantum field theory remains a valid description
for µ > χ, and λ is given by a fixed point value λ∗, typically
for the UV-fixed point defining the quantum field theory.
6. Scale symmetry in quantum gravity
The functional integral approach of formulating quantum
gravity as a quantum field theory for the metric has a long
history [154–158]. If quantum gravity can be understood
as a renormalizable continuum quantum field theory for
the metric or vierbein, an UV-fixed point must exist. For
gravity it is very likely that interactions do not vanish at
this fixed point. One therefore encounters asymptotic safety
[24, 27] rather than asymptotic freedom [43, 44]. Quantum
gravity is then not perturbatively renormalizable. The
definition of quantum gravity at or in the vicinity of such
an UV-fixed point implies quantum scale symmetry in the
UV, e.g. for µ→∞. The issue of scale symmetry at finite
momenta depends on the values of the relevant parameters
for small deviations from the UV-fixed point.
The scale symmetry associated to the UV-fixed point of
the full theory for gravity and particle physics will be named
“gravity scale symmetry”. As we have discussed, it is distinct
from particle scale symmetry for the standard model as an
effective low energy theory, associated to the second order
vacuum electroweak phase transition. We will concentrate
our discussion on two alternative scenarios. For the first the
Planck mass M corresponds to a relevant parameter and is
associated to an intrinsic scale [27–30]. For the second M
is given by a scalar field χ. In this case the Planck mass
reflects a spontaneous breaking of gravity scale symmetry,
rather than an intrinsic scale. The second setting has been
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named “dilaton quantum gravity” [159, 160].
We first investigate possible forms for a scale invariant
effective action for quantum gravity. A scale invariant ef-
fective action is a direct consequence of an UV-fixed point
which is used to define the quantum field theory. The is-
sue of a scale invariant effective action is not yet clarified
for quantum Einstein gravity. In contrast, simple scale
invariant effective actions can be constructed for dilaton
quantum gravity, where a scalar field χ is added to the met-
ric. We subsequently discuss the issue of the UV-fixed point
both from the point of view of two different perturbative
expansions, and from results of functional renormalization.
We address the vicinity of the fixed point with relevant
parameters responsible for explicit scale symmetry breaking
by intrinsic mass scales.
The second half of this section concentrates on the gravi-
tational renormalization effects for the effective potential
of scalar fields. The flow of the effective potential U(k;χ),
both with the renormalization scale k and the field χ, in-
volves aspects not encountered in the analysis of the flow of
a finite number of couplings. An important role is played by
the scaling form of the potential where U/k4 only depends
on y = χ2/k2. This issue is therefore discussed in consider-
able detail. We first derive the scaling form of the potential
for a simple ansatz for the flow equation, which accounts
for the most important qualitative aspects. Subsequently,
we present a full functional renormalization group study
motivating our simple ansatz. Applied to the effective po-
tential for the Higgs scalar we demonstrate that the ratio
of masses of the Higgs scalar and the top quark can be
predicted. We also address the gauge hierarchy problem
from the perspective of the quantum gravity computation.
In this section we use the metric as basic gravitational
degree of freedom. Investigations with the vierbein instead
of the metric lead to similar results. One could also extend
the geometric setting by adding additional fields for torsion.
Our discussion does not require that the metric or vierbein
are the most fundamental degrees of freedom. It is well
conceivable that a fundamental theory is formulated in
terms of other degrees of freedom, for example only using
fermions as in spinor gravity [161, 162]. In such theories the
metric and vierbein arise as composite or collective degrees
of freedom. Whenever there is a large range of length scales
between the Planck length and an even more microscopic
“compositness scale” for the metric, the discussion of the
UV-fixed point and gravity scale symmetry of this section
is relevant.
6.1. Quantum Einstein Gravity
A derivative expansion of a diffeomorphism invariant ef-
fective action for the metric involves in second order in the
derivatives two parameters, namely the (reduced) Planck
mass M and the cosmological constant V . In this approxi-
mation the effective action takes the Einstein-Hilbert form
with a cosmological constant
Γ =
∫ √
g
(
−M
2
2 R+ V
)
. (6.1)
Here M is related to Newton’s gravitational constant by
GN = (8piM2)−1 and we denote the cosmological constant
by V , anticipating a more extended setting where it can be
identified with a value of the effective potential for scalar
fields. Typically M2 and V are relevant couplings.
The UV-fixed point for quantum gravity has been found
within functional renormalization for the effective average
action [25–30]. For this purpose one introduces an effec-
tive infrared cutoff which suppresses the contributions of
fluctuations with momenta smaller than k, or a suitable co-
variant generalization thereof. The effective average action
Γk depends on k. It interpolates between the microscopic
or classical action S for k →∞ where no fluctuations are
included, and the quantum effective action Γ for k → 0,
where all fluctuations are included. The dependence of Γk
on the IR-scale k obeys an exact functional renormalization
group equation which takes a simple one-loop form [25–27],
see sect. 6.9.
Within functional renormalization the parameters M2
and V depend on k. Already in a simple Einstein-Hilbert
truncation which only retains the two flowing dimensionless
parameters M2/k2 and V/k4 a fixed point for the flow of
these dimensionless couplings has been found [27–30]. Both
M2/k2 and V/k4 correspond to relevant couplings near the
fixed point. The basic mechanism producing the fixed point
is very simple and can be understood by the simplified flow
equations
k∂kM
2 = ∂tM2 = 4cMk2 ,
k∂kV = ∂tV = 4cV k4. (6.2)
Here cM and cV are dimensionless, and we assume cM >
0. Eq. (6.2) implies for the dimensionless couplings (t =
ln(k/k0))
∂t
(
M2
k2
)
= −2M
2
k2
+ 4cM ,
∂t
(
V
k4
)
= −4 V
k4
+ 4cV . (6.3)
The fixed point occurs for
M2∗ (k)
k2
= 2cM ,
V∗(k)
k4
= cV . (6.4)
The general solution of the flow equations has two integra-
tion constants that we choose as
M2 = M2(k = 0) , V = V (k = 0). (6.5)
If we assume in a first approximation constant values for
cM and cV the general solution takes the simple form
M2(k) = M2 + 2cMk2 , V (k) = V + cV k4. (6.6)
As it should be, the UV-fixed point (6.4) is approached for
k →∞. In functional renormalization the squared Planck
mass is running quadratically with k. We comment on the
meaning of the quadratic running in sect. 6.18.
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Using the dimensionless ratios
u = V
k4
, w = M
2
2k2 , λ˜ =
V
M4
= u4w2 , (6.7)
the flow equations read
∂tu = −4(u− cV ) , ∂tw = −2(w − cM ) ,
∂tλ˜ =
cV
w2
− 4cM λ˜
w
. (6.8)
The general solution for constant cM , cV ,
u = cV +
U0
k4
, w = cM +
M
2
2k2 ,
λ˜ = λ˜0M
4 + cV k4
(M2 + 2cMk2)2
, (6.9)
has two free integration constants M2 and
λ˜0 =
U0
M
4 . (6.10)
It interpolates between the UV-fixed point (6.4) for k →∞,
UV: w∗ = cM , λ˜∗ =
cV
4c2M
, (6.11)
and an intermediate IM-fixed point
IM: w−1∗ = 0 , λ˜∗ = λ˜0 . (6.12)
For constant cM and cV the flow trajectories in the (w, λ˜)-
plane are given by
λ˜ = cV4w2 + λ˜0
(
1− cM
w
)2
. (6.13)
We will find in sect. 6.14 that the approximation of constant
cV breaks down as the ratio
v = u
w
= 4λ˜w (6.14)
approaches one. A reasonable qualitative approximation
uses eq. (6.13) only for v < 1 or w < 1/(4λ˜), while for
larger w one may approximate
λ˜ = 14w . (6.15)
Thus for k → 0, where w →∞, the IR-fixed point is given
by
IR: w−1∗ = 0 , λ˜∗ = 0 . (6.16)
We have depicted the flow trajectories in this approxima-
tion in Fig. 4, taking cM = 0.1, cV = 0.018. All flow tra-
jectories start for k →∞ at the UV-fixed point. For small
λ˜0 they move away from the fixed point as λ˜ = u∗/(4w2),
which corresponds to constant u = u∗ = cV . Subsequently,
as k is lowered further, they reach the IM-fixed point with
constant λ˜. It corresponds to the horizontal lines, whose
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FIG. 4. Flow trajectories of ln(λ˜) as function of ln(w). Param-
eters are cM = 0.1, cV = 0.018. All trajectories flow towards
the IR-fixed point at λ˜∗ = 0, w−1∗ = 0. The vicinity of the
IR-fixed point is given by the upper diagonal straight line. The
intermediate IM-fixed point corresponds to the horizontal lines.
The lower diagonal reflects the flow of λ˜ ∼ w−2 away from the
UV-fixed point which is realized for small λ˜0. The UV-fixed
point is shared by all trajectories.
2 4 6 8
lnw
0.2
0.4
0.6
0.8
1.0
v
FIG. 5. Flow trajectories of v as a function of ln(w), for cM = 0.1,
cV = 0.018. For small λ˜0 one observes first a decrease of v to
very small values, and a subsequent increase towards the infrared
fixed point v = 1.
location depends on λ˜0. Finally, for k → 0 all trajectories
turn over to the IR-fixed point with λ˜ = 1/(4w) or v = 1.
The corresponding trajectories for v as a function of w are
shown in Fig. 5. All trajectories end for k → 0 in the
IR-fixed point v = 1. For small λ˜0 they decrease from the
UV-fixed point towards a value close to zero, and increase
subsequently to the IR-value. We discuss the flow of λ˜ and
v in detail in sects. 6.11-6.15.
In dilaton quantum gravity w becomes a function of a
scalar field χ, with a typical behavior
w = w¯ + ξ2
χ2
k2
= w¯ + ξy2 . (6.17)
For rather generic cosmological solutions χ increases with
cosmic time t. The flow trajectory in fig. 4 is then followed
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towards large w as t increases. This is of direct relevance for
dark energy since λ˜M4 corresponds (in the Einstein frame)
to the potential energy of the cosmon, the pseudo-Goldstone
boson of spontaneously broken scale symmetry. We will
discuss in sect. 7 a normalization of the scalar field where
ϕ is directly related to λ˜ by
ϕ
M
= − ln(λ˜) . (6.18)
The vertical axis in Fig. 4 corresponds then to −ϕ/M . In
the context of dilaton quantum gravity the flow diagram
in Figs. 4, 5 is of central importance for the discussion of
dynamical dark energy.
Beyond the approximation of constant cM and cV we
have to understand their dependence on the dimension-
less ratios M2/k2 and V/k4. As an example, we report
the graviton contribution to the flow of V , computed from
functional renormalization [78, 100, 163]. This “graviton
approximation” accounts for the contribution of the trace-
less transversal tensor modes of the metric fluctuations.
While remaining algebraically comparatively simple, this
approximation contains already many important aspects of
the UV-fixed point. The graviton approximation reads in
the truncation (6.1)
∂tV =
5
2
∫
q
Gg,k(q2) ∂tRk(q2) (6.19)
with IR-regularized propagator
Gg,k(q2) =
(
M2
4 q
2 +Rk(q2)− V2
)−1
(6.20)
involving the IR-cutoff function
Rk(q2) =
M2k2
4 rk(q
2/k2) . (6.21)
We employ∫
q
=
∫ ∞
−∞
d4q
(2pi)4 =
k4
16pi2
∫ ∞
0
dxx , x = q
2
k2
, (6.22)
and observe that the momentum integral is UV-finite if
rk(x) falls off fast enough for large x. It is also IR-finite if
rk(x) approaches for x→ 0 a constant or increases, due to
the form of the regulated propagator
Gg,k =
4
M2k2
(x+ rk(x)− v)−1 . (6.23)
Here we define the dimensionless ratio v by
v = 2V
M2k2
. (6.24)
In eq. (6.19) the factor five arises from the five components
of the traceless transverse mode.
The r.h.s. of eq. (6.19) is a one-loop integral with propa-
gator depending on the k-dependent variables M2(k) and
V (k). Expressing the flow as a dimensionless integral yields
∂tV =
5k4
16pi2 `0(w˜) , w˜ = −v , (6.25)
with threshold function (r(x) = rk(x))
`0(w˜) =
8pi2
k4
∫
q
Gg,k ∂tRk
= 12
∫ ∞
0
dxx (p(x) + w˜)−1 f(x)r(x) , (6.26)
where
p(x) = x+ r(x) (6.27)
and
f(x) = ∂tRk
Rk
= 2 + ηM − 2 ∂ ln(r)
∂ ln(x) , (6.28)
with
ηM =
∂tM
2
M2
= 4cM
k2
M2
. (6.29)
We identify the graviton contribution to cV as
c
(g)
V =
5
64pi2 `0(−v) . (6.30)
The threshold function `0(w˜) has simple qualitative prop-
erties. For w˜ = 0 it is of the order one, with a part pro-
portional to ηM . For large positive w˜ one finds a decay
`0(w˜) ∼ w˜−1,
`0(w˜  1) = m0
w˜
m0 =
∫ ∞
0
dxx
[(
1 + ηM2
)
r − ∂r
∂ ln(x)
]
, (6.31)
provided the function r is chosen such that the integral
m0 is finite. Typically r decays fast for x  1, such that
only the interval [0, 1] contributes effectively to the integral
(6.31). For negative w˜ the threshold function is enhanced
as compared to w˜ = 0. It may have a singularity at some
critical w˜cr < 0. Details of the threshold function depend
on the precise choice of rk(x). We will need the threshold
function `0(−v∗) at the fixed point, where
v∗ =
cV
cM
, ηM∗ = 2 . (6.32)
There are further contributions to cV from the scalar
metric fluctuations and the measure factor which combines
contributions of gauge degrees of freedom and ghosts. Fur-
thermore, the fluctuations of gauge bosons, fermions and
scalars contribute to cV . This holds similarly for cM . It is
not our aim here to report existing more complete results on
cV and cM . They depend on the assumed matter content,
truncation and choice of infrared cutoff.
For a discussion of the vicinity of the UV-fixed point
suitable variables are v and
w = M
2
2k2 . (6.33)
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The flow for these dimensionless couplings reads
∂tw = βw = −2w + 2cM (w, v) ,
∂tv = βv = −2v − 2cM (w, v)v
w
+ 4cV (w, v)
w
, (6.34)
where we use
ηM =
2cM
w
. (6.35)
(Note cM = c in eq. (2.68).) The fixed point occurs for
(ηM (w∗, v∗) = 2)
w∗ = cM (w∗, v∗) , v∗ =
cV (w∗, v∗)
w∗
= cV (w∗, v∗)
cM (w∗, v∗)
, (6.36)
in accordance with eq. (6.4).
For the behavior close to the fixed point we first take
the approximation where all couplings except w and v are
taken as constants, e.g. we neglect the β-functions for the
other couplings. The resulting reduced stability matrix T
in eq. (2.58) reads
Tww = −∂βw
∂w
= 2− 2∂cM
∂w
= 2− 2∂ ln(cM )
∂ ln(w) ,
Twv = −∂βw
∂v
= −2∂cM
∂v
= −2w
v
∂ ln(cM )
∂ ln(v) ,
Tvw = −∂βv
∂w
= −2cMv
w2
+ 2v
w
∂cM
∂w
+ 4cV
w2
− 4
w
∂cV
∂w
= 2v
w
(
1 + ∂ ln(cM )
∂ ln(w) − 2
∂ ln(cV )
∂ ln(w)
)
,
Tvv = −∂βv
∂v
= 4 + 2v
w
∂cM
∂v
− 4
w
∂cV
∂v
= 4 + 2∂ ln(cM )
∂ ln(v) − 4
∂ ln(cV )
∂ ln(v) , (6.37)
where all quantities have to be evaluated at the fixed point.
We need the eigenvalues θi of the stability matrix T . We
employ
tr(T ) = θ1 + θ2 = 6 + 2y1 ,
y1 =
∂ ln(cM )
∂ ln(v) − 2
∂ ln(cV )
∂ ln(v) −
∂ ln(cM )
∂ ln(w) , (6.38)
and
det(T ) = θ1θ2 = 8 (1 + y2) , (6.39)
y2 =
∂ ln cM
∂ ln(v) −
∂ ln(cV )
∂ ln(v) −
∂ ln(cM )
∂ ln(w)
+ ∂ ln(cV )
∂ ln(v)
∂ ln(cM )
∂ ln(w) −
∂ ln(cV )
∂ ln(w)
∂ ln(cM )
∂ ln(v) .
The two eigenvalues are
θ = 3 + y1 ±
√
1− 8y2 + 6y1 + y21 . (6.40)
For y1 = y2 = 0 one recovers the solution (6.6) with two
relevant parameters, corresponding to θ1 = 2, θ2 = 4. Cor-
respondingly, for |y1|  1, |y2|  1 both critical exponents
remain positive
θ1 = 2 + 4y2 − 2y1 ,
θ2 = 4− 4y2 + 4y1 . (6.41)
For y1 > −3, y2 > −1 both couplings remain relevant.
As long as
∆ = 8y2 − 6y1 − y21 < 1 (6.42)
both critical exponents are real. On the other hand, for
∆ > 1 the two critical exponents are complex and conjugate
to each other. The corresponding limit cycle behavior has
been observed in the approximation of ref. [29, 30]. For
y1 < −3 at least one of the couplings becomes irrelevant.
For y2 < −1 one coupling is relevant, the other irrelevant,
with both critical exponents real. Two irrelevant couplings
would be realized for y1 < −3, y2 > −1. Realistic gravity
is obtained if both w and v are relevant parameters, i.e.
for y1 > −3, y2 > −1. One can then choose initial values
close to the fixed point such that arbitrary M2 and V are
obtained for k → 0. One of the intrinsic scales is arbitrary
and sets the units - typically this is M2. A tiny ratio V/M4
needs tuning of the initial conditions to high accuracy.
The fluctuations of fermions, scalars and gauge bosons
contribute to cM and cV . These matter contributions are
independent of v and w, since these two parameters ap-
pear only in the propagator of the gravitational degrees of
freedom. In lowest order these contributions are also inde-
pendent of Yukawa couplings, gauge couplings and scalar
self interactions, such that the restriction to a reduced sta-
bility matrix is justified in this respect. If the constant parts
in cM and cV dominate, the quantities y1, y2 are small and
eq. (6.41) becomes a valid approximation. Furthermore,
for large cM the fixed point value w∗ becomes large, such
that close to the fixed point M2(k) = 2w∗k2 is large as
compared to k2. Gravity becomes weak in this limit, and
even a perturbative expansion in w−1 may become possible.
The truncation of keeping only the two terms (6.1) in the
gravitational sector is, of course, only an approximation.
A more general ansatz will involve additional couplings.
The discussion of a fixed point now also comprises these
couplings, and the stability matrix has to be extended
accordingly. Investigations of rather extended truncations,
including arbitrary functions f(R), the squared Weyl tensor,
or the Goroff-Sagnotti invariant have all found an UV-
fixed point with similar properties as the Einstein-Hilbert
truncation [28, 164–194].
Within functional renormalization the UV-fixed point
is seen in the limit k → ∞. The infrared-cutoff scale k
is, however, only an artificial scale introduced in order
to perform the integration of fluctuations stepwise. At
the end one is interested in the quantum effective action
which obtains for k → 0. Since both k2 and external
momenta p2 = µ2 play the role of an effective IR-cutoff, the
flow with ln(k) or ln(µ) is rather similar. As a reasonable
approximation only the largest IR-cutoff is effective. For a
given µ the flow with k occurs only for k > µ, while for k < µ
the flow with k stops. Similarly, the flow with µ matters
only for µ > k, and stops for µ < k. Qualitatively, we can
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interpret ∂t as k∂k for k > µ, and µ∂µ for µ > k. This
rough translation has been well tested for simple models,
as pure scalar theories in various dimensions.
For Quantum Einstein Gravity the limit k → 0 is not
yet understood in all aspects. First of all, the form of the
quantum effective action for a theory defined exactly at the
UV-fixed point is not known. It has to be scale invariant,
which excludes the terms √gM2R or √gV . Natural terms
could be ∼ C√gR2 or ∼ D√gCµνρσCµνρσ, with Cµνρσ the
Weyl-tensor. The couplings C and D are dimensionless,
such that for constant C and D they are consistent with
quantum scale symmetry. For our oversimplified ad hoc
discussion in sect. 2.9 a model defined precisely on the
UV-fixed point would indeed lead to a constant w∗ = C,
with M2 = 0 in eq. (2.71). For this simplification one may
replace k2 by R, such that in eq. (2.68) the combination
c− dc24w corresponds to cM .
A gravity theory with constant non-zero D has ghosts.
The corresponding instabilities render such a quantum ef-
fective action unacceptable. The flow of C and D with µ
has been investigated in perturbation theory [61, 195–198].
No fixed point has been found in the perturbative approxi-
mation, but hints may be seen in extrapolations [199, 200].
For the moment, the problem of the fixed point quantum ef-
fective action remains open. This is important because this
fixed point effective action determines the graviton-graviton
scattering in the high momentum limit [201, 202].
Away from the fixed point the limit k → 0 seems at first
sight to be easier. For k2  M2 the contribution of the
fluctuations to the flow of M2 becomes small, cMk2 M2,
as long as cM does not become large. The running of M2
with k is then essentially stopped. The situation would be
similar for V if the cosmological constant would have its
apparently natural magnitude V ∼ M4. This can indeed
be realized for negative V . For V > 0, however, a large
enhancement of cV occurs as v approaches a critical value
vcr. This is due to a singularity in the threshold function
`0(−v) in eq. (6.30). We will discuss this important aspect
of “infrared gravity” later in sect. 6.14.
6.2. Dilaton quantum gravity
Dilaton quantum gravity adds to the metric a scalar field
χ whose expectation value sets the Planck mass, and per-
haps indirectly all other mass scales, in the present Universe.
We will concentrate here on a real scalar field with discrete
symmetry χ → −χ. Generalizations to a complex scalar
or multicomponent scalar are possible. Dilaton quantum
gravity offers the advantage that for χ 6= 0 a scale invari-
ant effective action for gravity is rather easily formulated.
As we have discussed before, the effective action (2.16) is
scale invariant if B and λ˜ are constants. For any solution
with χ 6= 0 scale symmetry is spontaneously broken. For
example, for λ˜ = 0 the effective action (2.16) induces grav-
itational field equations that have as solution Minkowski
space with χ an arbitrary constant χ0. In the absence of
any intrinsic mass scale (for a model defined precisely on
the UV-fixed point) the scalar excitation ln(χ/χ0) behaves
as a massless Goldstone boson – the dilaton. We employ in
this work the historical name “dilaton quantum gravity”,
even though a naming “metron quantum gravity” would be
more precise.
The presence of the scalar metron field allows for di-
mensionless ratios as D2/χ2 or R/χ2, with D2 = DµDµ
formed from covariant derivatives. Using these ratios, a
scale invariant effective action for dilaton quantum gravity
can have a rich form, as
L = √g
{
−12χ
2fR+ 12∂
µχf(B − 6)∂µχ+ χ2λ˜χ2
− 12RCR+
1
2C
µνρσDCµνρσ + L˜GB
}
. (6.43)
Here Cµνρσ is the Weyl tensor
Cµνρσ = Rµνρσ − 12 (gµρRνσ + gνσRµρ − gµσRνρ − gνρRµσ)
+ 16R (gµρgνσ − gµσgνρ) . (6.44)
Our conventions for the curvature tensor are
[Dµ, Dν ]Vρ = Rµνρ λVλ , Rµρ = Rµνρ ν , R = gµρRµρ
(6.45)
such that for euclidean signature the curvature scalar for a
sphere is positive. The term
L˜GB = RµνρσERµνρσ − 4RµνERµν +RER (6.46)
reduces to the Gauss-Bonnet term for constant E. It con-
tributes to the field equations only if E depends on fields
or covariant Laplacians. In eq. (6.43) the symbols f , B, λ˜,
C, D and E stand for dimensionless functions of ratios as
−χ−2D2, χ−2R etc. The ansatz (6.43) describes for a scale
invariant model the most general propagator for the metric
and χ in flat space. The most general vertices also involve
possible terms with higher powers of the curvature tensor.
We note that for D = 0 and constant B ≥ 0, λ˜ ≥ 0, C ≥ 0,
E the theory has no ghosts, tachyons or other instabilities
and constitutes a valid effective action for quantum gravity.
One expects that this property is not lost for a suitable
range of functions f , B, λ˜, C, D and E. One may rescale
the scalar field to obtain f = 1.
If we define the theory in the vicinity of the UV-fixed
point the running of the functions f , B, λ˜, C and D will
induce an intrinsic scale µ¯. In this case these functions
depend, in addition, on the ratio µ¯2/χ2. If the scales ϕ0
or ΛQCD in the standard model are all proportional to
χ, reflecting spontaneous breaking of scale symmetry, it
is possible that the largest intrinsic scale is induced by
the running of couplings in the gravity-scalar sector. For
example, a coupling function λ˜ = µ¯2/χ2 will result in a
mass term for χ given by an effective potential U(χ) = µ¯2χ2.
If U(χ) determines the present dark energy density one has
for this case µ¯ of the order of the present Hubble parameter.
Quantum effective actions in the limit where dimension-
less functions only depend on µ¯2/χ2 have been investigated
in ref. [32]. For µ¯2/χ2 → 0 this results in a scale invariant
effective action with constant coefficients f,B, λ˜, C and D.
Such scale invariant gravitational actions (sometimes consid-
ered as classical) have been discussed in refs. [61, 198, 203].
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For a functional renormalization group study one has, in
addition, the IR-cutoff scale k. All functions can now also
depend on k2/χ2. Typically, one may identify for the di-
mensionless functions −D2 or R, or a linear combination
thereof, with µ2. Then f , B, λ˜, C and D can be viewed as
dimensionless couplings that depend on µ2/χ2, µ¯2/χ2 and
k2/χ2. The discussion of the previous sections applies to
these couplings. Typically, µ2 and k2 both act as IR-cutoffs
for the flow and only the largest one matters. The flow
with k at µ = 0 is similar to the flow with µ at k = 0.
Furthermore, µ¯ may induce an intrinsic IR-cutoff that stops
the flow with µ or k once they are smaller than µ¯.
We will discuss here dilaton quantum gravity in a simple
form
L = U − F2 R+
K
2 ∂
µχ∂µχ− C2 R
2 , (6.47)
with U , F , K and C functions of y = χ2/k2. Here k may
later be replaced by an intrinsic scale µ¯, where the flow with
k effectively stops. The approximation (6.47) corresponds
to µ = 0, or to a situation where the dependence of U ,
F , K and C on derivatives and geometrical invariants can
be neglected. For a derivative expansion the ansatz (6.47)
accounts for the most general terms involving up to two
derivatives. For terms with four derivatives we have omitted
D and E as well as terms with four derivatives of χ. In
terms of eq. (6.43) the effective action (6.47) corresponds
to
F = fχ2 , U = λ˜χ4 , K = f(B − 6) . (6.48)
Expressed by the dimensionless functions u(χ˜), w(χ˜), de-
fined by
u = U
k4
, w = F2k2 , (6.49)
one has
L = k4
{
u− wR˜+ K2k2 ∂
µχ˜∂µχ˜− C2 R˜
2
}
, (6.50)
where
R˜ = R
k2
, χ˜ = χ
k
, (6.51)
and
u = λ˜χ˜4 , w = f2 χ˜
2 . (6.52)
First functional renormalization group studies for dilaton
gravity [159, 160] have investigated a truncation of the form
(6.47), with C = 0. A fixed point corresponds to a scaling
solution where the functions f , B and λ˜ depend only on
k2/χ2, without the appearance of any intrinsic scale µ¯. For
such a scaling solution the dimensionless couplings are fixed
functions of
y = χ
2
k2
, (6.53)
e.g.
k∂kf
∣∣
y
= 0 , k∂kB
∣∣
y
= 0 , k∂kλ˜
∣∣
y
= 0 . (6.54)
For a theory defined exactly at the fixed point the limit
k2/χ2 → 0 or y →∞ yields then the scale invariant effective
action (6.43) appropriate for the IR-fixed point at µ =
0. The value of the functions f , B, λ˜ at non-zero k2/χ2
translates approximately to the scale invariant effective
action (6.43) with k2 replaced by µ2.
For a search of scaling solutions one first derives the
general flow equations for f(y, k), B(y, k), λ˜(y, k), namely
k∂kf
∣∣
y
= βf , k∂kB
∣∣
y
= βB , k∂kλ˜
∣∣
y
= βλ . (6.55)
The flow generators or β-functions involve the functions
f , B and λ˜, as well as derivatives of these functions with
respect to y. They also may depend directly on y. The
three conditions for a scaling solution
βf = 0 , βB = 0 , βλ = 0 , (6.56)
constitute three non-linear differential equations for the
three functions f(y), B(y), λ˜(y). The candidates for scaling
solutions that have been found by numerical solutions of
these three differential equations have the property
λ˜(y) = u(y) y−2 , (6.57)
with u(y) smoothly varying between u0 = u(y = 0) and
u∞ = u(y →∞). As a result, one has
U(χ) = λ˜χ4 =
{
u0k
4 for χ→ 0
u∞k4 for χ→∞ . (6.58)
For k → 0 the potential vanishes. Similarly, B(y) shows a
smooth interpolation between B0 = B(y = 0) and B∞ =
B(y →∞). Finally, f behaves as
f(y) =
{
f0y
−1 for χ→ 0
ξ for χ→∞ , (6.59)
resulting in
F 2(χ)R = fχ2R =
{
f0k
2R for χ→ 0
ξχ2R for χ→∞ . (6.60)
For k2/χ2 → 0 only the term ∼ χ2R survives. After a
rescaling of χ the scale invariant effective action for a theory
defined precisely on the fixed point corresponds to eq. (2.16),
with λ˜ = 0.
6.3. Simple scale invariant effective actions
The scale invariant effective action will always dominate
the high momentum behavior if quantum gravity can be
defined as a renormalizable continuum quantum field theory.
We explore next a few properties of a simple ansatz for
dilaton quantum gravity
L = √g
{
−12χ
2R+ 12(B − 6)∂
µχ∂µχ− 12CR
2
}
, (6.61)
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with constant B > 0, C ≥ 0. In eq. (6.43) we have set
D = 0 such that no ghosts appear. We also set λ˜ = 0
such that neither the graviton propagator nor the scalar
propagator shows a tachyonic instability, in accordance with
the scaling solution of dilaton quantum gravity. We use
the normalization f = 1. The ansatz (6.61) for a scale
invariant effective action has no problematic features or
inconsistencies.
For a solution of the field equations it is convenient to
replace for the term ∼ R2 the curvature scalar by a scalar
field φ. We follow here the treatment of ref. [32]. The ac-
tion (6.61) is a particular case of a general class of modified
gravity theories, namely f(R) theories [204–213], adapted
to the presence of a scalar field χ. (For a review and the re-
lation to an equivalent formulation as coupled quintessence
see ref. [214].) Introducing in the functional integral an
additional integration over a scalar field φ an equivalent
description of the model (6.61) becomes
L˜ = √g
{
−χ
2
2 R+
1
2(B − 6)∂
µχ∂µχ
− 12CR
2 + C2 (φ−R)
2
}
. (6.62)
Indeed, the Gaussian integration over φ only amounts to
an irrelevant constant factor. The field equation derived
from (6.62) has the solution
φ = R , (6.63)
which associates φ with the curvature scalar. The action
(6.62) can be written as
L˜ = √g
{
−
(
χ2
2 + Cφ
)
R+ 12(B − 6)∂
µχ∂µχ+ U(φ)
}
,
(6.64)
with potential
U(φ) = C2 φ
2 . (6.65)
The field equations have a simple solution with Minkowski
geometry and an arbitrary constant value χ0 of χ,
gµν = ηµν , φ = 0 , χ = χ0 . (6.66)
6.4. Weyl scaling
For a field dependent Planck mass M2 = χ2 + 2Cφ, the
scalar fluctuations in the metric mix with the scalar fluctua-
tions in χ and φ on the propagator level. “Diagonalisation”
of the propagator is achieved by a Weyl scaling [33, 35].
This conformal transformation of the metric transforms the
coefficient of the curvature scalar to a constant M2. More
generally, for an effective action with a field dependent
coefficient F of the curvature scalar,
L˜R = −12
√
gFR , (6.67)
a Weyl scaling defines a new metric by a field dependent
conformal transformation
gµν = ω2 g′µν , ω2 =
M2
F
. (6.68)
In the new metric the curvature scalar R′ formed with the
metric g′µν appears in the effective action with a constant
Planck mass
L˜′R = −
1
2
√
g′M2R′ . (6.69)
This constant Planck mass is not a parameter of the theory,
but rather introduced by the Weyl transformation as a
matter of convenience. The choice of the metric g′µν is
called the “Einstein frame”.
While Weyl scaling has been used in cosmology since a
long time - for an example of inflation cf. ref. [215, 216] -
it has been argued that conformal transformations of the
classical action do not lead an equivalent quantum field
theory. (For a review of the discussion see [217].) Indeed,
an equivalent quantum field theory needs in the functional
integral not only the transformation of the classical action,
but also a Jacobian from the transformation of the mea-
sure. If this Jacobian is not taken into account, which is
usually not done, the quantum field theories related by field
transformations of the classical action are inequivalent. The
quantum effective action is a powerful tool for avoiding prob-
lem with Jacobians. Since the functional integral is already
performed, no functional measure factor appears anymore.
Expectation values of observables are expressed in terms of
functional derivatives of the effective action. On the level
of the effective action arbitrary field transformations can be
performed, if observables are transformed correspondingly.
On the level of the quantum effective action different choices
of the metric or different “frames” are fully equivalent. Ar-
bitrary Weyl transformations can be performed without
changing the predictions for observations.
This point of view has been taken in ref. [218], where
both the quantum effective action and the corresponding
solutions of the quantum field equations are seen to be
mapped consistently by conformal transformations. The
map changes all quantities with dimension, as tempera-
ture or energy densities in cosmology. Detailed following
work [219–226] has mapped many of the quantities relevant
for cosmology, including correlation functions for primor-
dial fluctuations [227, 228] or different time variables [229].
The invariance of observables under field redefinitions on
the level of the arguments of the quantum effective ac-
tion has been named “field relativity” [230]. For conformal
transformations a particularly useful class of observables
are those that remain invariant under the transformation
[218, 223, 227, 229, 231–233]. Such observables have to be
dimensionless quantities, typically ratios as galaxy distance
over atom size or similar, but this condition is not always
sufficient.
For arbitrary functions of a scalar field ω the curvature
scalar R′ in the Einstein frame is related to R by
R = ω−2
{
R′ − 6 ln(ω)µ; ln(ω);µ − 6(ln(ω))µ; µ
}
. (6.70)
The semicolons denote covariant derivatives in the Einstein
frame. Using also for the determinant
√
g = ω4
√
g′ , (6.71)
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and omitting a total derivative, one obtains
√
gFR =
√
g′
{
M2R′ − 6M2∂µ ln(ω)∂µ ln(ω)
}
. (6.72)
The transformation of all other terms in the effective action
is determined by the replacement of gµν by g′µν according to
eq. (6.68). It is often convenient to perform simultaneously
field transformations on the other fields. For example, the
transformation of a fermion (Grassmann) field ψ,
ψ = ω− 32ψ′ , (6.73)
results for the standard fermion kinetic term in
L˜F,kin = i√gψ¯γµDµψ = i
√
g′ψ¯′γµD′µψ
′ + . . . , (6.74)
where the dots indicate additional terms involving ∂µω, and
D′µ is the covariant derivative in the Einstein frame. Gauge
fields and the standard F 2-term in the effective action are
invariant under conformal transformations.
As a first example, we consider the effective action of
variable gravity [60]
L˜ = √g
{
−12F (χ)R+
1
2K(χ) ∂
µχ∂µχ+ U(χ)
}
. (6.75)
This reads in the Einstein frame
L˜ =
√
g′
{
−M
2
2 R
′ + M
2K ′
2χ2 ∂
µχ∂µχ+ U ′(χ)
}
, (6.76)
where
K ′ = χ2
{
K
F
+ 32
(
∂ ln(F )
∂χ
)2}
, (6.77)
and
U ′ = M
4U
F 2
. (6.78)
In particular, the scale invariant effective action (2.16) be-
comes, with K = B − 6, K ′ = B,
L˜χR =
√
g′
{
−M
2
2 R
′ + M
2B
2 ∂
µ ln(χ)∂µ ln(χ) + λ˜M4
}
.
(6.79)
This shows that such a model is stable provided B ≥ 0,
even for a negative kinetic term in the scale invariant frame,
K = B − 6. One also sees that the scale invariant quartic
coupling λ˜ leads in the Einstein frame to a cosmological
constant
U ′ = λ˜M4 . (6.80)
We next discuss the scale invariant effective action (6.61)
with constant C, D = 0, which is equivalent to eq. (6.64),
(6.65). We take
ω2 = M
2
χ2 + 2Cφ (6.81)
and combine eq. (6.72) with the kinetic term for χ,
√
g∂µχ∂µχ =
√
g′
M2
χ2 + 2Cφ∂
µχ∂µχ . (6.82)
The effective action (6.64) reads in the Einstein frame
L˜ =
√
g′
{
−M
2
2 R
′ + VE(χ, φ) + Lkin
}
, (6.83)
with VE = U ′ and kinetic term
Lkin = M
2
2
(
χ2 + 2Cφ
)−2{[
Bχ2 + 2(B − 6)Cφ] ∂µχ∂µχ
+ 12Cχ∂µχ∂µφ+ 6C2∂µφ∂µφ
}
. (6.84)
The potential in the Einstein frame is given by
VE(χ, φ) =
CM4φ2
2(χ2 + 2Cφ)2 . (6.85)
For C = 0 we recover eq. (6.79), with λ˜ = 0.
The presence of an explicit mass M in the Einstein frame
hides the presence of scale symmetry. The scale symmetry
that was manifest by simple linear rescalings of fields in the
original “scaling frame” appears in the Einstein frame in a
different realization. Since ω is not a scale invariant function
it transforms non-trivially, often in a rather complicated way.
The metric in the Einstein frame inherits this complicated
transformation. It is obvious that an understanding of the
consequences of scale symmetry is done best in the original
scaling frame. Properties that are easily understood in
the scaling frame may appear “unnatural” in the Einstein
frame. Nevertheless, the Einstein frame is convenient for a
discussion of cosmological solutions. We will come back to
the scale invariant action (6.61) in our discussion of scale
symmetry in cosmology in sect. 7.
For practical computations in cosmology the Einstein
frame is often the most convenient one, since in the limit of
scale symmetry both the Planck mass and particle masses
are constant. (Note that the scaling frame is not the Jordan
frame with constant particle masses.) Since the propagator
for the scalar modes is diagonal, one can read the mass of
the cosmon – the pseudo Goldstone boson of spontaneously
broken scale symmetry – directly from the second derivative
of the potential in the Einstein frame. For a single field σ
besides the metric, normalized such that the normalization
of the scalar kinetic term is canonical, it reads
m2c =
∂2VE
∂σ2
. (6.86)
For several scalar fields with canonical kinetic term one
has to diagonalize the mass matrix. Eq. (6.86) has to
be evaluated for the cosmological solution, which often
corresponds to σ 6= 0.
6.5. Einstein gravity with R2-term
Relevant parameters at the UV-fixed point induce intrin-
sic mass scales. The simplest example is quantum Einstein
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gravity where the Planck mass is a relevant parameter. We
will discuss here a simplified form of the effective action
where a scale invariant term ∼ R2 is supplemented by the
scale symmetry breaking in terms of a term linear in R with
constant coefficient. No scalar field χ is introduced for this
example.
An effective action for which the Einstein-Hilbert term
is supplemented by a term ∼ R2,
L˜ = −√g
{
M˜2
2 R+
C
2 R
2
}
, (6.87)
has been used by Starobinsky’s seminal paper on inflation
[1]. Introducing the scalar field φ ∼ R and performing a
Weyl scaling one replaces in eq. (6.84) χ→ M˜ and omits
all derivatives of χ
L˜ =
√
g′
{
−M
2
2 R
′ + 3C
2M2
(M˜2 + 2Cφ)2
∂µφ∂µφ
+ CM
4φ2
2(M˜2 + 2Cφ)2
}
. (6.88)
The standard normalization of the scalar kinetic term is
obtained for
σ =
√
3
2 M ln
(
1 + 2Cφ
M˜2
)
, (6.89)
which yields a standard scalar field coupled to gravity [214]
L˜ =
√
g¯′
{
−M
2
2 R
′ + 12∂
µσ∂µσ + VE(σ)
}
, (6.90)
with potential
VE(σ) =
M4
8C
[
1− exp
(
−
√
2
3
σ
M
)]2
. (6.91)
Expanding the potential around its minimum at σ = 0
VE =
M2
12Cσ
2 + . . . (6.92)
reveals a scalar field with mass
mσ =
M√
6C
. (6.93)
This demonstrates that the model (6.87) is stable for C > 0
when expanded around the solution
gµν = ηµν , σ = 0 . (6.94)
The scalar mass diverges for C → 0, such that the scalar
field effectively decouples in this limit. One recovers Ein-
stein gravity.
On the other hand, for σ →∞ the potential becomes flat
VE(σ →∞) = M
4
8C
(
1− 2 exp
(
−
√
2
3
σ
M
))
. (6.95)
For the slope one finds for large σ an exponential suppression
M∂σVE
VE
=
√
8
3 exp
(
−
√
2
3
σ
M
)
. (6.96)
Starting initially with large enough σ/M the evolution of σ
according to the cosmological solution corresponds to slow
roll inflation. We will discuss the cosmology of this model
in sect. 7.2.
6.6. Scale invariant R2-gravity
We next discuss in more detail scale invariant effective
actions for gravity. They are important in two respects.
First, they describe the high momentum behavior of gravity,
for example the high momentum graviton scattering. In
the high momentum limit the UV-fixed point is approached
and the effective action becomes scale invariant. Second, a
scale invariant effective action can often be associated to
inflationary cosmology. It typically describes the very early
stages of inflation. Realistic inflation requires an instability
of a scale invariant solution which is responsible for an
evolution away from scale invariance and finally for the end
of inflation. Often this instability is associated to small
scale violating effects. We therefore also discuss the scale
invariant effective actions for gravity as limiting cases of
effective actions that also contain intrinsic scales. Weyl
scaling is an important tool for understanding the stability
properties of solutions of scale invariant effective gravity
actions.
Our first example is scale invariant R2-gravity. It can be
obtained as the limit of the model (6.87) for M˜ = 0,
L˜ = −C2
√
gR2 . (6.97)
In this case the effective action is scale invariant. Eq. (6.90)
remains valid, with
σ =
√
3
2M ln
(
φ
M2
)
, VE =
M4
8C . (6.98)
This is a theory of a massless free scalar field coupled to
Einstein gravity with a cosmological constant VE . We recall
that the scale M is introduced only by the redefinition of
fields (6.68), (6.98). The observable ratio
VE
M4
= 18C (6.99)
does not involve M . For φ → 0 the field transformations
become singular, since ω = M/
√
2φ. In this limit flat space
is approached in the original metric frame, R → 0, by
virtue of eq. (6.63). In the Einstein frame the cosmological
solution remains a de Sitter space with R′ = M2/(4C).
The value of φ or σ is not fixed by the field equations.
For any φ 6= 0, corresponding to R 6= 0, scale symmetry
is spontaneously broken. The massless scalar field is the
corresponding Goldstone boson. We conclude that the field
equations derived from the scale invariant theory (6.97)
admit for C > 0 a de Sitter solution. The value of R
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is arbitrary. Any non-zero R spontaneously breaks scale
symmetry, and there exists an associated Goldstone boson.
These features can be found equivalently by solving the
field equation of the “higher derivative model” (6.97).
We have obtained the scale invariant limit (6.98) by tak-
ing in eqs. (6.87),(6.88) the limit M˜2 → 0. The same limit
is obtained if we take in eq. (6.88) the limit φ → ∞ for
fixed M˜2. More precisely, this limit is reached if the dimen-
sionless ratio M˜2/(2Cφ) goes to zero. The interpretation is
simple. The effective action (6.87) contains a term ∼ M˜2
that breaks scale symmetry explicitly, and a second term
∼ C that is scale invariant. A typical scale for spontaneous
scale symmetry breaking is CR. The relative size of explicit
scale symmetry breaking vs. spontaneous scale symmetry
breaking is given by
rA =
M˜2
2CR =ˆ
M˜2
2Cφ . (6.100)
For 2Cφ M˜2 the mass term for the scalar field is given
by the second σ-derivative of eq. (6.95),
m2σ =
∂2VE
∂σ2
= −M
2
6C exp
(
−
√
2
3
σ
M
)
= −M
2M˜2
12C2φ .
(6.101)
As expected, it vanishes ∼ rA = M˜2/(2Cφ). The mass
term is negative, indicating an instability of the de-Sitter
solution as required for inflationary cosmology.
In the other limit rA →∞ one approaches the flat space
solution with φ = 0. The mass of the scalar field is given by
eq. (6.93) with M = M˜ . Taking subsequently M˜ → 0 again
results in a massless field. This suggests that the double
limit M˜2 → 0, φ → 0 can be taken without problems,
such that for M˜2 = 0 no discontinuity arises between the
family of solutions with arbitrary R 6= 0, and the flat space
solution with R = 0.
Consider now directly M˜2 = 0. For any given nonzero
momenta, p2 6= 0, the behavior is expected to be indepen-
dent of R if R  p2. With respect to the scale set by
R the momenta are in the region of the “high-momentum
limit”, which should not depend on the detailed geometry
for R p2 (and similar for other geometrical invariants).
The limit R→ 0 or φ→ 0 can therefore be taken without
problems. Since for every R 6= 0 the Weyl transformation
is well defined, one can employ the Einstein frame formula-
tion (6.90), (6.98) in order to see that the theory does not
show any instabilities. Taking subsequently R→ 0 will not
change the situation, and we conclude that for any nonzero
momenta the model is well behaved also for the flat space
solution. In view of this, any discontinuity between the
family of solutions with R 6= 0 and the flat space solution
R = 0 seems rather unlikely.
One may, nevertheless, retain some skepticism since the
field transformation becomes singular in the double limit
φ → 0, M˜2 → 0. We also recall that mass terms or po-
tentials are not dimensionless and therefore will depend
on the metric frame. The “observable physics” should be
formulated in terms of dimensionless ratios. It therefore
seems reasonable to investigate the flat space solution di-
rectly in the original “scaling frame” where scale symmetry
is manifest. Expanding the effective action (6.97) around
flat space yields terms that involve four derivatives. For
example, the effective action for the scalar “conformal mode”
σ˜, defined by
gµν = e2σ˜ηµν , (6.102)
reads [198]
L˜σ = −18C
(
D2σ˜ − ∂µσ˜∂µσ˜
)2
, (6.103)
with D2 = ∂µ∂µ. This follows directly from eq. (6.70) and
(6.71), with σ˜ = ln(ω) and R′ = 0. It has been argued that
this higher derivative scalar model is well behaved [198].
In ref. [198] the action (6.97) has been considered as part
of a classical action that only contains dimensionless param-
eters, called “agravity”. One then needs to add the effect of
quantum fluctuations. In our approach the action (6.87),
which contains the part (6.97), is considered as an approx-
imation to the quantum effective action. All fluctuation
effects are included. Typically the value of C corresponds to
an ultraviolet fixed point value. The term ∼ C dominates
the high momentum behavior. We conclude that for an
effective action (6.87) the high momentum behavior is well
behaved. This is expected to include the high momentum
scattering of all physical modes in the metric (e.g. the
graviton) for this model.
For pure R2-gravity the dimensionless coupling C is only
an overall multiplicative constant in the effective action. As
long as there are no other terms in the effective action the
role of the value of C is reduced. In the scaling frame it
does not appear in the field equations, and therefore not in
the form of the cosmological solutions. Its appearance in
the Einstein frame in the form of the cosmological constant
(6.98) arises from the C-dependence in the conformal scaling
ω2 = M2/(2Cφ). Using instead ω2 = M2/(2φ) and a
different normalization for σ would render all terms of
the effective action proportional C also in the Einstein
frame. In the scaling frame the correlation function for
metric fluctuations is ∼ (1/C), while irreducible vertices
are ∼ C. Without comparison this has not a clear physical
meaning. The situation of the role of the coupling C differs
if the classical action is ∼ CR2. Then C determines the
importance of the fluctuations and enters in the β-functions
for running couplings. On the level of the effective action
the size of the coupling C matters only if other terms are
present to which the term ∼ CR2 can be compared.
6.7. Scale invariance with variable Planck mass
For our second example of a scale invariant effective action
for gravity we return to the scale invariant effective action
(6.61). Its form in the Einstein frame has already been
computed, given by eqs. (6.83)-(6.85). The main difference
to the effective action (6.87) is the more complicated kinetic
term and the dynamics of the χ-field. For B > 6 the model
has a stable solution with Minkowski geometry and arbitrary
constant χ0,
g′µν = ηµν , χ = χ0 , φ = 0 . (6.104)
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For C > 0, B < 6 this solution becomes unstable and we
restrict our discussion to B > 0. The solution (6.104) is a
good approximation for late cosmology and may be reached
in the infinite future.
Another simple solution is de Sitter space with arbitrary
constant φ0 and χ = 0
R′ = 4VE =
M4
2C , χ = 0 , φ = φ0 . (6.105)
This solution is an interesting candidate for a “beginning”
of the Universe in the infinite past. For particle masses ∼ χ,
all particle masses vanish at the beginning. Also the metric
of de Sitter space vanishes at the beginning. For χ2/R→ 0
(in the original scaling frame (6.61)) one approaches the UV-
fixed point according to the discussion in sect. 4, identifying
µ2 = R.
The issue of stability is related to the properties of the
kinetic term (6.84). Writing it in a matrix form, i, j = (χ, φ),
σ1 = χ, σ2 = φ
Lkin = M
2
2(χ2 + 2Cφ)2 K˜ij∂
µσi∂µσj , (6.106)
with
K˜χχ = Bχ2 + 2(B − 6)Cφ ,
K˜χϕ = K˜ϕχ = 6Cχ , K˜ϕϕ = 6C2 , (6.107)
we observe
det(K˜) = 6C2(B − 6)(χ2 + 2Cφ) . (6.108)
For C > 0, B < 6 the determinant det(K˜) is negative, such
that one eigenvalue is negative, the other positive. In the
conformal limit C = B = 0 no propagating scalar degree of
freedom is left.
For understanding the vicinity of the solution (6.105) a
useful choice of scalar field variables for this model is
χ˜ = ωχ = Mχ√
χ2 + 2Cφ
,
ϕ˜ = −
√
3
2M ln(ω
2) =
√
3
2M ln
(
χ2 + 2Cφ
M2
)
. (6.109)
In terms of these fields one has
VE =
M4
8C
(
1− χ˜
2
M2
)2
, (6.110)
such that the potential becomes independent of χ˜. The
kinetic term mixes χ˜ and ϕ˜
L˜kin =
√
g′
2
{[
1 + (B − 6)χ˜
2
6M2
]
∂µϕ˜∂µϕ˜+ (B − 6)∂µχ˜∂µχ˜
+
√
2
3
(B − 6)χ˜
M
∂µχ˜∂µϕ˜
}
. (6.111)
The solution (6.105) corresponds to χ˜ = 0 with arbitrary
constant ϕ˜ = ϕ˜0. The field ϕ˜ corresponds to a free massless
scalar field that can be associated with the Goldstone boson
of spontaneously broken scale symmetry. The field equation
for small χ˜ reads
(B − 6)D2χ˜ = −M
2χ˜
2C +
B − 6
6M2
[
∂µϕ˜∂µϕ˜−
√
6MD2ϕ˜
]
χ˜ .
(6.112)
For constant ϕ˜, the solution χ˜ = 0 is unstable for B > 6 due
to the negative mass term from the potential (6.110). For
B < 6 both mass term and kinetic coefficient are negative,
resulting in stable behavior. We will discuss implications for
inflation in the next section. There we will also diagonalize
the kinetic term by a redefinition of the scalar fields.
6.8. Flowing couplings and fixed points
So far we have considered scale invariant effective actions
that express important features of an UV-fixed point. We
have used a constant C that may be associated to the value
of the function C in eq. (6.43) at the fixed point. Away
from a fixed point the functions C or D in eq. (6.43) will
depend on the momentum scale µ, or on the infrared cutoff
scale k in functional renormalization. In ranges where the
flow of C is slow enough and the effects of D 6= 0 remain
negligible, our previous discussion remains relevant. We
next discuss the running with µ or k and the evidence for
the existence of an UV-fixed point.
We first discuss the flow of the dimensionless couplings
C and D in the limit where they do not depend on scalar
fields as χ. The dependence of the corresponding function
C(q2) and D(q2) on the momentum, evaluated in a flat
space geometry, dominates the UV-behavior for q2 → ∞.
The flow of C and D can be addressed within two different
perturbative expansions, one for scales µ belowM , the other
for scales µ above M and for large C and D. Functional
renormalization covers all scales µ and arbitrary values of C
and D. The functional renormalization flow of the Planck
mass and the cosmological constant will be addressed in
sect. 6.9. It is not accessible to standard perturbation
theory, but suitable resummations may help [199, 200].
The fluctuations of massless scalars, fermions and gauge
bosons induce a running of the couplings C and D. For
this effect only the coupling of these fields to the metric
via their kinetic terms matter, whereas interactions among
these fields are neglected. The perturbative computation
amounts to a one-loop integral with propagators evaluated
in a curved background [234–236]. In a similar fashion one
may add the graviton contributions in a low energy effective
theory of gravity [237–239]. This is possible in an expansion
near flat space where the graviton propagator is assumed
to be the one obtained from the Einstein-Hilbert action
without a cosmological constant. In this case the squared
Planck mass M2 is only a multiplicative constant in the
inverse graviton propagator and drops out in the one loop
computation. One finds [240] for the flow of small C and D
µ∂µC = − 1576pi2
{
18 +
Ns∑
i=1
(6ξi − 1)2
}
, (6.113)
where the sum goes over Ns real scalar fields with standard
kinetic term and non-minimal coupling to gravity Lξ =
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−ξiRχ2i /2. Similarly, one obtains
µ∂µD =
1
2880pi2 {126 + 36NV + 9NF + 3Ns} (6.114)
for NV gauge bosons, NF Weyl fermions and Ns real scalars.
(For the standard model one has NV = 12, NF = 45 and
Ns = 4.) For decreasing µ one finds an increase of C
and a decrease of D. For both C and D all individual
contributions have the same sign, with opposite sign for C
and D.
Functional renormalization group investigations for the
truncation (6.87), including in addition a cosmological con-
stant V , have found a fixed point for the couplings C,
M˜2/k2 and V/k4 [164, 181, 190]. All three dimensionless
couplings have been found to be relevant parameters. Ex-
tended truncations with high polynomials
L˜ = −
√
g
2
N∑
n=0
cnR
n , (6.115)
with N as high as 34, again find a fixed point with three rel-
evant directions [181, 190]. As N is varied from a few to 34
the series shows rather satisfactory convergence properties.
The picture of an UV-fixed point with C, M˜2/k2 and V/k4
as relevant parameters is also consistent with several other
truncations. For pure gravity, typical fixed point values C∗
are found in the range
C∗ = −6.3 · 10−4 . (6.116)
Since C is dimensionless, its running with k at low or zero
curvature or covariant momentum should be the same as the
running with a momentum or geometry scale µ for k  µ.
Thus one expects at k = 0 an ultraviolet fixed point in the
running of C(µ → ∞). This fixed point C∗ characterizes
the ultraviolet behavior of the quantum effective action
at high µ. The flow of the relevant parameter associated
to the Planck mass, M˜2(k)/k2, may induce an intrinsic
scale M = M˜(k = 0), as in eq. (6.87). We adopt here
the working hypothesis that the ultraviolet behavior of the
quantum effective action is characterized by a fixed point
C∗. It is not clear at the moment if the negative value of
C∗ in eq. (6.116) would pose a problem of instability in the
scalar sector. For this issue a more complete study of the
scalar propagator would be needed. Given the very small
value (6.116) it is also possible that in a more complete
truncation the value C∗ turns out to be positive.
We will later assume that for the momentum range rel-
evant for cosmology one can use the approximation of a
constant C. A reasonable value of C may be of the same
order as C∗, but rather different values are possible as well.
If C is a relevant parameter, all values are, in principle,
possible. We next ask if the perturbative expansion for
large C and D is consistent with this picture.
Consider the action (6.43) with λ˜ = 0 and constant
B, C, D. We normalize the scalar field such that f = 1.
(Another often used parameterization is f = 1/(B−6). The
disadvantage of the second parameterization is a negative
value of the effective M2 for B < 6, which does not lead to
stable gravity, in contrast to a negative coefficient of the
scalar kinetic term which yields a stable theory for C = 0,
B > 0. This matters close to the conformal value B = 0,
where B − 6 is negative.)
For large values of C and D a perturbative computation
of the flow of couplings becomes possible [61, 195–198, 241].
The expansion in inverse powers C−1 and D−1 becomes
accessible because the propagators of the gravitational de-
grees of freedom scale ∼ 1/Cq4, ∼ 1/Dq4. In this type of
perturbation theory one obtains
∂C
∂ ln(µ) = −
1
48pi2
{
5
6 +
B2
12(B − 6)2 +
15C
D
+ 15C
2
D2
}
+ . . .
(6.117)
where the dots stand for higher orders and contributions
from other “particle fluctuations” beyond gµν and χ that
are the same as in eq. (6.114). The negative sign of the
r.h.s. of eq. (6.117) for C/D > 0 implies that C decreases
towards the UV such that the perturbative expansion for
large C ceases to be valid. For large C, the increase towards
the IR is consistent with a fixed point C∗ for which C −C∗
is a relevant parameter. The fixed point C∗ is, however,
not in the domain of validity of the perturbative expansion
in C−1. If B and C/D can be neglected, and if we omit
the contribution of other particles, the next order in the
expansion takes the form [198]
∂C
∂ ln(µ) = βC = −
5
288pi2 +
5
27648pi4C
−1 . (6.118)
This β-function has formally a zero with fixed point value
C∗ =
1
96pi2 . (6.119)
Formally, the critical exponent would be
θC = −∂βC
∂C
∣∣
C∗
= 53 . (6.120)
The values (6.119), (6.120) are outside the range of validity
of perturbation theory. While opposite in sign, the small
absolute value of C∗ is in qualitative agreement with the
findings for functional renormalization. We note that the
fixed point for C may disappear once µ becomes smaller
thanM . There is then no contradiction with the low energy
flow (6.113).
For large D the perturbative running of D obeys
∂D
∂ ln(µ) = 2AD , (6.121)
with
AD =
1
160pi2
(
cD +NV +
1
4NF +
1
12NS
)
. (6.122)
The contribution of the metric degrees of freedom depends
only mildly on C
cD =
{
133
2 for C →∞
199
3 for C → 0 .
(6.123)
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We have included additional particles as NV vectors, NF
fermions and NS scalars. We note the close similarity of
the flow equation (6.114) for small µ/M and eq. (6.122) for
large µ/M , the main difference being a multiplicative factor
not far from one. In a flat geometry the function D(q2) in
eq. (6.43) increases for large D with increasing q2,
D(q) = D¯ +AD ln
(
q2
M2
)
. (6.124)
The inverse couplingD−1 is asymptotically free. We observe
that a flow of D with q2 is not incompatible with the
existence of a UV-fixed point and scale symmetry. For
example, if M2 = χ2, one obtains a scaling solution for
D(q2/χ2). Within functional renormalization this extends
to M˜2 = M2/k2 = M˜2(χ2/k2).
If the region of large D is relevant at high momenta, the
propagator of the graviton (tensor mode) obeys asymptoti-
cally for q2 →∞
Gγ(q2) ∼ 1
q4(D¯ +AD ln(q2/M2))
. (6.125)
The question of stability of the graviton modes depends on
the poles of Gγ(q2) and therefore on the behavior of Gγ for
smaller q2. Furthermore, the perturbative renormalization
group equations are computed for χ = 0. For realistic
gravity one has χ = 0 and an evaluation for nonzero χ is
needed. The knowledge of D(µ, χ) in the momentum range
q2 = µ2 ≈ χ2 is rather poor. We discuss here qualitatively
a few alternatives.
Assume that for χ = 0 the flow of D reaches a fixed
point with finite D∗. This fixed point would typically be
IR-stable, e.g. D −D∗ is an irrelevant parameter. If the
theory is defined at this fixed point, or if the running of D
has approached the fixed point, the graviton propagator for
χ = 0 would read
Gγ ∼ 1
D∗q4
. (6.126)
Such a propagator leads to a secular instability of solutions
which is comparatively harmless. The issue of instability
becomes more severe if a fixed point for D is combined with
a non-zero effective Planck mass, such that
Gγ ∼ 1
χ2q2 + D˜q4
. (6.127)
This propagator has two poles at
q2 = 0 , q2 = −χ
2
D˜
= −m2D . (6.128)
We can write
Gγ ∼ χ−2
(
1
q2
− 1
q2 +m2D
)
. (6.129)
The negative sign of the second term indicates a negative
kinetic term for the mode with mass mD. This is called a
ghost.
We recall that we are not using four-derivative gravity for
the classical action in the definition of a quantum theory of
gravity. In our approach the four derivative terms are an
approximation to the form of the quantum effective action
that contains already all effects of quantum fluctuations. In
general, the momentum dependence of inverse propagators
is not described by a polynomial in q2 - in this sense it
always contains “non-local terms”. A simple example is the
effective action for QED (2.21), (2.28). The logarithmic
dependence on q2 does not pose particular problems, while
a Taylor expansion of the inverse propagator to order q4 (or
to any other finite order) would lead to ghosts. Nevertheless,
a stability analysis for the time evolution of small deviations
from a given cosmological solution or flat space is necessary
for any proposed form of the effective action. See ref. [242,
243] for the case of constant D. Too strong instabilities are
not acceptable for a realistic theory of gravity. The issue is
similar in Einstein gravity for which χ2 is replaced by M2.
A flow of D towards a fixed point has to be discussed in this
respect. If D becomes momentum independent one infers a
ghost (6.129) and one has to find out how dangerous is the
associated instability. (This may also depend on a possible
imaginary part of D.)
It seems more likely that D is indeed given at the UV-
fixed point by a scaling function D(q2/χ2) which does not
lead to any ghost instability. For example, this scaling
function could diverge for q2/χ2 → ∞. We next argue
that a dangerous ghost instability is unlikely to occur. The
vicinity of a pole has a strong influence on the running of
couplings. Approaching a pole the propagator diverges and
fluctuation effects can become very large. In functional
renormalization group studies it is typically found that the
functional flow avoids to enter region of strong instabilities
[244]. The problematic region of the propagator is in the
range of negative q2 < 0. For euclidean momenta q2 ≥ 0 the
problem is absent. The euclidean graviton propagator does
not change sign in the region q2 > 0, and for q2 → 0 the con-
tribution ∼ D˜q4 in eq. (6.127) becomes unimportant. For a
euclidean computation a fixed point D∗ for the momentum
range q2 ≥ 0 seems perfectly viable. In this case one should
not extrapolate the polynomial form of G−1γ to negative q2,
however. In this region a Minkowski space functional renor-
malization group investigation may become necessary since
analytic continuation of an euclidean computation may be
difficult. There are many possible functions G−1γ (q2) that
have a zero at q2 = 0, no further zero for negative q2, and
approaching closely G−1 ∼ χ2q2 + D˜q4 for q2 > 0. It seems
well conceivable that propagators with reasonable stability
properties fall into this class. There are various attempts
to construct explicit models avoiding the ghost problem,
see, for example, refs. [245–251].
It is intriguing to see that the flow generators for D
are very similar for the two expansions for small D, cf.
eq. (6.114) and for large D, cf. eqs. (6.121), (6.122), with
only a small shift in the numerical value for AD. In par-
ticular, the contributions from massless vectors, fermions
or scalars are the same. A fixed point in D would have
to be generated by fluctuation effects that are not seen in
both perturbative approaches. It may therefore seem more
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plausible that the only fixed point is D−1∗ = 0, and the flow
away from the fixed point has the structure of eq. (6.121).
Eq. (6.125) would lead to a zero of D at positive q2 = m2D,
m2D = M2 exp(−D¯/AD). Typically m2D is tiny as com-
pared to M2. For small q2/M2 the graviton propagator is
dominated by (M2q2)−1 for Einstein gravity. Indeed, for
M2 = χ2 and χ 6= 0 the inverse graviton propagator at
small q2 will be dominated by χ2q2 and behave therefore
very differently from q4. Even if the UV-fixed point value
D∗ would be finite, (which seems not very likely), the grav-
itational degrees of freedom decouple below the effective
Planck mass, resulting in the flow (6.114) for q2  M2.
One should therefore understand the consequences of this
flow for the graviton propagator.
With AD  1, D > 0 the inverse propagator
G−1 = χ2q2 +Dq4 +ADq4 ln
(
q2
χ2
)
(6.130)
has a zero at q2 = 0 but no zero for real q2 > 0. With
q2 = re−iϕ , −pi < ϕ ≤ pi , x = r
χ2
, (6.131)
further zeros of G−1 in the complex plane require the con-
ditions
cos(ϕ) = − sin(ϕ)
ϕ
(
D
AD
+ ln
(
sin(ϕ)
ADϕ
))
,
x = 1
AD
sin(ϕ)
ϕ
. (6.132)
For D/AD  1 one finds solutions with
ϕ = ±(pi − ε) , (6.133)
where
ε ≈ pi
gD − ln(gD) + ln(pi) , gD =
D
AD
+ ln
(
1
piAD
)
,
x ≈ ε
piAD
. (6.134)
The pole of the propagator at q2 = −χ2/D for AD = 0
splits for AD > 0 into two poles on both sides of the cut at
the negative real axis
q2± = −
χ2
D
[
1− AD
D
ln(D)
]−11± i ADpi
D
(
1− AD
D
ln(D)
)
 .
(6.135)
The positive relative sign of the imaginary part occurs for
ϕ > 0, while the negative sign corresponds to ϕ < 0. This
simple example demonstrates that the issue of poles of
the propagator depends on the precise form of functions as
D(q2). In the Minkowski domain of a negative real part of q2
one expects a behavior of G−1(q) that is more complex than
the simple logarithmic form of eq. (6.130). For precision
one presumably needs a direct computation with Minkowski
signature since analytic continuation is subtle. Analytic
continuation from euclidean q2 to Minkowski signature is
done by q2 → q2e−2iα with α increasing from zero to pi/2.
This gets problematic once one approaches the location of
the pole of G−1 at q2+.
For cosmology one typically needs the behavior at µ2 <
χ2, where µ2 may be set by a geometric quantity as R
instead of q2 for flat space. Even for the inflationary epoch
the observable effects of D seem very small unless D hap-
pens to be very large. Since the running of D is rather
slow, a constant D may be a reasonable approximation. A
constant D does not contribute to the field equations for a
homogeneous isotropic cosmology.
We finally extract the perturbative running of B for large
C and D from ref. [61],
∂B
∂ ln(µ) = βB = −
1
16pi2
{
B(2B − 9)
9(B − 6)C −
5(B − 6)C
D2
}
.
(6.136)
Fixed points and their properties depend on the ratio
C2/D2. It is not clear what lessons can be drawn for
the relevant ranges of couplings where the expansion in
powers of C−1, D−1 is no longer valid, and for χ 6= 0. A
general feature that may be retained is a fixed point for
which both B and C vanish simultaneously. For B = C = 0
the model is invariant under local scale transformations
(local Weyl transformations). Such an enhanced symmetry
always constitutes a partial fixed point if the regularization
can be made consistent with the enhanced symmetry. In
this case terms in βB that do not vanish for B = 0 are
expected to be proportional to C. Another general lesson is
that fixed points for B seem to arise rather naturally. For
eq. (6.136) the zeros of βB occur for
B∗ =
1
2(2− yB)
{
9− 12yB ± 9
√
1 + 89yB
}
, (6.137)
with
yB = 45
C2
D2
. (6.138)
For the relevant ranges of couplings the value of a fixed point
for B may, however, be rather different from eq. (6.137).
At present, our knowledge of the dimensionless function
B, C, D, E in eq. (6.43) remains rather incomplete. This
concerns both the scaling form at the fixed point, and the
deviation from scale invariance due to relevant parameters,
as reflected by the appearance of an intrinsic mass scale in
the dimensionless functions. As a general lesson, the scale
invariant effective action does not reduce to a few fixed point
values of constant couplings C, D etc. The scaling solution
involves functions, as C(q2/χ2), D(q2/χ2). As far as we
know, nothing excludes a behavior for q2/χ2 →∞ where
C approaches a fixed point and D diverges. A graviton
propagator without additional poles could result in a stable
theory. There is no need that the detailed behavior for
q2 →∞ and q2 → −∞ is the same.
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6.9. Asymptotic safety
Asymptotic safety for quantum gravity is based on the
existence of an UV-fixed point that does not correspond
to a free theory. For pure gravity this is the Reuter fixed
point [27–31]. The key ingredient is the scaling of the
effective Planck mass M2(k) ∼ k2 for high enough k, cf.
eq. (6.6). The strength of the gravitational interaction may
be measured by the dimensionless Planck length `p(k), with
`2p(k) =
k2
M2(k) (6.139)
proportional to the running dimensionless “Newton con-
stant”. In perturbative gravity M2(k) = M2 is constant
and `2p(k) diverges for k →∞. In contrast, for asymptotic
safety the low energy increase of `2p(k) is tamed for large k,
tending to a constant limit
lim
k→∞
`2p(k) =
1
2cM
= 12w∗
. (6.140)
The method for computing the scale dependence of the
Planck mass is functional renormalization for the effective
average action Γk [25–27, 252–255]. For reviews related to
particle physics and gravity see refs. [106, 166, 256, 257].
All fluctuations for which the covariant Laplacian −D2, or
momenta q2 in flat space, exceed k2 are integrated out. The
k-dependence of Γk follows an exact flow equation [25]
∂tΓk = k∂kΓk =
1
2Str
{
[Γ(2)k +Rk]
−1k∂kRk
}
. (6.141)
Here Rk is a smooth IR-cutoff function which vanishes fast
for q2/k2 →∞. (Here we employ the notation q2 also for
“squared covariant momenta” −D2.) The second functional
derivative Γ(2)k denotes the field-dependent and k-dependent
full inverse propagator. The trace Str includes a momentum
integration (or summation of positions in position space)
as well as a trace over all Lorentz and internal indices. For
fermions it contains a minus sign due to the anticommuting
nature of Grassmann variables. The r.h.s. of eq. (6.141) is
called the flow generator. It is ultraviolet finite due to the
fast decrease of ∂tRk and infrared finite due to the regulator
term in the inverse propagator. The flow equation has a
one-loop form, with momentum integral dominated by a
small range around q2 = k2.
For quantum gravity and other local gauge theories one
uses gauge fixing with an appropriate inclusion of a flow
contribution from the Faddeev-Popov determinant, for ex-
ample in the form of ghost degrees of freedom. It is a great
advantage to use a physical gauge fixing which only acts on
the gauge fluctuations without affecting the physical fluctu-
ations [77, 258]. In this case the contribution from gauge
fluctuations and the Faddeev-Popov determinant can be
combined into a simple measure contribution. The remain-
ing part of the flow equation (6.141) involves projectors
on the physical modes. On the projected space of physical
modes Γ(2)k +Rk is invertible without gauge fixing. A gauge
invariant flow equation [77] evaluates the projected inverse
propagator from the second functional derivative of a gauge
invariant action Γ¯k which only depends on a single macro-
scopic gauge field. Depending on the precise definition of
Γk and the macroscopic field this procedure may be exact
or a rather accurate approximation.
The functional flow equation (6.141) has to be approxi-
mated by suitable truncations of Γk. The UV-fixed point
will depend on the truncation employed. Being non-
perturbative, the convergence of a series of truncations
is not guaranteed a priori. Nevertheless, the fixed point
has been found in a rather wide class of truncations, as
polynomial expansions in powers of the curvature scalar,
inclusion of the Weyl tensor or the Sagnotti invariant, as
well as systematic expansions in vertex functions.
The basic reason for the existence of the fixed point
is rooted in simple dimensional analysis. This implies a
general structure of the flow equations similar to eq. (6.2)
∂tM
2 = 4cM (v, gi)k2 , ∂tV = 4cV (v, gi)k4 , (6.142)
where the dimensionless coefficients cM (v, gi) and cV (v, gi)
depend on v = 2V/(M2k2) and the various additional
dimensionless couplings gi of a given truncation. It is
sufficient that the couplings gi admit fixed points gi∗, and
that the coefficients
cM∗(v) = cM (v, gi∗) , cV ∗(v) = cV (v, gi∗) (6.143)
are compatible with the existence of a solution of eq. (6.142),
M2
k2
= 2cM∗(v) > 0 (6.144)
and
v = cV ∗(v)
cM∗(v)
. (6.145)
Both the positivity of cM∗(v) and the existence of a solution
of eq. (6.145) places constraints on the particle content of a
model. They seem to be obeyed for a large class of models,
including the standard model coupled to gravity [259–263].
The issue of quantum scale symmetry appears for the
effective average action Γk in a modified form, since the
IR-cutoff k introduces a scale. We may consider the change
of Γk under an infinitesimal rescaling of k,
δ(k)Γk = δk∂kΓk , δk = δα · k . (6.146)
A combination of this scaling with an infinitesimal scale
transformation (2.6) of q2 = −gµνDµDν leaves q2/k2 in-
variant,
δq2 = 2δα q2 , δ
(
q2
k2
)
= 0 . (6.147)
As a result, the IR-cutoff function Rk(q2) scales accord-
ing to the scaling dimensions of the field bilinear that it
multiplies, such that the infrared cutoff term in the effec-
tive average action is invariant under the combined scaling
(6.146), (6.147).
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A “scaling form” of the effective average action is realized
if the scale transformation of fields δΓk, combined with a
scale transformation of k, δ(k)Γk, leaves Γk invariant
δΓk + δ(k)Γk = 0 . (6.148)
Here δ(k)Γk has to be evaluated for fixed renormalized fields
ϕR. We recall that the fields with the simple canonical
scaling dimensions di are the renormalized fields ϕ(i)R ,
δΓk = δα
∑
i
diϕ
(i)
R
∂Γk
∂ϕ
(i)
R
. (6.149)
Correspondingly, the microscopic or bare fields may have
non-canonical scaling dimensions, including an anomalous
dimension. An example is a quartic scalar potential
Γk =
∫
x
√
g
(
m2R
2 ϕ
2
R +
λR
8 ϕ
4
R
)
, (6.150)
which transforms under the combined transformations as
(δ + δ(k))Γk
= δα
∫
x
√
g
(
−m2Rϕ2R +
1
2∂tm
2
Rϕ
2
R +
1
8∂tλRϕ
4
R
)
.
(6.151)
It is invariant if
∂tm
2
R = 2m2R , ∂tλR = 0 , (6.152)
as realized by constant values m˜2R∗, λR∗,
m2R = m˜2R∗k2 , λR = λR∗ . (6.153)
Keeping fixed k and performing a scale transformation
only on the fields, Γk is not invariant for any k 6= 0 even
for the scaling solution
δΓk = −δ(k)Γk . (6.154)
The r.h.s. of eq. (6.154) vanishes, however, for k → 0 if in
this limit the couplings reach finite values. This guarantees
that the scaling solution for Γk, which is associated to a
fixed point, results in a scale invariant quantum effective
action Γk=0 once all fluctuations are included and the IR-
cutoff is removed. We note that δ(k)Γk in eq. (6.146) can
be expressed directly by the flow equation (6.141) for Γk,
once translated to fixed renormalized fields.
6.10. Relevant parameters
So far we have encountered possible relevant parameters
for the flow of dimensionless couplings away from the UV-
fixed point, as C −C∗ or B −B∗. Other relevant couplings
may concern parameters with dimension of mass. An ex-
ample is a field-independent contribution to the effective
Planck mass, which replaces χ2R by (M˜2 +χ2)R. The ratio
M˜2/k2 is likely to be a relevant parameter. Other examples
concern the cosmological constant V , or a mass term for
χ ∼ µ2χχ2. In general, there is no reason why a quantum
gravity theory should be defined exactly on the UV-fixed
point. For any definition by the vicinity of a fixed point
the flow of the relevant parameters will induce intrinsic
mass scales. One then expects that scale symmetry is not
an exact quantum symmetry. The appearance of intrinsic
mass scales in the quantum effective action, often called
dilatation anomaly, violates quantum scale symmetry.
We will denote the largest intrinsic mass scale µ¯. This
value is a free parameter and not computable. It can be
used to set the units for intrinsic parameters with units
of mass. In case of a simultaneous spontaneous breaking
of scale symmetry by a field χ, the ratio µ¯/χ decides on
the importance of the explicit scale symmetry breaking.
For µ¯/χ 1 the dominant contribution to the observable
particle masses is set by µ¯. In the opposite limit µ¯/χ 1
the dominant mass contribution arises from χ. For small
µ¯/χ one expects the presence of a pseudo Goldstone boson
with mass ∼ µ¯2/χ. As we discussed in sect. 5.5 it is not clear
a priori in which sector µ¯ appears. For the scale invariant
standard model the intrinsic scale µ¯ may be in the sector of
the scalar singlet coupled to gravity. For example, one may
have M˜2 ∼ µ¯2, or U ∼ µ¯4, or both. Since µ¯ is arbitrary,
we can set it to the vicinity of 10−3eV without invoking
any small dimensionless coupling. In the next section we
will discuss cosmological solutions for which the ratio µ¯/χ
varies due to a time evolution of the scalar field χ. Far in
the past χ may have been of the order of µ¯ (say 10−3eV),
while today it can be many orders of magnitude larger.
We next ask which parameters in a general effective
potential U(χ) for the scalar field χ correspond to relevant
parameters. For this purpose we extend the functional
renormalization group investigation at the beginning of
this section from a single cosmological constant V to a
χ-dependent effective potential U(χ). Within functional
renormalization, the contribution of the traceless transversal
tensor mode to the flow of U(χ) is given by eq. (6.25),
replacing V by an arbitrary χ-dependent potential
k∂kU(χ) =
5fηk4
16pi2 `0
(
− 2U(χ)
M2(χ)k2
)
, (6.155)
with threshold function `0(w˜) given by eq. (6.26). The
factor fη arises from a possible k-dependence of the factor
M2(χ) multiplying the IR-cutoff. It is of the order one and
can be found explicitly in sect. 6.16. For M2 ∼ k2 one has
fη = 4/3. With the definition of dimensionless functions
u(χ) = U(χ)
k4
, w(χ) = M
2(χ)
2k2
v(χ) = 2U(χ)
M2(χ)k2 =
u(χ)
w(χ) , (6.156)
and ∂t = k∂k eq. (6.155) reads
∂tu = −4u+ 5fη16pi2 `0
(
− u
w
)
. (6.157)
There will be further contributions to the flow of u from
other components of the metric fluctuations and particle
fluctuations. We concentrate on those that depend only on
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u and w, omitting for example a dependence on ∂u/∂χ in
the flow generator. In this approximation one has
∂tu = βu = −4u+ 4cV (u,w) , (6.158)
with
cV (u,w) =
5fη
64pi2 `0
(
− u
w
)
+ . . . . (6.159)
In sect. 6.16 we discuss the functional renormalization flow
of the effective potential in more detail. Terms in the flow
generator for u involving field derivatives as ∂χu, ∂2χu ap-
pear only in the contribution from χ-fluctuations. This
contribution is small as compared to the others. Further-
more, for a small mass and self-interaction of χ, as we will
encounter in the following discussion, even the contribution
of χ-fluctuations is well approximated by a constant con-
tribution to cV . Eq. (6.158) is therefore a rather reliable
approximation. It is our purpose to concentrate first on the
qualitative features of the flow.
We may select a particular value χ¯ and follow the flow of
u¯ = u(χ¯). We also define w¯ = w(χ¯). We first concentrate
on Einstein gravity coupled to a scalar field where M2 and
therefore w do not depend on χ. We also consider the
region close to the fixed point where w¯ is approximately
independent of k. For k-independent w¯ the flow of u¯ shows
a partial fixed point for
u¯∗ = cV (u¯∗, w¯) . (6.160)
Let us for a moment neglect the off-diagonal elements of
the stability matrix (cf. sect. 6.1). This holds in the ap-
proximation where w¯ can be considered as a given constant.
The critical exponent is given in this approximation by
θ = 4− 4∂cV
∂u
= 4−Au . (6.161)
We infer the existence of a relevant parameter unless the
“anomalous dimension” Au = 4∂cV /∂u exceeds four. If we
only include the graviton contribution to cV the anomalous
dimension reads
Au =
5fη
16pi2w¯ `1
(
− u
w¯
)
, (6.162)
where we employ the threshold function
`1(w˜) = − ∂
∂w˜
`0(w˜) . (6.163)
In this approximation Au depends on the ratio u¯/w¯ at the
fixed point
Au = 4
u¯
w¯
`1
(− u¯w¯ )
`0
(− u¯w¯ ) . (6.164)
We observe that a constant contribution to cV , as character-
istic for the fluctuations of massless fermions, gauge bosons
or scalars, does not contribute to Au.
For u¯/w¯ approaching one the ratio `1/`0 is enhanced as
compared to one. In this range Au > 4 seems not excluded.
As a rough guide that reflects the qualitatives properties
we may take
`0(w˜) =
c`
p¯+ w˜ , `1(w˜) =
c`
(p¯+ w˜)2
`1(w˜)
`0(w˜)
= 1
p¯+ w˜ . (6.165)
In this approximation the anomalous dimension Au exceeds
four if
u¯
w¯
>
p¯
2 . (6.166)
Details will depend on the precise particle content of the
model, as well as on a more accurate treatment of the
stability matrix. Our simple treatment reveals that there
is no guarantee that the cosmological constant, which is
related to u¯, is always a relevant parameter. For example,
it could be relevant for small χ¯ and irrelevant for large χ¯.
A similar discussion can be made for the χ-dependence
of the potential. Let us define the dimensionless mass
parameter
u1(χ) = k2
∂u
∂χ2
= 1
k2
∂U
∂χ2
, u¯1 = u1(χ¯) . (6.167)
Its evolution obeys
∂tu¯1 = 2u¯1 + k2
∂
∂χ2
∂tu¯ = −2u¯1 + 4k2 ∂cV
∂χ2
. (6.168)
Retaining only the graviton contribution one finds
∂tu¯1 = −2u¯1 + 5fη16pi2 `1
(
− u¯
w¯
)
k2
∂
∂χ2
( u
w¯
) ∣∣
χ¯
= (Au − 2)u¯1 . (6.169)
The fixed point is u¯1∗ = 0, consistent with eq. (6.160) where
u¯∗ does not depend on χ¯ for a given constant w¯. The critical
exponent is now given by
θ1 = 2−Au , (6.170)
and u¯1 becomes an irrelevant parameter for Au > 2.
Continuing in the same approximation to
u2 =
∂2U
(∂χ2)2 = k
2 ∂
∂χ2
u1 , u¯2 = u2(χ) (6.171)
one has
∂tu¯2 = 2u¯2 + k2
∂
∂χ2
∂tu1
∣∣
χ¯
= Auu¯2 . (6.172)
The fixed point is at u¯2∗ = 0, and u¯2 is an irrelevant
parameter for all positive Au. This simple approximation
suggests that the scalar potential U(χ) is characterized by
at most two relevant parameters. This number is reduced
to one for Au > 2, and to zero for Au > 4.
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6.11. Scaling potential for dilaton gravity
The simple discussion above gives a flavor which couplings
may correspond to relevant parameters. It is insufficient if
the Planck mass depends on χ and k. Before investigating
the issue of relevant parameters we first have to generalize
the fixed points (u¯∗, w¯∗) to χ-dependent functions. In-
deed, in dilaton quantum gravity the fixed points for a few
individual couplings are replaced by scaling solutions for
dimensionless functions as u∗(χ2/k2) or w∗(χ2/k2). The
χ-dependence and k-dependence are related for models de-
fined precisely at the UV-fixed point, such that no intrinsic
mass scale µ¯ appears and quantum scale invariance is pre-
served. Indeed, in the absence of an intrinsic mass scale
the dimensionless functions u and w can only depend on
the dimensionless ratio
y = χ
2
k2
. (6.173)
(We have defined U andM2 at zero momentum in flat space.
The scaling solution remains valid for µ, µ¯  k, χ, or for
µ ∼ k.) Scaling solutions obey
∂tu
∣∣
y
= 0 , ∂tw
∣∣
y
= 0 , (6.174)
where the k-dependence is taken at fixed y instead of fixed
χ.
We will discuss the scaling solution for u in a simple
approximation where we take w∗(y) as a given function
and neglect the influence of higher derivative gravitational
invariants as CR2. Of course, a proper treatment has to
determine the scaling solutions for u, w, B etc. simulta-
neously. Nevertheless, important lessons can be inferred
from the investigation of the scaling solution for a single
function. A restriction to a single scaling function makes
the conceptual issues more easy to follow.
Instead of u one may equivalently investigate the ratio
v = u/w. At fixed χ the graviton contribution to the flow
of v(χ, k) can be extracted from eq. (6.155)
∂tv = βv = −2v − ηMv + 5fη16pi2w`0(−v) , (6.175)
with
ηM (χ) =
∂tM
2(χ)
M2(χ) = 2 + ∂t ln(w(χ)) . (6.176)
For the additional contributions to the flow of v(χ) we
concentrate here on those parts that only involve v and
approximate
∂tv = −4v − ∂t ln(w) v + 4cV (v)
w
, (6.177)
with
cV (v) =
5fη
64pi2 `0(−v) + . . . . (6.178)
The dots denote the contributions from fluctuations beyond
the graviton.
Our interest are scaling solutions for which v and w de-
pend only on the dimensionless ratio y = χ2/k2. Eq. (6.175)
involves k-derivatives at fixed χ. We have to translate to
fixed y, using
∂tv
∣∣
χ
= ∂tv
∣∣
y
+∂v
∂y
∂t
(
χ2
k2
) ∣∣
χ
= ∂tv
∣∣
y
−2y ∂v
∂y
. (6.179)
One infers
∂tv
∣∣
y
= −4v+ 2y ∂v
∂y
−
(
∂t ln(w)
∣∣
y
−2∂ ln(w)
∂ ln(y)
)
v+ 4cV (v)
w
.
(6.180)
Scaling solutions obey ∂tv
∣∣
y
= 0, and are therefore deter-
mined as solution of the differential equation
∂v
∂ ln(y) = −
1
2βv = 2v −
∂ ln(w)
∂ ln(y) v −
2
w
cV (v) , (6.181)
or
∂ ln(v)
∂ ln(y) = 2−
∂ ln(w)
∂ ln(y) −
2
wv
cV (v) . (6.182)
We use as an ansatz for the fixed scaling function w∗(y) a
behavior found in functional renormalization gauge studies
[159, 160],
w∗(y) = w¯ +
ξy
2 . (6.183)
This corresponds to F (χ) = 2w¯k2 for χ k, and F (χ) =
ξχ2 for χ  k. The transition between the two regimes
occurs for y = yF ,
yF =
2w¯
ξ
, w∗(y) =
ξ
2 (y + yF ) . (6.184)
For this ansatz one has
∂ ln(w)
∂ ln(y) =
y
y + yF
, (6.185)
and therefore
∂ ln(v)
∂ ln(y) =
y + 2yF
y + yF
− cV (v)
ξ(y + yF )v
. (6.186)
We further need the behavior of cV (v). We take
cV =
aV
1− v + bV , (6.187)
where the first term reflects the graviton contribution in
the approximation (6.165), with p¯ = 1 for simplicity, and
the second reflects the contribution of fluctuations of par-
ticles to ∂tU that are independent of U . The form (6.187)
accounts for the suppression of graviton contributions for
large negative v, and for the enhancement as positive v
approach a critical value. Quantitative values for aV and
bV can be found in sect. 6.16, eq. (6.263). There we will
establish that eq. (6.187) is a good approximation to the
functional renormalization flow.
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FIG. 6. Dimensionless potential u as a function of ln(y). Param-
eters are ξ = 1, yF = 0.4, bV = 0.02. We plot the solution of
eq. (6.189) for three different values of the integration constant.
One observes a transition near yF , and a further transition at
some large yV , which depends on the integration constant. For
the particular “flat scaling solution” the flat region extends to
y →∞, corresponding to yV →∞.
In summary, the most important features of the differen-
tial equation defining the scaling solution are given by
∂ ln(v)
∂ ln(y) =
y + 2yF
y + yF
− 4aV + 4bV (1− v)
ξ(y + yF )v(1− v) . (6.188)
The corresponding equation for u(y) reads
∂u
∂ ln(y) = −βu = 2u−2cV = 2u−2c¯V−2aV
[
ξ(y + yF )
2u − 1
]−1
,
(6.189)
with
c¯V = aV + bV . (6.190)
Many characteristic features of the scaling solution can be
understood from the solutions of eq. (6.188) or (6.189).
We plot the numerical solution for u as a function of
ln(y) in Fig. 6. We show three solutions, corresponding
to different values of the free integration constant which
characterizes the general solution of eq. (6.190). One ob-
serves three different regions in y. For y → 0 the potential
u approaches a constant. For intermediate y one finds a
somewhat smaller constant, while for large y the poten-
tial increases rapidly. We will next discuss these different
regions in y analytically.
6.12. Crossover in dimensionless fields
Scaling solutions typically show a crossover as a function
of the variable y = χ2/k2. At fixed k this is directly related
to a crossover in field space. If we replace k by an intrinsic
scale µ¯ we are close to the crossover situation discussed in
sect. 4.4. An important modification arises, however, from
the possibility that the crossover may be a switch from a
fixed point for u to a fixed point for v or for λ˜ = U/M4.
We may demonstrate this for the range of large y. For
y + yF  2u/ξ we can approximate eq. (6.189) by
∂u
∂ ln(y) = 2u− 2c¯V −
4aV u
ξ(y + yF )
. (6.191)
A fixed u∞ = u(y →∞) is reached for y →∞,
u∞ = c¯V . (6.192)
There is a particular solution that connects to u∞ for y →
∞, which can be obtained by a Taylor expansion in inverse
powers of y,
u∞(y) = c¯V
(
1 + 4aV3ξy + . . .
)
. (6.193)
This corresponds to the scaling solution in ref. [159, 160].
The general solution of eq. (6.191) involves one free inte-
gration constant. In particular, the solutions in the neigh-
borhood of u∞(y) are given by
u(y) = u∞(y) + δy2 , (6.194)
with δ a free integration constant. For any δ 6= 0 they move
away from u∞(y) as y increases. The size of δ determines
the value ycr for which u(y)− u∞ is of similar size as u∞,
such that for y > ycr the solution u∞(y) does not remain a
valid approximation anymore. The behavior of the general
solution can easily be seen if we also neglect for large y the
last term in eq. (6.191). The differential equation
∂u
∂ ln(y) = 2u− 2c¯V (6.195)
has the general solution
u = c¯V + δy2 . (6.196)
It describes a crossover from a fixed point of u for y2  c¯V /δ
u∗ = c¯V , (6.197)
to a fixed point of λ˜, given by
λ˜ = U
M4
= u4w2 , (6.198)
for y2  c¯V /δ. The value of the fixed point for λ˜ depends
on the integration constant δ,
λ∗ =
δ
ξ2
. (6.199)
The crossover value for y is given by
yV =
√
c¯V
δ
. (6.200)
The approximation (6.191) remains valid as long as cV
in eq. (6.187) can be approximated by c¯V , i.e. as long as
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v  1. As y increases the increase of u ∼ δy2 will violate
this condition at some value yIR,
yIR =
ξ
2δ . (6.201)
Indeed, for u = δy2 and y  yF one finds an increase of v
according to
v = u
w
= 2δy
ξ
. (6.202)
For v near one the flow enters the IR-regime with an ap-
proximate fixed point v∗ = 1. We will discuss this infrared
regime in sect. 6.14. In the range of large y one observes two
crossovers. Around yV the flow crosses from the fixed point
(6.197) for u to the fixed point (6.199) for λ˜. Subsequently,
it crosses around yIR to the IR-fixed point for v at v = 1.
The UV-fixed point for u is reached in the limit y → 0.
It occurs for (w = w¯ = ξyF /2)
u∗ =
1
2
(
w¯ + bV −
√
(w¯ − bV )2 − 4aV w¯
)
. (6.203)
This fixed point is attractive in the UV-direction. All
solutions of eq. (6.189) that can be extended to y → 0 end
for y = 0 in this fixed point. Consider now the solutions
(6.194) for the region of large y. There is no obstacle to
extending these solutions to y = 0. In particular, the
solution u∞(y) for δ = 0, given by eq. (6.193), can be
continued to y = 0. This particular scaling solution connects
the UV-fixed point (6.203) for y → 0 to the fixed point
(6.192) for y → ∞. In the neighborhood of this solution
we may parametrize the one-parameter family of general
scaling solutions by δ, or, equivalently, by the value of yV .
More generally, all scaling solutions connect the UV-fixed
point (6.203) for y → 0 to the IR-fixed point v = 1 for
y →∞.
For this type of crossover between UV- and IR-fixed
points the model has to be specified by the selection of a
specific crossover trajectory. This is done by the specifica-
tion of the free parameter yV . Furthermore, the location on
the crossover trajectory needs to be fixed. If we associate
k with an intrinsic scale µ¯, the location on the crossover
trajectory will depend on the value of the scalar field χ,
y = χ2/µ¯2. This value may change in the course of the
cosmological history, such that y may effectively depend on
cosmic time.
The integration constant yV can be associated to a rel-
evant parameter at the UV-fixed point for the flow with
µ or k at fixed χ. It specifies the location of change in
the properties of the scalar potential, while yF indicates a
qualitative change in the gravitational interaction. In Fig. 7
we plot ln(v) as a function of ln(y). The two crossovers
at yF and yV are clearly visible. While v decreases ∼ y−1
between yV and yF , it increases ∼ y for y > yF .
The parameter yV can be many orders of magnitude
larger than yF . Cosmology may depend strongly on the
value of yV . For yV ≈ yF the change of the potential
occurs typically during or around the inflationary epoch.
For yV  yF this qualitative change happens at much later
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FIG. 7. Double logarithmic plot of ln(v) vs. ln(y). Parameters
are as in Fig. 6. The two crossovers in v(y) at yF and yV are
clearly visible as changes in the slope. The crossover at yIR to
the IR-behavior ln(v) = 0 (not shown in this figure) occurs once
the curve reaches the axis at large y.
stages of cosmology. The curves in Fig. 6 and Fig. 7 all
correspond to very large values of yV . We will see that for
yV ≈ 1060 the crossover from a constant potential U ∼ µ¯4 to
a potential U ∼ χ4 occurs close to the present cosmological
epoch.
6.13. Quantitative scaling solutions
It is worthwhile to investigate the y-dependence of the
scaling solutions, starting from y = 0 and following the
solutions to y → ∞. We will concentrate here on v(y),
as given by the one parameter family of solutions to the
differential equation (6.188). There are several regions in y
and v(y) where the differential equation (6.188) has simple
analytic solutions. We first consider y → 0 where eq. (6.188)
becomes
∂v
∂ ln(y) = −
1
2βv = 2v −
2
w¯
(
aV
1− v + bV
)
. (6.204)
This equation has two fixed points if
aV <
(w¯ − bV )2
4w¯ , (6.205)
located at
v∗ =
1
2w¯
(
w¯ + bV ±
√
(w¯ − bV )2 − 4w¯aV
)
. (6.206)
For positive c¯V both values v∗ are positive, while for nega-
tive c¯V one fixed point value is negative, the other positive.
The smaller v∗ (with the minus sign in eq. (6.206)) is
attractive for y → 0, the larger one gets approached for
increasing y. We concentrate on the UV-attractive fixed
point. In the vicinity of the fixed point the scaling solution
obeys
∂v
∂ ln(y) = A˜v(v − v∗) , (6.207)
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with
A˜v = −12
∂βv
∂v
∣∣
v∗
= 2− 2aV
w¯(1− v∗)2 = 2−
Au
2 . (6.208)
For the UV-attractive fixed point one has Au ≤ 4 and
therefore A˜v ≥ 0. For y → 0 the behavior is given (for any
v(y) different from the larger v∗) by
v(y) = v∗ + vˆ0yA˜v . (6.209)
The integration constant vˆ0 may be positive or negative.
The corresponding effective potential behaves as
U(χ) = w¯k4v = w¯k4
[
v∗ + vˆ0
(
χ2
k2
)A˜v]
. (6.210)
We observe that for vˆ0 6= 0 the behavior for χ→ 0 is not
analytic unless A˜v happens by accident to be an integer.
Depending on the value of A˜v the derivatives ∂nU/(∂χ2)n
at χ = 0 will diverge for n larger than some critical value.
This is a priori not in contradiction with the existence of an
UV-fixed point, since a well defined scaling solution exists.
Defining (ρ = χ2/2)
λχ =
∂2U
∂ρ2
= 2w¯vˆ0
(
2− Au2
)(
1− Au2
)(χ
k
)−Au
,
(6.211)
we observe large λχ in a range of small χ. In the range of
large λχ our approximation can no longer be trusted. In-
deed, the scalar fluctuations contribute to the flow equation
a term ∼ λ2χ,
∂tλχ = Auλχ − Cχ + dχλ2χ . (6.212)
This assures that λχ cannot diverge in the UV. At the
UV-fixed point λχ is an irrelevant parameter that takes its
fixed point value λ∗ ≈ Cχ/Au. The behavior (6.210) may
still be valid for not too small χ. For very small χ it is
modified, however, such that the non-analyticity is avoided
and λχ reaches its fixed point value.
For large y  yF and small v  1 eq. (6.188) is approxi-
mated by
∂v
∂y
= v
y
− 4 c¯V
ξy2
. (6.213)
This corresponds to eq. (6.195). The solution (cf.
eqs. (6.196), (6.200))
v = 2c¯V
ξy
+ 2δy
ξ
= 2c¯V
ξy
(
1 + y
2
y2V
)
(6.214)
exhibits a minimum of v(y) for
ymin = yV , vmin = v(ymin) = 4
c¯V
ξyV
. (6.215)
For finite yV the scaling v ∼ y continues until v enters
the IR-region where v comes close to one such that the
second term in eq. (6.188) becomes again important. This
happens at yIR, when v(yIR) reaches a value of the order
one. According to eq. (6.214) one infers
yIR =
ξy2V
2c¯V
,
yIR
yV
= 2
vmin
. (6.216)
The extension of the transition region between yV and yIR
can be substantial for large yV or small vmin.
In the transition region between yV and yIR the χ-
dependence of U(χ) is quartic
U(χ) = δχ4 = c¯V
y2V
χ4 ≈ ξ
2v2min
c¯V
χ4 , (6.217)
with a tiny coefficient for large yV . The IR-region will
be discussed below. We note that for all vmin > 0 the
IR-region is necessarily reached at some finite yIR. An
interesting limiting case is vmin = 0. In this case eq. (6.192)
implies for all y  yF a χ-independent scalar potential
U = c¯V k4 . (6.218)
This is the type of scaling function found in refs. [159, 160].
The infrared region is never reached in this case.
The one-parameter family of solutions for large y, small v,
has to be matched to the one-parameter family of solutions
for y → 0. The integration constants yV (or vmin) for
large y and the integration constant vˆ0 for small y are not
independent. The general solution of eq. (6.188) has at
most one free integration constant, such that there must
exist a functional relation expressing vˆ0 as a function of
yV and vice versa. A reasonable interpolation between the
different limits is given for y  yIR by
v¯(y) = 2c¯V
ξ
(
1
y + yF
+ y
y2V
− yF(y + yF )2
)
+ v∗y
2
F
(y + yF )2
.
(6.219)
Formally, one also finds scaling solutions with negative δ
in eq. (6.196). Such an unbounded potential will actually
not be reached by the flow. In particular, the fluctuations of
the scalar χ will prevent an unstable potential. They induce
in k∂kU terms that involve ∂U/∂χ2 and ∂2U/(∂χ2)2. Such
terms have been neglected in the approximation of cV (v)
depending only on v in eq. (6.177). We concentrate in the
following on solutions with δ ≥ 0.
In our simple approximation we have found a one-
parameter family of scaling solutions, with yV or vmin
parameterizing a given solution in this set. Since we have
investigated a first order differential equation (6.188) it is
not surprising that possible solutions depend on one free
integration constant, given by the value of v(y) at some par-
ticular y. In our case we may take vmin which corresponds
roughly to v(y) in the region near yV .
In a more general approach to the functional renormal-
ization flow one will encounter several (in principle even
infinitely many) functions as v(y), w(y), B(y), C(y) etc.
The system of nonlinear differential equations for the scal-
ing solution typically involves these functions as well as
their first and second derivatives. Local solutions of these
differential equations will therefore depend on many free
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parameters. One expects that only a family of solutions
with a finite number of parameters remains consistent in
the whole range of y between zero and infinity.
This issue is related to the number of relevant parameters
at the UV-fixed point. For any fixed χ the UV-limit corre-
sponds to y → 0. The number of “free” initial conditions at
very small y is therefore bounded by the number of relevant
parameters at the UV-fixed point. This is the maximal
number of parameters whose values are not predicted by
the presence of the fixed point. It is also the maximum of
the number of free parameters that characterize the family
of scaling solutions.
6.14. Infrared quantum gravity
One often assumes that for momenta much below the
Planck mass the fluctuations of the graviton can be ne-
glected. In this naive picture gravity becomes classical
below the Planck scale, and quantum gravity matters only
near and above the Planck scale. In the functional renor-
malization group flow we can restrict cV to the pure con-
tributions of the traceless transverse tensor mode in the
metric, omitting the contributions from other particles, e.g.
omitting the dots in eq. (6.178). According to the naive
picture the flow of the potential should then stop for large
y, where M2(χ) is much larger than k2. We have seen that
this is not the case.
First of all, a decoupling of graviton fluctuations arises
from the smallness of the graviton induced interactions, not
by decoupling of a heavy particle. The graviton is a light
particle on all scales. The leading contribution to the flow
of the potential U(χ) does not involve interactions. All
massless particles give contributions to ∂tU of the order k4
- only the degrees of freedom count, not the interactions.
If mass terms play no role, the overall strength of the
contribution from graviton fluctuations is of the same order
as the one from photon fluctuations. Contributions from
particles with mass mk are for small k of the order k6/m2k
and therefore suppressed by a factor k2/m2k as compared
to massless particles. In flat space the graviton propagator
involves a mass term
m2g = −
2V
M2
, (6.220)
as visible from eq. (6.20) for Rk = 0,
Gg(q2) =
4
M2
(
q2 − 2V
M2
)−1
. (6.221)
For a negative cosmological constant V the mass term m2g
is positive, explaining the suppression factor (−v)−1 in
`0(−v), cf. eq. (6.31).
The central ingredient for the possible importance of
graviton fluctuations far below the Planck scale is the ob-
servation that a positive cosmological constant V entails
in flat space a tachyonic negative mass term m2g < 0. This
renders perturbation theory for gravity in flat space un-
stable for all V > 0. Functional renormalization tames
this instability by the presence of the cutoff term Rk in
eq. (6.20). As long as (−m2g) does not exceed the minimum
of Pk(q) = q2 +Rk(q) the momentum integral remains well
defined even for m2g < 0. The result is an enhancement
in `0(−v) for v > 0. As v increases, this enhancement
can become very strong. Thus for positive V the graviton
fluctuation effect on the flow of V is no longer of similar
strength as the effect from photon fluctuations. Graviton
fluctuations are enhanced as compared to photon fluctua-
tions. As 2V/M2 approaches the minimum of Pk(q2) the
graviton fluctuation become the dominant contribution to
the renormalization of V .
The same arguments extend from a constant V to a
χ-dependent potential U(χ). For the overall size of renor-
malization effects of the potential the graviton fluctuations
are at least as important as the other fluctuations, and
even dominate for positive U if v(χ) = 2U(χ)/(M2(χ)k2)
comes close to the minimum of Pk. This effect does only
depend on the ratio U/M2 which determines the mass term
in the graviton propagator. A different question concerns
the field dependence of the potential. For this issue the
interactions play a role and gravitational fluctuation effects
are suppressed by powers of k2/M2. They are negligible
below the Planck scale unless compensated by a very strong
enhancement factor due to the closeness of the instability.
In our previous discussion we have taken the enhancement
of the graviton fluctuations into account by the pole struc-
ture of the threshold function `0(w˜) in eq. (6.165). We will
investigate here more closely the behavior of the threshold
function `0(w˜) in the region of strong enhancement for neg-
ative w˜ [78, 163]. According to the definition (6.26) it will
depend on the precise shape of the cutoff function Rk(q2).
Suitable Rk decay fast for q2 > k2 such that the high mo-
mentum behavior is not affected, lead to Pk = q2 +Rk with
a minimum near q2 = k2, and an increase for q2 → 0 such
that the low momentum modes are suppressed efficiently.
For this general shape of Rk the function p(x) in eq. (6.27)
has a minimum at x¯, with p(x¯) = p¯. Expanding in this
region
p(x) = p¯+ a(x− x¯)2 , (6.222)
and approximating
f(x)r(x) ≈ f(x¯) r(x¯) = 2s¯ , (6.223)
one finds for v in the vicinity of p¯
`0(−v) = pix¯s¯√
a
(p¯− v)− 12 . (6.224)
For v close to p¯ this accounts for a strong enhancement of
the graviton fluctuations ∼ (p¯− v)−1/2. In this region the
graviton fluctuations dominate the flow of v according to
k∂kv = βv = −(2 + ηM )v + e¯k
2
M2
(p¯− v)− 12 , (6.225)
with
e¯ = 5x¯s¯8pi
√
a
, ηM =
∂ ln(M2)
∂ ln(k) . (6.226)
Due to the strong enhancement factor the function βv
is always positiv for v close to p¯. As a result, v decreases
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FIG. 9. Flow of v for differential initial values. As k is lowered,
the infrared value v = 1 is always approached. From ref. [78].
with decreasing k in this region. For v < p¯ this means that
v moves away from the singularity at p¯. In other words, if
the flow initially starts in the region without instability, e.g.
v < p¯, the flow of v can never reach the instability. The
instability is “repulsive” - the flow equations account for
the simple property that a stable microscopic theory will
not lead to an unstable macroscopic theory. In the case of
gravity this has been called [78, 163] the “graviton barrier”:
the dimensionless quantity v can never exceed the value p¯.
Details of the IR-cutoff function will influence the precise
shape of the barrier effect, e.g. the value of p¯, and possibly
also the power of the singularity, e.g. turning (p¯−v)−1/2 to
(p¯− v)−1 [78]. For a large class of suitable cutoff functions
this does not influence the existence of the barrier.
The behavior (6.225) close to the singularity holds for
arbitrary functions v(χ) and arbitrary M2(χ) or w(χ) =
M2(χ)/2k2. If the graviton enhancement occurs in the re-
gion whereM2(χ) is almost independent of k we can neglect
ηM . In this region the flow equation for v(χ) becomes
k∂kv = βv = −2v + e¯2w (p¯− v)
− 12 . (6.227)
We show βv for different values of e¯/w and p¯ = 1 in Fig. 8.
We observe that the zero of βv moves closer to p¯ as w
increases. This shows that the stronger suppression by
larger w, or smaller k2/M2, has to be compensated by a
stronger enhancement, as provided by a value of v closer to
the instability. For a solution of the flow equation (6.227),
with w ∼ k−2, one finds that the zero of βv is approached
rapidly
v = p¯−
(
e¯k2
2p¯M2
)2
, (6.228)
or
U = p¯k
2M2
2 −
e¯2k6
8p¯2M2 . (6.229)
Even though the zero of βv is not an exact partial fixed
point because of the k-dependence of w, it can be treated to
a good approximation as a k-dependent partial fixed point.
We show the k-dependence of v according to the solution
of eq. (6.227) in Fig. 9.
For small values of k2/M2 the ratio U/M2 comes very
close to the universal IR-value
U
M2
= p¯k
2
2 . (6.230)
The dimensionless ratio U/M4 approaches zero for k → 0,
U
M4
= p¯k
2
2M2 =
p¯
4w . (6.231)
In dilaton quantum gravity, withM2 = ξχ2 for large χ2/k2,
the graviton barrier has an important consequence for the
behavior of the potential at large χ. The effective potential
cannot increase faster than χ2. If the region of a strong
graviton enhancement is reached, the asymptotic behavior
is quadratic in χ
Uas =
1
2 p¯ξk
2χ2 . (6.232)
Only potentials that are smaller than Uas are allowed. For
the example of a χ-independent potential U ∼ k4 the region
of strong graviton enhancement is never reached. We will
see that the bound (6.232) for the increase of U with large
χ has important consequences for the cosmological constant
problem.
The graviton enhancement plays also an important role
for the behavior of the scaling solution of dilaton quantum
gravity as y → ∞. For y > yIR the function cV (v) is
dominated by the enhanced graviton contribution
cV (v) ≈ 564pi2 `0(−v) ≈
e¯
2(p¯− v)
− 12 , (6.233)
such that the scaling equation for v(y) becomes
∂v
∂ ln(y) = v −
2cV (v)
w
= v − e¯2ξy (p¯− v)
− 12 . (6.234)
Similar as for the k-dependence before, v is rapidly attracted
to a y-dependent partial fixed point at v close to p¯. Equating
the two terms on the r.h.s. of eq. (6.234) yields
v(y) = p¯−
(
e¯
2ξp¯y
)2
= p¯−
(
e¯k2
2p¯M2
)2
, (6.235)
in agreement with eq. (6.228).
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6.15. Crossover in quantum gravity
For the scaling solution the overall behavior of the scalar
potential as a function of χ at fixed k is a crossover from an
UV-fixed point for χ→ 0 to an IR-fixed point for χ→∞.
The behavior for χ → 0 resembles Einstein gravity with
constant U ∼ k4. On the other end the IR-behavior for χ→
∞ is given by the fixed point behavior of infrared quantum
gravity, with U ∼ k2χ2. An exception is the particular
scaling solution for yV → ∞, for which the potential for
χ → ∞ is flat, U ∼ k4. The crossover between the two
fixed points may occur in several steps. The first crossover
scale may be in the gravitational sector at yF , when the
Planck mass starts to be independent of k, proportional to
χ. Correspondingly, the potential turns from the behavior
at small χ, U ∼ k4(1 + cχ4−A) again to a behavior U ∼ k4
but now with a different coefficient
U = c¯V k4 . (6.236)
This behavior may extend to a large range in y = χ2/k2, un-
til for χ2 > yV an increase ∼ χ4 joins finally the asymptotic
increase which is quadratic, U ∼ k2χ2.
For the observable dimensionless ratio λ˜ = U/M4 the
crossover in the scaling solution is an example of the sit-
uation discussed in sect. 4.5 if we replace k by µ. For all
values of χ scale symmetry is an exact symmetry if the µ-
dependence of interactions obeys the scaling solution. Here
µ is some physical IR-cutoff, arising from external momenta
or a curved geometry.
We have encountered a one-parameter family of scaling
solutions, parameterized by the value yV at which the tran-
sition from U ∼ k4 to U ∼ χ4 occurs. So far, we have
implicitly assumed that every one of these solutions can
be realized, in combination with an appropriate scaling
function for M2(χ)/k2 and other quantities. This is not
guaranteed. The flow equation for w = M2(χ)/(2k2) de-
pends on u = U(χ)/k4. As a result, there will be a different
scaling solution w∗(y) for every yV , if it exists at all. It is
well conceivable that scaling solutions exist for a certain
range of yV , and not outside this range. It is possible that
these restrictions are so strong, that out of the family of
candidate scaling solutions a single one is selected, or even
none exists.
In this respect we observe the existence of two classes of
scaling solutions with a very different behavior of u and v
for χ→∞. The first class consists of the single particular
scaling solution for yV → ∞. In this case the behavior
u = c¯V , U ∼ k4 remains valid for all χ→∞. We call this
solution the “flat scaling solution”. For M2(χ) ∼ χ2 the
flat scaling solution implies limχ→∞ v = 0. For all other
candidate scaling solutions one has the asymptotic behavior
U ∼ χ2 and v → 1 for χ→∞. These solutions with a finite
value of yV are called “non-flat scaling solutions”. Imagine
now that an accompanying scaling solution w∗(y) exists for
the non-flat scaling solutions only in a range of large y, but
cannot be extended to y → 0. In this case the solutions
with finite yV are not true scaling solutions associated to
the UV-fixed point. The only remaining scaling solution is
the flat scaling solution in this case. It would be singled out
by the absence of scalar self interactions and mass terms
for χ → ∞. This is precisely the type of scaling solution
found by the numerical solution of coupled quantum gravity
flow equations in the investigation of dilaton gravity in
refs. [159, 160].
In the limit k → 0 the potential simply vanishes for the
flat scaling solution. For a realistic phenomenology one
needs deviations from the scaling solution due to a relevant
coupling. This relevant coupling can be the value of the
flat potential for large y. For the flat scaling solution the
value of v is tiny for large y, decreasing for large y as
v = 2c¯V
ξy
. (6.237)
We can approximate v = 0 in the threshold function for
the gravitational coupling, such that flow equation for U
simply becomes
∂tU =
(Neff + 2)k4
32pi2 = 4c¯V k
4 , (6.238)
with Neff accounting for the particle degrees of freedom
that are effective at a given k (for details see sect. 6.16). A
particular solution is given by
U = c¯V
(
k4 + µ¯4
)
, (6.239)
where the first term corresponds to the flat scaling solution,
and the second involves an intrinsic mass scale µ¯ reflect-
ing the presence of a relevant parameter. For k → 0 the
potential becomes for large χ simply constant,
lim
k→0
Uk(χ) = c¯V µ¯4 . (6.240)
In the large χ range the flow stops effectively at kf = µ¯.
The potential for k → 0 obtains from the scaling solution
at k = kf .
Other possibilities for the appearance of an intrinsic mass
scale are conceivable as well. For example, the flow of the
non-flat scaling solution may stop effectively at some scale
k = µ¯. We can then use the scaling solution where k is
replaced by an intrinsic mass scale µ¯. In this case scale
symmetry is explicitly broken by the scale µ¯. Nevertheless,
for χ→ 0 and χ→∞ the coupling λ˜ becomes independent
of the scale µ¯. At the corresponding UV- and IR-fixed
points scale symmetry becomes again an exact symmetry,
as depicted in fig. 3. Furthermore, for large yV we observe a
large range in y where λ˜(y) is independent of k and therefore
of µ¯. We may associate this range with an approximate
fixed point. Scale symmetry holds to a good approximation.
One may quantitatively measure the violation of scale
symmetry in the gravitational sector by the scale depen-
dence of the dimensionless ratio
λ˜(χ) = U(χ)
M4(χ) =
k2v(χ)
2M2(χ) . (6.241)
Replacing k by µ¯ one finds for the range y . yF from
eq. (6.206)
λ˜ =
v∗ + vˆ0
(
χ2
µ¯2
)2−Av2
4w¯ + 2ξχ2/µ¯2 . (6.242)
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Thus λ˜ becomes indeed independent of µ¯ in the limit χ→ 0,
such that scale symmetry is realized,
λ˜ = v∗4w¯ =
u∗
4w¯2 . (6.243)
As y = χ2/µ¯2 increases, the scale symmetry violation as-
sociated to a relevant parameter increases. In the range
yF . y . yV , with
λ˜ = vminµ¯
2
2ξχ2 +
2c¯V µ¯4
ξ2χ4
, (6.244)
the relative change of λ˜ is substantial, but λ˜ itself decreases
rapidly to tiny values as χ increases. For yV . y . yIR the
dimensionless ratio λ˜ stays at a constant value
λ˜ = δ
ξ2
= c¯V
ξ2y2V
= v
2
min
c¯V
. (6.245)
This can be a very small number for large yV . For example,
yV ≈ 1060 implies λ˜ ≈ 10−120. In the range y > yV
scale symmetry is again realized to a good approximation.
Finally, for y & yIR one finds the flow towards the IR-fixed
point at λ˜ = 0,
λ˜ = p¯µ¯
2
2ξχ2 . (6.246)
We encounter three (approximate) fixed points for λ˜, given
by eqs. (6.243), (6.245) and λ˜ = 0. They are connected by
two crossovers.
After Weyl scaling the cosmological constant in the Ein-
stein frame is given by λ˜M4. The flow of λ˜ towards zero
is therefore of key importance for the understanding of
the cosmological constant problem. So far, the theoretical
understanding both of the possible scaling solutions and
the deviations from the scaling solution by relevant parame-
ters is still insufficient. Nevertheless, important qualitative
insights are already available. The resulting consequences
for cosmology will be discussed in sects. 7.6, 7.8.
6.16. Flow of effective scalar potential in quantum
gravity
The effective potential for scalar fields plays a central
role in particle physics and cosmology. For particle physics
it determines the physics of electroweak symmetry breaking
and the Higgs boson. Extensions of the standard model
as grand unification need the effective potential for scalar
fields as a central ingredient for the spontaneous breaking of
the grand unified symmetry. In cosmology, both the physics
of inflation and dynamical dark energy are determined
by the scalar potential. We address here the functional
renormalization group flow of the effective scalar potential
U(ϕ) including the effect of gravitational fluctuations.
The general flow generator ζ˜ for the dependence of U on
the IR-cutoff scale k can be split into contribution from the
graviton (p˜i2), physical scalar fluctuations (p˜is), a measure
contribution (gauge fluctuations of the metric and ghosts)
related to diffeomorphism symmetry (η˜), as well as further
contributions from gauge bosons (p˜ig) and fermions (p˜if ),
∂tU = k∂kU = ζ˜ = p˜i2 + p˜is + η˜ + p˜ig + p˜if . (6.247)
We employ here a physical gauge fixing which acts only on
the gauge fluctuations of the metric [77] and a corresponding
decomposition of the metric fluctuations into physical and
gauge fluctuations [264]. For simplicity, we also take the
Litim infrared cutoff function [265].
Close to the UV-fixed point the dominant contribution
to the field-dependence is generated by the graviton fluc-
tuations. With the Litim cutoff the graviton contribution
reads [78]
p˜i2 =
5
24pi2
(
1− ηg8
) k4
1− v , (6.248)
with
v(ρ) = 2U(ρ)
F (ρ)k2 . (6.249)
Here we employ the truncation
Γk =
∫
x
√
g
(
U(ρ)− 12F (ρ)R+ . . .
)
(6.250)
where U and F depend on appropriate invariants ρ formed
from scalar fields. Eq. (6.248) corresponds to eq. (6.26) for
`0(w˜) =
1
2(1 + w˜) . (6.251)
The field dependent Planck mass M2(χ) is generalized to
F (ρ). We choose the IR-cutoff in the metric sector to be
proportional to F (ρ). For k-dependent F (ρ) this entails a
contribution to ∂tRk, that we parametrize by
ηg(ρ) = −∂t ln
(
F (ρ)
k2
)
= −∂t ln(w) , w = F2k2 .
(6.252)
(For F (ρ) independent of k one has ηg = 2, recovering
eq. (6.155).) Eq. (6.248) also holds for more general trun-
cations, provided we approximate the graviton propagator
by eq. (6.221) with V → U(ρ), M2 → F (ρ).
The scalar contribution mixes the physical scalar fluctua-
tion in the metric with fluctuations of scalars not associated
to the metric. For the example of N real scalars ϕa with
O(N) symmetry one finds [258]
p˜is =
k4
24pi2
[(
1− ηg8
)
(1 + u′ + 2ρ˜u′′)
+ 34
(
1− ηφ6
)(
1− v4
)]
×
[(
1− v4
)
(1 + u′ + 2ρ˜u′′) + 3ρ˜(u
′)2
2w
]−1
+
(N − 1) (1− ηφ6 )
32pi2(1 + u′) . (6.253)
Here we employ ρ = 12
∑N
a=1 ϕ
2
a,
ρ˜ = Zϕρ
k2
, u(ρ˜) = U(ρ)
k4
, (6.254)
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where Zϕ is the scalar wave function renormalization (coef-
ficient of kinetic term) and ηφ = −∂t ln(Zφ). Primes denote
derivatives with respect to ρ˜. The measure term takes the
simple form [258]
η˜ = − 18pi2 . (6.255)
The contribution of gauge boson fluctuations takes the
form
p˜ig =
k4
32pi2
NB∑
i=1
(
3
1 + w(B)i
− 1
)
. (6.256)
The sum extends over the different gauge bosons, with
total number NB. The first term arises from the physical
fluctuations. The threshold function involves the masses
of the gauge bosons Mi(φ) in presence of constant scalar
fields φ,
w
(B)
i =
M2i (φ)
k2
. (6.257)
These masses are proportional to the gauge couplings,M2i =
g2i ai(φ), with ai(φ = 0) = 0. The second contribution is
the measure contribution associated to the local gauge
symmetry, employing the physical Landau gauge. Finally,
the fermion contribution is negative
p˜if = − k
4
16pi2
Nf∑
j=1
1
1 + w(F )j
, (6.258)
with
w
(F )
j =
M2j (φ)
k2
(6.259)
and fermion masses Mj(φ) involving Yukawa couplings.
The sum extends over Nf Weyl or Majorana fermions. In
the limit of vanishing gauge and Yukawa couplings one has
the simple relation
p˜ig + p˜if =
k4
16pi2 (NB −NF ) . (6.260)
The flow near the UV-fixed point is dominated by the
gravitational fluctuations if gauge, Yukawa and quartic
scalar couplings are small close to the fixed point. This holds
except for an overall additive constant that we denote by
V = U(ρ = 0). In the limit of vanishing matter interactions
and for ρ˜(u′)2  F˜ one obtains
∂tU =
k4
24pi2
(
1− ηg8
)( 5
1− v +
1
1− v4
)
+ (N − 4)k
4
32pi2 ,
(6.261)
with
N = NS + 2NB − 2NF , (6.262)
and NS the total number of scalar fields, e.g. NS = N
for O(N)-models. From eq. (6.261) we can extract the
quantitative values for the ansatz used in eq. (6.187), namely
aV =
5
96pi2
(
1− ηg8
)
= 5fη128pi2 ,
bV =
1
128pi2
(
N − 4 + 43
(
1− ηg8
))
, (6.263)
where ηg is taken as constant in the range of interest. We
observe that the neglected mixing between the gravitational
scalar and other scalars concerns only subleading degrees
of freedom. Furthermore, it vanishes for
3ρ˜(u′)2  2w
(
1− v4
)
(1 + u′ + 2ρ˜u′′) . (6.264)
This is well obeyed for ranges of an almost flat potential,
u′ → 0, as well as close to the origin, ρ˜→ 0. For u′ = λcρ˜,
w = ξρ˜/2 the inequality (6.264) reads
3λ2c ρ˜3  ξρ˜ (1 + 3λcρ˜) , (6.265)
which is well obeyed in the range λcρ˜ ξ relevant for the
discussion in sect. 6.12, 6.13. Errors due to deviations from
the approximation (6.187) are small.
The flow for the field – dependence of the potential ob-
tains by taking a derivative of the flow equation (6.261),
∂t
(
∂U
∂ρ
)
= A
[
∂U
∂ρ
− U ∂ ln(F )
∂ρ
]
, (6.266)
with
A =
(
1− ηg8
)
96pi2w
[
20
(1− v(ρ))2 +
1
(1− v(ρ)4 )2
]
. (6.267)
(A similar relation holds replacing ∂/∂ρ by ∂/∂ϕa.)
For v(ρ) > 0 the graviton contribution (first term in
eq. (6.264)) dominates the scalar contribution (second term
in eq. (6.264)) by more than a factor 20. This justifies the
graviton approximation advocated in ref. [78]. If one can
further neglect the contribution from ∂ ln(F )/∂ρ the flow
equation for the derivative is simply governed by the gravity
induced anomalous dimension A
∂t
(
∂U
∂ρ
)
= A∂U
∂ρ
. (6.268)
In this limit any ρ-dependence of U flows to zero for A > 0.
The fixed point potential becomes flat for k → 0.
The quantum gravity induced anomalous dimension A
is positive. Typically, it is found to be of the order one
close to the UV-fixed point where w(ρ) 1 compensates
the suppression factor 1/(2pi2). This has an important
consequence for quantum gravity predictions for the scalar
sector. The second ρ-derivative of U defines the quartic
scalar coupling
λ = ∂
2U
∂ρ2
. (6.269)
Taking the derivative of eq. (6.266) yields the flow equation
∂tλ = βλ = Aλ− C , (6.270)
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with
C =
(
A
∂ ln(F )
∂ρ
− ∂A
∂ρ
)
∂U
∂ρ
+AU ∂
2 ln(F )
∂ρ2
. (6.271)
In the limit where the λ-dependence of C is small eq. (6.270)
has a simple fixed point
λ∗ =
C
A
. (6.272)
The critical exponent at the fixed point is negative
θλ = −∂βλ
∂λ
∣∣
λ∗
= −A , (6.273)
such that a quartic coupling is an irrelevant parameter.
This leads to a central quantum gravity prediction for
particle physics [79, 258]. If quantum gravity is asymp-
totically safe, all quartic scalar couplings vanish at the
UV-fixed point. Indeed, the computation of the gravita-
tional contribution to the flow of a scalar coupling does
not use any particular choice of scalar fields or particu-
lar quartic coupling. Models with many scalar fields as
grand unified theories exhibit many different quartic scalar
couplings. The gravity induced anomalous dimension A is
universal for the flow of all quartic couplings λi
∂tλi = Aλi − Ci . (6.274)
A more complete discussion does not change this simple
finding. This is based on the observation that typically
Ci are small quantities, while A is of the order one. The
fixed point values λi∗ = Ci/A therefore occur for very small
values λi∗. In principle, one needs the full stability matrix
Tij in eq. (2.58). For the sector of quartic couplings the
stability matrix is to a good approximation diagonal, with
diagonal elements given by −A,
Tij = −Aδij − ∂A
∂gj
λi∗ +
∂Ci
∂gj
, (6.275)
with arbitrary other couplings gj (for example including
ξ = ∂F/∂ρ) and the derivative in eq. (6.275) evaluated at
the fixed point. The second term on the r.h.s. is small since
λi∗ is small, and third because Ci and ∂Ci/∂gj are small.
Also the dependence of the flow of gj on λi (reflected by
Tji) is typically small. Small off-diagonal terms contribute
then only quadratically to the eigenvalues, such that the
leading correction may arise from ∂Ci/∂λi (no sum over i)
θi = −A+ ∂Ci
∂λi
. (6.276)
This small correction does not affect the conclusion that all
quartic scalar couplings are irrelevant. Their fixed point
values are typically very small, and may be set to zero to a
good approximation.
6.17. Quantum gravity predictions for the Higgs
potential
As discussed in sect. 3.4, renormalizable couplings of the
standard model that correspond to irrelevant couplings at
the UV-fixed point can be predicted. The quartic coupling
characterizing the self-interaction of the Higgs scalar is
irrelevant. Its fixed point value sets the initial value for the
flow in the effective low energy theory. Following the flow
in the low energy theory down to the Fermi scale yields the
quartic coupling at the Fermi scalar which determines the
mass of the Higgs boson
MH =
√
2λHϕ0 , (6.277)
with ϕ = √ρ0 the Fermi scale. With the assumption that
the low energy flow of λH is well approximated by the
standard model the mass of the Higgs boson mass has been
predicted [79] to be 126GeV, with a few GeV uncertainty.
The range of this prediction agrees well with the experimen-
tally observed value MH = 125.15GeV [80, 81].
6.17.1. Quartic scalar coupling
In the flow equation (3.3) we can use AH = A as given
by eq. (6.267). We approximate
F = M2(χ) + ξHh†h+ M˜2k2 , (6.278)
where the “low energy Planck mass” M(χ) may depend
on the value of a scalar singlet field χ. The last term in
eq. (6.278) reflects the UV-fixed point, F/k2 → M˜2 for
k →∞ (at fixed χ). We neglect the dependence of v and
ηg on h†h. The flow equation for λH is then approximated
by
∂tλH = AλH − CH = AλH − C(gr)H − C(p)H , (6.279)
with
A = k
2
48pi2(M˜2∗k2 +M2)
(
1− M
2
4(M2 + M˜2∗k2)
)
×
(
20
(1− v)2 +
1
(1− v/4)2
)
, (6.280)
and
C
(gr)
H =
2AξH
F
m2H −
ξ2HAv
4w , (6.281)
where the mass term is given by
m2H =
∂U
∂(h†h) . (6.282)
The contribution from particle fluctuations (fermions,
scalars, gauge bosons) arises from p˜i′s + p˜if + p˜ig, where
for p˜i′s the contribution of the scalar metric fluctuation is
subtracted from p˜is. In the one loop approximation C(p)H is
given by eq. (3.4). For the standard model alone (without
additional contributions from metric and other particle
fluctuations) one has
C
(p)
H = −β(SM)λ (6.283)
≈ − 116pi2
{
12λ2H + 12y2t λH − 12y4t +
9
4g
2
2
+ 910g
2
2g
2
1 +
27
100g
4
1 −
(
9g22 +
9
5g
2
1
)
λH
}
,
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where β(SM)λ is the β-function of the standard model and
the approximate value corresponds to the one-loop approx-
imation where only the top-quark Yukawa coupling yt is
taken into account, with g2 and g1 the gauge couplings of
SU(2) and U(1). (We have included in C(p)H small contri-
butions ∼ λH to the anomalous dimension from particle
loops.)
The k-dependence of F divides the flow into two regimes.
For the high energy regime k  kt the term M˜2∗k2 dom-
inates F , while for the low energy regime k  kt the
coefficient F becomes independent of k. The transition
scale is determined by
k2t =
M2
M˜2∗
, w = M˜
2
∗
2
(
k2t
k2
+ 1
)
. (6.284)
If M2 is dominantly a field independent constant the tran-
sition scale indicates a crossover where the UV-fixed point
region is left and scale invariance is no longer valid. In
contrast, for M2 = χ2 and has kt ∼ χ. Scale invariance is
not broken.
For the high energy regime one has ηg = 0 and A be-
comes independent of k. While the dependence of v on h†h
can be neglected, v still may depend on χ. For the Higgs
potential one is interested in the value of χ relevant for
present cosmology. In this case M(χ) equals the observed
Planck mass. For a positive effective particle number N one
finds v > 0 in the high energy regime. A discussion of the
value of v at the fixed point and a quantitative estimate of
A in dependence on M˜2∗ can be found in ref. [258]. In the
high energy regime the ratio m2H/F is typically very small
(see below). The second term in eq. (6.281) dominates. It
is negative for v > 0. The particle contribution C(p)H is
negative if gauge bosons and scalars dominate, and posi-
tive if fermions dominate. Gauge couplings g and Yukawa
couplings y may either be irrelevant and determined by a
fixed point with nonzero g2∗ and y∗ [130]. As an alternative,
the matter sector may be asymptotically free, with g and
yt being relevant couplings. In this case g2 and yt increase
with k. Given the small observed values, this increase is,
however, rather slow. To a good approximation one finds a
“sliding partial fixed point” for λH , where CH in eq. (6.272)
depends weakly on k through the k-dependence of g and y.
For CH < 0 the fixed point occurs for a negative value
λH∗. For small enough |λH∗| this does not indicate an
instability of the potential. Indeed, a Taylor expansion in
powers of h†h is only valid for small enough h†h. For large
h†h the fixed point potential does no behave as λH(h†h)2/2.
It rather saturates at a field independent value, U ∼ k4.
Indeed, for h†h→∞ some of the gauge bosons and fermions
simply decouple – they no longer contribute to p˜ig + p˜if
because of the suppression by their mass terms. In this
limit the structure of the flow equation is again given by
eq. (6.261), with N replaced by an effective number of
particles that remain light for h†h→∞.
For the low energy regime the contribution of the metric
fluctuations to the flow of U can be neglected except for
a field-independent constant. The flow of λH is given by
the β-function of the low energy effective theory. Since
the non-gravitational couplings are small, the latter can
be computed in perturbation theory. As a simple approxi-
mation we consider a scenario where the flow for k < kt is
given by the flow in the standard model. The “initial value”
λH(kt) is set by the fixed point of the high energy flow,
e.g. λH(kt) = CH/A. Corrections to this scenario from
a better resolution of the transition from the high- to the
low-energy regime, including a possible grand unification,
will be treated as “threshold effects” and discussed later.
The standard model flow of λH is strongly influenced by
the flow of the top quark Yukawa coupling, which obeys
∂tyt =
1
16pi2
{
9
2y
3
t −
(
8g23 +
9
4g
2
2 +
17
20g
2
1
)
yt
}
, (6.285)
with g3, g2, g1 the gauge couplings of SU(3), SU(2) and
U(1), respectively. The ratio λH/y2t is attracted towards an
approximate partial IR-fixed point [15, 73, 266], according
to
∂t
(
λH
y2t
)
= 3y
2
t
4pi2
{(
λ
y2t
)2
+ 14
(
λ
y2t
)
− 1
+ δ
(
λ
y2t
)
+ η
}
, (6.286)
with
δ =
(
4
3g
2
3 −
3
8g
2
2 −
1
120g
2
1
)
/y2t ,
η =
(
3
16g
4
2 +
3
40g
2
2g
2
1 +
9
400g
4
1
)
/y4t . (6.287)
In practice, η = 0.067 is small and δ ≈ 1.9 may be approxi-
mated by a constant, reflecting the slow evolution of y2t /g23 .
For constant δ and η the fixed point occurs for(
λH
y2t
)
∗
= 18
{√
65 + 8δ + 16δ2 − 64η − 1− 4δ
}
= x0
(6.288)
recovering the result of ref. [15] for δ = η = 0. Inserting for
δ the value at the Fermi scale, δ ≈ 1.9, one finds x0 ≈ 0.37.
In this approximation the fixed point ratio between Higgs
scalar mass and top quark mass
MH
mt
=
√
2x0 = 0.86 (6.289)
is not very for from the observed value, MH/mt = 0.722.
For η = 0 and constant δ the flow equation for
x = λH
y2t
(6.290)
takes the form
∂sx = (x− x0)(x− x1) , (6.291)
with variable s defined by
ds
dt =
3y2t
4pi2 , (6.292)
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where
x0 + x1 = −14 (1 + 4δ) ≈ −2.15 . (6.293)
The solution is similar to eqs. (3.6), (3.7), with t replaced
by s. Any interval of high energy couplings, say x(kt)
between zero and infinity, is mapped at the Fermi scale
to a corresponding infrared interval [15]. In our case we
start with x(kt) ≈ 0. At the Fermi scale, one therefore
predicts x and the corresponding ratio MH/mt close to
the lower bound of the IR-interval. This has led to the
prediction MH = 126GeV, with a few GeV uncertainty.
The uncertainty is due to threshold effects, higher loops,
and the precise relation between the observed masses mt
and MH and the “running masses” at the Fermi scale.
6.17.2. Prediction for the mass of the top quark
The flow equation for the standard model have been
computed to three loop order. We may define a benchmark
solution xB(k) by the solution of the three-loop β-function
with initial condition of vanishing λH at the Planck scale
xB(k = M) = 0 . (6.294)
The result for the ratio of pole masses is [267–269]
MH
mt
= 0.730 . (6.295)
For the measured value MH = 125.15GeV the benchmark
solution predicts for the top quark a pole mass
mt = 171.5 GeV . (6.296)
The translation of this mass to the top quark mass as
measured by experiment, mt ≈ 173GeV, may still involve
a few GeV uncertainty [270].
By fixing the value of λH(kt) quantum gravity predicts
the ratio of Higgs boson mass over top quark mass. At
present, the mass of the Higgs scalar, MH = 125.15GeV,
is better known than the mass of the top quark. We may
therefore turn the original prediction [79] of the Higgs scalar
mass around and predict the value of the mass of the top
quark, given the measured value ofMH . The prediction will
to some extent depend on the assumptions about particles
with mass smaller than kt. In order to pin down uncertain-
ties we will employ the benchmark solution and consider
small deviations from it.
We linearize in small deviations from the benchmark
solution
y = x− xB , ∂sy = Ayy . (6.297)
The anomalous dimension
Ay = 2xB − x0 − x1 = 2xB + 14 + δ (6.298)
is positive, Ay > 0. As a result, neighboring solutions are
attracted towards the benchmark solution as k is lowered.
For an estimate how a small deviation from the benchmark
solution at some given scale kin is reflected in a change of
x at the Fermi scale, we need neither a high precision for
Ay nor non-linear effects in δ. For this estimate no full
three-loop running is necessary. It is sufficient to use in
eq. (6.298) for xB(k) the one-loop result. This provides for
a simple method of computing changes in the prediction for
mt due to threshold effects, e.g. values of λH(kt) different
from zero, values of kt different from M , and the precise
crossing of the threshold near kt. Also effects of possible
intermediate scales between kt and the Fermi scale can be
estimated in this way.
The benchmark solution obeys in one loop order
eq. (6.291), with solution
xB(k) =
x0 + fx1
1 + f , (6.299)
where (|x1| = −x1)
f(k) = x0|x1| exp {(x− x0)∆s(k)} (6.300)
and
∆s(k) = s(k)− s(kt) = − 34pi2
∫ 0
ln(k/kt)
dt y2t (t) . (6.301)
This yields
Ay = (x0 − x1)1− f1 + f = (x0 − x1)g . (6.302)
The solution of eq. (6.297) takes the form
y(k) = y(kin)
(
k
kin
)(x0−x1)g¯
, (6.303)
with average g¯
g¯ = 1
ln
(
kin
k
) ∫ 0
ln(k/kin)
dt g(t)
= 1
ln
(
kin
k
) ∫ 0
ln(k/kin)
dt 1− f(t)1 + f(t) . (6.304)
With positive g¯, and positive x0 − x1,
x0 − x1 = 14
√
65 + 8δ + 16δ2 − 64η ≈ 2.89 , (6.305)
the deviation from the benchmark solution y(k) is smaller
than the initial deviation y(kin) if k < kin.
We are interested in the change of masses at the Fermi
scale and therefore in y(ϕ0). We define
y(ϕ0) = R¯(kin)y(kin) , (6.306)
with
R¯(kin) =
(
kin
ϕ0
)−(x0−x1)g¯(kin)
, (6.307)
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and
g¯(kin) =
1
ln(kin/ϕ0)
∫ 0
ln(ϕ0/kin)
dt 1− f(t)1 + f(t) . (6.308)
For a numerical value one has R(M) = 0.032.
A change ∆λH at kin results for the observed top quark
mass in a change
∆mt = −R(kin) ϕ
2
0
M2H
mt∆λ(kin) (6.309)
with “reduction factor”
R(kin) = R¯(kin)
y2t (ϕ0)
y2t (kin)
≈ 0.22 , (6.310)
where the quantitative value applies to kin = M . An
increase of the top quark mass by 1GeV needs lowering
λH(kin) as compared to the benchmark solution by
∆λH(kin) = −
(
1GeV
mt
)(
M2H
ϕ20
)
1
R(kin)
= −0.014 .
(6.311)
For the last quantitative value we have taken kin = M .
At the UV-fixed point one has for the standard model
λH∗ =
CH
A
≈ 3y
2
t
4pi2A −
171α2
50A −
ξ2Hv
4w , (6.312)
where we use in eq. (6.283) λH ≈ 0 and g22 ≈ g21 = 4piα
with α ≈ 1/40. The first two terms almost cancel. For the
gravitational contribution (6.281) we neglect the first term
since m2H is very small close to the vacuum electroweak
phase transition. The factor w−1 = 2/M˜2∗ (χ) measures the
strength of the gravitational interaction near the UV-fixed
point. For not too small ξH one predicts a negative value of
λH∗. Additional gauge bosons, say within a grand unified
theory, go in the same direction since the coefficient of α2
in eq. (6.312) is enhanced. It is possible that a slightly
negative value of λH∗ around −0.02 is sufficient for shifting
the prediction of the top quark mass by one or two GeV,
according to eq. (6.311).
We recall in this context that a polynomial expansion of
U in powers of h†h is only valid in a small range of h†h/F .
A negative value of λH at h = 0 does not imply increasingly
negative values of U as h†h→∞. Typically U settles to a
finite value for large h†h. It is conceivable that the effective
UV-potential for k →∞ has a minimum for h†h 6= 0.
For lower k the the last term in eq. (6.312) vanishes
due to the decoupling of the metric fluctuations. The
increasing value of the top quark Yukawa coupling will then
drive λH to positive values, according to the discussion
in sect. 6.17.1. There is typically a unique minimum of
U(h†h) in the limit k → 0. No issue of metastability of the
standard model vacuum arises in this case. There could
be interesting consequences for early cosmology, however.
The potential in the Einstein frame, VE/M4 = U/F 2 may
reveal an interesting behavior in the Higgs direction.
Besides the fixed point in the quartic scalar coupling λH
the UV-fixed point may predict other relations between
the couplings of the standard model. For example, if the
ratio between the top-Yukawa coupling yt and the strong
gauge coupling g3 turns out to be an irrelevant parameter,
asymptotic safety predicts at kt a value close to the fixed
point value
y2t (kt)
g23(kt)
≈ y
2
t∗
g23∗
. (6.313)
This ratio can then be extrapolated to the Fermi scale
by the running in the low energy effective theory. In this
case not only the ratio between the masses of Higgs boson
and top quark can be predicted, but in addition also the
ratio between top quark mass and W-boson mass. First
positive indications in this direction have been found in
ref. [271, 272].
6.17.3. Prediction for the gauge hierarchy?
A second important issue concerns the scalar mass term
or, more precisely, the deviation δ from the critical surface
of the second order vacuum electroweak phase transition
discussed in sect. 5.1. The gravitational contribution to the
anomalous dimension (5.16) is given by eq. (6.267), (6.280).
This dominates over the particle physics contribution A(p),
as given by eq. (2.45) for the standard model or generaliza-
tions with an extended particle content. For simplicity, we
focus on the gravitational contribution (6.267) for the flow
in the high energy domain [83, 273]. (One may add A(p)
without qualitative changes.) The flow of the dimensionless
parameter γ = δ/k2 obeys
∂tγ = (A− 2)γ . (6.314)
Comparison with eq. (6.267) (F˜ = 2w) determines the
parameter b in eq. (3.12) as
b = Aw = 196pi2
(
1− ηg8
)( 20
(1− v)2 +
1
(1− v/4)2
)
.
(6.315)
The coupling γ is a relevant parameter for A < 2, and
irrelevant for A > 2. For A < 2 the Fermi scale ϕ0 cannot
be predicted. The ratio ϕ0/M is a free parameter whose
value is needed for the specification of the model. In the
limit where the vacuum electroweak phase transition can
be taken as second order there is no constraint on ϕ0/M .
Deviations from this situation through the running strong
gauge coupling place a lower bound on ϕ0/M , as discussed
in sect. 5. All values above this lowed bound are natural in
the sense that small values are protected by scale symmetry.
On the other hand, for A > 2 the deviation from the
phase transition γ is an irrelevant parameter. According
to the general discussion in sect. 3, its value at the fixed
point and at the transition scale kt can be predicted. It is
given by the fixed point γ∗ = 0. An irrelevant coupling γ
has striking consequences. A model with A > 2 predicts
that nature is located exactly on the critical surface of the
vacuum electroweak phase transition [73, 82, 83, 258]. In
the limit of a second order transition it predicts a vanishing
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Fermi scale ϕ0 = 0. This is an example of self-organized
criticality [66]. This important property follows from the
basic fact that the flow of couplings can never leave a critical
surface. The structure of the flow generator (6.314) has
always a zero for γ = 0. Only the value of A depends on
the flow of the other dimensionless couplings. If γ is driven
to zero by the short-distance fluctuations, it stays at zero
for all k.
On the one hand, models with A > 2 offer the intriguing
possibility of an understanding of the gauge hierarchy by
predicting ε = ϕ20/M2 = 0 in a first approximation. On
the other hand, this prediction may be “too good” – the
predicted parameter ε may turn out to be more than three
orders of magnitude smaller than the observed value ε ≈
5·10−33. Beyond the approximation of a second order phase
transition the value of ε is predicted to be at the lower bound
for ϕ0 permitted by the flowing couplings of the low energy
theory. A simple estimate of non-perturbative QCD-effects
situates this bound below 100MeV. In this case an UV-fixed
point with A > 2 is not compatible with the standard model
as an effective low energy theory. Possible solutions of this
dilemma could be at both ends of the flow [83]. Either the
range of k for which A > 2 holds is not valid to arbitrarily
short distances. The form of quantum gravity discussed here
may be valid far beyond M , but nevertheless be replaced
by another short distance theory for k many orders of
magnitude above M . As a low energy alternative, the low
energy effective theory may contain particles beyond the
standard model with masses around the Fermi scale. Scale
symmetry breaking by running couplings in this extended
sector could lead to the observed Fermi scale.
The value of A in eq. (6.267) depends on the particle
content of a microscopic model, as specified by N , and on
the value of M˜2∗ at the fixed point. Quantitative relations
can be found in ref. [258]. The dependence of M˜2∗ on the
particle content is needed in order to assess for which models
A > 2 holds, and for which ones not.
6.17.4. Anomalous mass dimension
For a more precise understanding of the flow of γ we
follow the flow of the potential derivative (in the limit
where η˜g = 0 and ∂F/∂ ln(ρ) = 0)
∂t
∂U
∂ρ
= A∂U
∂ρ
+ 3k
2
8pi2
(
1 + m
2
t
k2
)−2
y2t . (6.316)
Here we include besides the gravitational contribution the
one from the top quark, with squared mass m2t = y2t ρ and
ρ = h†h. The top contribution arises from the derivative of
eq. (6.258), with a factor 3 from three colors and a factor 2
since the top quark is a Dirac spinor. Gauge bosons and
scalars can be added similarly. They do not change the
qualitative picture. We define the renormalized scalar mass
term
m2R = Z−1H
∂U
∂ρ
∣∣∣∣
ρ=0
, (6.317)
with ZH the wave function renormalization multiplying
the kinetic term Lkin = ZH∂µh†∂µh and scalar anomalous
dimension
ηH = −∂t ln(ZH) . (6.318)
From eq. (6.317) one infers
∂tm
2
R = (A+ ηH)m2R +
3k2y2t
8pi2 . (6.319)
Taking a further ρ-derivative and defining the renormalized
quartic Higgs coupling
λH = Z−2H
∂2U
∂ρ2
∣∣∣∣
ρ=0
(6.320)
yields the corresponding pieces in the flow equation (6.279),
(6.283),
∂tλH = (A+ 2ηH)λH − 3y
4
t
4pi2 . (6.321)
In the limit of constant y2t the general structure of the
flow equation (5.9) is directly visible, with B = 3y2t /(8pi2).
The critical trajectory obeys
m2R∗(k) =
3y2t k2
8pi2(2−A− ηH) . (6.322)
With m2R = m2R∗ + δ, γ = δ/k2 one finds indeed
∂tδ = (A+ ηH)δ , ∂tγ = (A+ ηH − 2)γ . (6.323)
The total anomalous mass dimension A+ ηH includes be-
sides the gravitational contribution a contribution ηH from
the scalar wave function renormalization. (In eq. (5.9) we
have collected in A all contributions to the anomalous mass
dimension, in contrast to eq. (6.319) where A only denotes
the gravitational contribution.) For a k-dependent y2t the
critical trajectory is somewhat modified, while the anoma-
lous mass dimension A+ ηH remains the same.
An additional contribution to the anomalous mass dimen-
sion arises from the fluctuations of the Higgs doublet. In the
limit (6.264) the scalar contribution (6.253) is composed
of a part from the scalar fluctuations in the metric, that
is incorporated in the metric contribution (6.267), and a
standard scalar contribution
∂tU =
1
32pi2
(
1− ηH2
)[ ZHk6
ZHk2 + ∂U/∂ρ+ 2ρ∂2U/∂ρ2
+ 3ZHk
6
ZHk2 + ∂U/∂ρ
]
. (6.324)
One infers an additional contribution to eq. (6.319),
∆∂tm2R = −
3k2
16pi2
(
1− ηH2
)
λH
(
1 +m2R/k2
)−2
. (6.325)
The scalar contribution to the anomalous mass dimension
therefore reads
AS =
∂
∂m2R
∆∂tm2R
= 3λH8pi2
(
1− ηH2
) (
1 +m2R/k2
)−3
. (6.326)
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In lowest order in perturbation theory one can neglect ηH
and m2R/k2 in eq. (6.326). Thus eq. (6.326) accounts the
first term in eq. (2.45). (The other terms involving gauge
and Yukawa couplings correspond to ηH .)
This computation shows in a direct way how the anoma-
lous mass dimension obtains from the general flow equation
for the scalar effective potential. The gravitational contri-
bution is just one part of it. However, in view of realistic
sizes of Yukawa couplings, gauge couplings and quartic
scalar coupling it dominates by far. As it should be, the
part from particle fluctuations agrees with the perturbative
result in the limit where the particles are massless. The
scalar anomalous mass dimension is actually only a par-
ticular diagonal element in a larger stability matrix. An
off-diagonal element of the stability matrix arises from the
term ∼ y2t in eq. (6.317). As long as A is large the effect of
the small off-diagonal elements is negligible.
6.18. Quadratic and logarithmic running
The functional renormalization flow (6.319) of the scalar
mass term is quadratic. The same holds for the running
squared Planck mass (6.2). No quadratic running is seen
in perturbative investigations using dimensionless regular-
ization. One should therefore discuss the physical meaning
and status of the quadratic running. We will do this first
for the simple case of the flowing scalar mass term. The
generalization to the flowing Planck mass will be straight
forward.
We first emphasize that the quadratic running concerns
only the position of the critical hypersurface in coupling
constant space. Once one has specified the model to be
on or close to the critical surface, only the “logarithmic”
running (6.323) of the deviation δ from the critical surface
remains, given by the anomalous dimension A+ ηH . The
anomalous dimension is computable in perturbation theory
with dimensional regularization and the two results agree.
More precisely, renormalization group improvement by a
solution of the flow equation translates the “logarithms” to
a power like behavior with small power, given for constant
A by eq. (5.17). As we have argued in sect. 5.2, only A
appears in the observable quantities. From the point of
view of the renormalizable theory valid for the universality
class which corresponds to the critical (or nearly critical)
theory, all observables can be computed with dimensional
regularization. No trace of the quadratic running appears.
The quadratic running matters if one wants to translate
a given specified microphysical model to observable macro-
physics. In particular, it concerns the location of the critical
surface in some microphysical or “bare” coupling constant
space. For particle physics this is not a very relevant ques-
tion, since we do not know the precise microphysics. All
observables are computable in terms of the renormalized
couplings present in the universality class corresponding to
a given renormalizable theory. This differs for condensed
matter physics. As an example, we may take a gas of ul-
tracold atoms, for which the microphysical couplings are
well known, given by atomic physics. A Bose-Einstein con-
densate or similar collective phenomena typically occur
on length scales much larger than typical length scales in
atomic physics. In particular, for many interesting systems
a second order phase transition happens at some critical
temperature Tc. For temperatures below Tc a Bose-Einstein
condensate forms and the atomic gas becomes a superfluid.
Two types of questions arise. The first concerns the com-
putation of Tc from the microphysical parameters. For this
issue the “quadratic running” is crucial. Omitting it, no
reasonable picture can be obtained. A second type of ques-
tion concerns universal critical exponents and amplitudes
at or near Tc. They are given by a renormalizable theory,
for which the “quadratic running” no longer matters. Only
the flow of small deviations from the critical surface of the
phase transition is relevant. If the couplings would be small,
one could employ perturbation theory with dimensional
regularization for this second type of questions.
For quantum gravity, the situation is analogous. The
quadratic running of the squared Planck mass M2 does
not translate directly to observable quantities. It drops
out from the observable quantities that only depend on the
universality class of a given model. The quadratic running
would be needed, however, if some day we would have a well
defined microscopic theory, perhaps formulated in different
degrees of freedom. It would appear in the translation of
the microscopic parameters to the relevant couplings at the
UV-fixed point.
The quantum effective action obtains by the solution of
the functional renormalization group equation for k → 0.
All observable quantities can be computed from this quan-
tum effective action. In the limit k → 0 the infrared cutoff
scale k drops below all momenta or field values relevant for
a given observable. Typically, these momenta and field vari-
ables effectively replace k as an IR-cutoff. While non-zero k
often gives a qualitatively correct picture of the dependence
on physical IR-cutoffs, the “threshold behavior” for k mov-
ing from above to below physical IR-cutoffs is needed for
quantitative accuracy. Both the quadratic running and the
threshold behavior depend on the chosen form of the IR-
cutoff function. If truncations would be exact, this scheme
dependence is cancelled in the physical observables. For a
given truncation, the scheme dependence can be employed
for some type of error estimate.
7. Scale symmetry in cosmology
Observation of anisotropies in the cosmic microwave back-
ground (CMB) indicates an almost scale invariant spectrum
of the primordial cosmic fluctuations. These fluctuations
are the seed of all structures in the Universe. The approxi-
mate scale invariance of the spectrum suggests the presence
of one form or another of approximate scale symmetry in
the physics of the “beginning of the Universe”, which is
usually associated to inflationary cosmology [1–7]. (The
“beginning" could be only an effective beginning of our ob-
servable world if the Universe underwent even earlier stages
not leaving observable imprints.)
We may associate the beginning with the UV-fixed point
of quantum gravity, or the close vicinity of it. This provides
naturally for a scale invariant quantum effective action
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and for scale invariance of the cosmological equations. If
there are relevant parameters at the UV-fixed point, the
Universe may evolve away from the fixed point as time
increases. This is realized if some relevant parameter is
associated with an instability of the cosmological solutions
in the vicinity of the fixed point.
The intrinsic scale µ¯ associated to some relevant param-
eter appears in dimensionless functions parametrizing the
effective action through dimensionless ratios. We investi-
gate here cosmologies with a scalar field χ for which the
relevant ratio is χ2/µ¯2. Due to the associated dependence
on χ the µ¯-dependence manifests itself in the cosmological
field equations. A cosmological change of χ can therefore
explore different parts of flow trajectories. We will find that
typical cosmological solutions approach in the far past the
UV-fixed point with χ → 0, and in the far future the IR-
fixed point with χ→∞. Moving away from the fixed point
scale symmetry is only approximate. One therefore expects
approximate scale symmetry of the correlation function
and therefore approximate scale symmetry of the primor-
dial cosmic fluctuation spectrum if the beginning epoch
corresponds indeed to the vicinity of the UV-fixed point.
In this picture inflation is associated with the vicinity of
the UV-fixed point. Once the Universe evolves sufficiently
far away from the fixed point, scale symmetry ends to be
a valid approximation. This ends the inflationary epoch.
Since the observable cosmological fluctuations have been
frozen long (many e-foldings) before the end of inflation,
they show approximate scale symmetry. The association
of inflation with physics close to the UV-fixed point of
quantum gravity provides a natural explanation of the ap-
proximate scale invariance of the primordial fluctuation
spectrum [32]. One rather appealing scenario for the be-
ginning of our world assumes that the UV-fixed point is
reached in the infinite past. The Universe can exist forever.
In this scenario of an “Eternal Universe" [229] the notion
of time-evolution and an effective arrow of time originates
from the unstable behavior of arbitrary small deviations
from the fixed point [32, 60].
Our investigation will be based on explicit models, speci-
fied by an effective action with diffeomorphism symmetry
and (approximate) scale symmetry. We consider models
with a scalar field or a scalar degree of freedom as in R2
gravity. For given parameters of these models all fluctuation
quantities can be unambiguously computed. More qualita-
tive arguments for the relation between the UV-fixed point
and the fluctuation spectrum can be found in ref. [274, 275].
At the UV-fixed point not only scale symmetry, but full
conformal symmetry may be realized. This may provide a
bridge to discussions of scale invariant spectra arising in
models with conformal symmetry [276–279].
Several classes of inflationary models can be related di-
rectly to approximate gravity scale symmetry. The first is
Starobinski inflation [1]. It is based on an effective action
L = √g
{
−C2 R
2 − M
2
2 R+ V
}
. (7.1)
Scale invariance is realized if the dimensionfull constants
M2 and V can be neglected. For Starobinski inflation M2
and V are constants that may be associated to relevant
parameters at some UV-fixed point.
A second family is cosmon inflation [32, 60, 280]. Here
M2 and V are functions of a scalar field χ and one adds a
scalar kinetic term
L = −F2 R+
1
2
√
gK∂µχ∂µχ+ U − C2 R
2. (7.2)
For scale invariant functions F = χ2, U = λχ4 and constant
K = B−6 the effective action is scale invariant and could be
associated to the UV-fixed point. In this limit the difference
to Starobinski inflation would merely be the presence of an
additional Goldstone boson from the spontaneous breaking
of the scale symmetry for χ = χ0 6= 0. This does not
matter for late stages of cosmology and does not influence
the primordial fluctuation spectrum. If F (χ) and U(χ) are
associated to relevant parameters they typically involve
intrinsic scales, e.g.
U = bµ¯2χ2 + cµ¯4,
F = χ2 + dµ¯2. (7.3)
This form of U and F reflects our discussion of the scal-
ing potential in dilaton quantum gravity in sect. 6.16. It
obtains if we replace k = cµµ¯, with constant cµ chosen for
convenience. Furthermore, the kinetic coefficient K may
become a function of χ/µ¯.
In the infrared limit µ¯2/χ2 → 0 scale symmetry becomes
exact if K becomes independent of µ¯. This scale symmetry
is now associated to an IR-fixed point. If χ increases to-
wards infinity in the infinite future one expects the presence
of a pseudo-Goldstone boson with a tiny mass - the cosmon.
This cosmon is responsible for dynamical dark energy or
quintessence [19]. An effective action (7.2) solves the cosmo-
logical constant problem dynamically since the observable
ratio U/F 2 → µ¯2/χ2 or µ¯4/χ4 vanishes for χ → ∞. The
details of the beginning phase for χ → 0 depend on the
dimensionless parameters C, K, a, b and d.
Higgs inflation [57] can be associated to approximate
scale invariance as well. With χ2 replaced by h†h for the
Higgs-doublet h,
F = M2 + ξH
(
h†h/M2
)
h†h,
U = 12λH
(
h†h/M2
) (
h†h
)2
, (7.4)
scale symmetry becomes exact for M2/h†h → 0 and con-
stant λH and ξH . Approximate scale symmetry is therefore
realized in the region h†hM2/ξH if the running of λH
and ξH with h†h/M2 is slow.
Finally, inflation can also be realized for exactly scale
invariant models, e.g. defined precisely on the UV-fixed
point [58, 281–283]. For scale invariant cosmon inflation
one replaces µ¯ in eq. (7.3) by a second scalar field σ and
adds a kinetic term for σ. Scale invariant Higgs inflation is
realized ifM is replaced by χ in eq. (7.4). For scale invariant
inflation the dynamics that ends inflation and gives rise
to the small scale violation in the primordial fluctuation
spectrum is no longer directly related to the breaking of
gravity scale symmetry by an intrinsic mass scale. The
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flatness of the potential in the direction “orthogonal” to the
Goldstone boson is now no longer an automatic consequence
of gravity scale symmetry. It is typically postulated or
assumed. A flat potential can often be associated with an
additional scale symmetry. This additional scale symmetry
makes this assumed potential technically natural.
Functional renormalization group investigations of quan-
tum gravity are not yet on the level of precision where one
or several of these inflationary scenarios can be excluded.
We take here a heuristic attitude and present a phenomeno-
logical comparison of the different inflation candidates. This
comparison is facilitated by a common language which uses
for all models a standardized exponential potential. The
differences show then up in different coefficients of kinetic
terms or “kinetials” for the inflaton. The kinetial has a
very direct connection to the properties of the primordial
fluctuation spectrum.
Inflationary cosmology may not be the only epoch for
which approximate scale symmetry plays a central role. In
many models scalar fields evolve dynamically during the
cosmological epochs after nucleosynthesis. This includes
models in string theories, modified gravity theories as f (R)-
models and quintessence or dynamical dark energy. Observ-
able dimensionless couplings like the fine structure constant
αem, or ratios between electron and nucleon masses,me/mn,
or nucleon and Planck masses, mn/M , often depend on the
value of such scalar fields. The cosmic time evolution of
the scalar induces a time variation of the fundamental con-
stants. This variation is severely restricted by observations
[284, 285]. The question arises why the interaction of the
scalar with atoms is several orders of magnitude smaller
than the gravitational interaction.
Scale symmetry provides for a simple solution for this
problem. If the scalar can be associated with the pseudo-
Goldstone boson of a spontaneously broken approximate
scale symmetry, its coupling to atoms must be very small.
In the limit of exact scale symmetry the Goldstone boson
can only have derivative couplings to atoms. The dimension-
less parameters αem, me/mn or mn/M are scale invariant
in this case. As a consequence, they will not depend on
the value of the scalar field. Spontaneously broken exact
scale symmetry predicts a vanishing time variation of fun-
damental constants. If the IR-fixed point responsible for
exact quantum scale symmetry is reached only in the infi-
nite future for χ (t→∞) → ∞, the time variation is not
yet exactly zero. It is tiny, however, due to the vicinity
of the fixed point. Correspondingly, any time variation of
dimensionless couplings is expected to be tiny.
We have seen in sect. 6 that in the infrared limit for χ→
∞ a scalar potential λ˜ (χ/µ¯)χ4 has a fixed point at λ˜∗ = 0.
For a normalization where F = χ2 the approach to the
fixed point is bounded by the graviton barrier, λ˜ < µ¯2/χ2
[78]. For any finite χ the potential does not yet vanish. It
constitutes a part of dynamical dark energy. Spontaneously
broken approximate scale symmetry is therefore of relevance
for the present epoch of cosmology. It can be associated to
the dynamics of dark energy.
We discuss in detail the cosmology associated to the
scaling solution of dilaton quantum gravity for the case
where B is small. We will find that this constitutes a
viable cosmological model of “crossover quintessence”. As
a possible alternative the relevant parameter responsible
for an intrinsic scale may be associated to beyond standard
model physics. This result is a growing ratio of neutrino
mass over electron mass. This is the essential ingredient
for the attractive cosmological model of “growing neutrino
quintessence”. Both forms of quintessence are compatible
with the present observational situation.
7.1. Primordial cosmic fluctuations
One of the most striking consequences of approximate
scale symmetry is the almost scale invariant spectrum of cos-
mic fluctuations [286–288]. We deal here with models that
can be represented as inflationary cosmologies in the Ein-
stein frame for the metric. The link between approximate
quantum scale invariance close to a fixed point and the ap-
proximately scale invariant primordial fluctuation spectrum
is more general, however. Primordial fluctuations in infla-
tionary cosmology have been discussed in ref. [3, 289, 290].
Important insights have been gained by concentrating on
gauge invariant fluctuations [291, 292]. Deriving the correla-
tion function for the fluctuations directly from the inversion
of the second functional derivative of the effective action
[264, 293, 294], it has become possible to discuss the fluctu-
ation problem in a formulation that does not depend on the
choice of a frame for the metric [227, 233]. This concerns
both issues usually related to the “choice of the vacuum”
and the time evolution.
De Sitter space is invariant under SO(1, 4)-
transformations. This subgroup of the diffeomorphisms
(general coordinate transformations) includes a rescaling of
spacelike (cartesian) coordinates and conformal time by a
constant factor. This type of coordinate scale symmetry
holds for de Sitter space independently of the question
if the effective action contains parameters with mass
or length or not. It is therefore not directly related to
quantum scale symmetry. In a sense, our investigation of
the cosmological consequences of quantum scale symmetry
explains why approximate de Sitter space is a solution of
the cosmological field equations in the Einstein frame.
For the purpose of this report we refer to the literature
for a general discussion of the fluctuation problem. We
rather concentrate on the computation of the fluctuation
properties – spectrum and amplitude – for several models
with approximate scale symmetry, and their connection
with a possible UV-fixed point. Instead of a fully frame
invariant discussion we prefer here to work in the Einstein
frame with a particular normalization of the scalar field such
that all properties of the shape of the fluctuation spectrum
can be extracted directly from the coefficient function of
the kinetic term, the “kinetial”.
Instead of switching to a standard kinetic term we choose
the normalization of the scalar field ϕ such that the potential
is normalized as
VE (ϕ) = M4 exp
(
− ϕ
M
)
. (7.5)
The details of the model are then encoded in the “kinetial”
k2 (ϕ) [60, 295]. For single field inflation the effective action
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in the Einstein frame reads for this normalization
L = −M
2
2 R+ VE (ϕ) +
1
2k
2 (ϕ) ∂µϕ∂µϕ. (7.6)
The advantage is that the value of ϕ is directly related to the
potential energy density. In turn, this determines directly
the amplitude of the tensor fluctuations by the value of
ϕ when a given fluctuation is frozen. On the other hand,
the spectral index n and the ratio r of tensor to scalar
fluctuations only depend on the kinetial [60]. Different
inflationary models are easily compared in this formulation.
For a constant kinetial (∂ϕk2 = 0) exponential potentials
have been discussed early [296] as interesting candidates
for inflation. In the context of inflation they arise naturally
from dimensional reduction of higher dimensional theories
[297, 298] and can be associated to inflation from higher
dimensions [7]. The formulation with a kinetial has been
used in the discussion of quintessence models [295] or for
inflationary models described as “α-attractors” [299–302].
Inflationary epochs can be associated to field-ranges when
k2 (ϕ) is large. Indeed, a large kinetial slows down the
evolution of ϕ and gives rise to a “slow roll behavior".
Following ref. [60] we can derive the slow roll parameters 
and η from the properties of k2 (ϕ),
 (ϕ) = 12k2 (ϕ) (7.7)
and
η (ϕ) = 2 (ϕ)−M ∂ (ϕ)
∂ϕ
. (7.8)
This follows [60] from the relation of ϕ to the field σ with
canonical kinetic term
∂σ
∂ϕ
= k (ϕ) , (7.9)
and the usual definitions
 = M
2
2
(
∂ lnV
∂σ
)2
, η = M
2
V
∂2V
∂σ2
. (7.10)
The spectral index is given by
n = 1− 6+ 2η = 1− 2
(
+M ∂
∂ϕ
)
, (7.11)
while the tensor to scalar ratio obeys
r = 16 = 8
k2
. (7.12)
Both r and n have a simple direct expression in terms of
the kinetial.
Inflation lasts as long as  and η remain small. This
epoch ends when  becomes of the order one. The field
value at the end of inflation is given by
 (ϕf) = 1, k2 (ϕf) =
1
2 . (7.13)
The number of e-foldings before the end of inflation obtains
as
N (ϕ) = 1
M
∫ ϕf
ϕ
dϕ′k2 (ϕ′) . (7.14)
It can be again be expressed purely in terms of the kinetial.
Inverting eq. (7.14) on obtains n (N) and r (N). Depending
on the details of the heating period after inflation one has
N in the range 50− 70.
With
M
∂N
∂ϕ
= −k2 (ϕ) (7.15)
we can write eq. (7.8) as
η = 2−M ∂N
∂ϕ
∂
∂N
= k2 ∂
∂N
+ 2
= 12
∂
∂N
+ 2 = 12
ln 
∂N
+ 2. (7.16)
This relates the spectral index to the N -dependence of 
n = 1 + 1
N
∂ ln 
∂ lnN − 2. (7.17)
If  ∼ N−α decays faster than ∼ N−1 the term −2 can be
neglected, such that
n = 1− α
N
. (7.18)
For  ∼ c/N one has
n = 1− 1 + 2c
N
,  = c
N
. (7.19)
All these relations hold independently of the particular
model since neither the explicit form of the kinetial k2 (ϕ)
nor the value of ϕ are needed. The only condition is the
domination of the inflationary epoch by a single scalar
field, i.e. “single field inflation". Once N (ϕ) is computed,
one may also invert this relation and compute the kinetial
k2 (N) as a function of N . The spectral parameters n and
r can be then found directly from k2 (N),
r = 8
k2 (N) , n = 1−
∂ ln k2 (N)
∂N
− r8 . (7.20)
Finally, the amplitude of the scalar fluctuations is given
by
∆2 = VE24pi2M4 =
k2VE
12pi2M4 . (7.21)
It has been observed as
∆2 = 2.065× 10−9, (7.22)
such that realistic models have to obey
VE
M4
≈ 5× 10−7 (7.23)
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at the values of ϕ for which the observable fluctuations are
frozen. We can therefore estimate the value of ϕ at which
freezing of the observable fluctuations takes place,
e−
ϕ
M = 5× 10−7 = 2.5× 10−7k−2 (ϕ) . (7.24)
or
ϕ
M
= 15.2 + ln
(
k2 (ϕ)
)
. (7.25)
7.2. Starobinski inflation
Starobinski inflation [1] is based on the cosmological
solutions of the field equations derived from the effective
action (7.1). The term V in eq. (7.1) accounts for the present
dark energy density. It is completely negligible during the
inflationary epoch and we will omit it. Since M in eq. (7.1)
is not necessarily the observed Planck mass, we denote this
constant by M˜ , similar to eq. (6.87). This parameter sets
the mass scale. The model therefore contains only one
dimensionless parameter C. Inflation is then described by
the equivalent effective action (6.88) with an explicit scalar
field φ.
For the particular case of Starobinski inflation the relation
between ϕ and φ follows from
ϕ = −M ln
(
VE
M4
)
= M ln
(
2
(
M˜2 + 2Cφ
)2
Cφ2
)
(7.26)
or
φ
M˜2
=
√
2
C
[
exp
( ϕ
2M
)
−
√
8C
]−1
. (7.27)
With
∂µϕ = − 2M˜
2M
φ
(
M˜2 + 2Cφ
)∂µφ , (7.28)
we can extract from eq. (6.88)
k2 (ϕ) = 3C
2φ2
2M˜4
= 3C(
exp
(
ϕ
2M
)−√8C)2 . (7.29)
We observe that k2 (ϕ) diverges for ϕ/M = ln (8C). This
corresponds to the limit Cφ/M˜2 →∞. In this limit the R2-
term dominates in eq. (7.1) and scale invariance becomes
exact. Inflation can be associated to this range of R2-
domination. Indeed, employing the original formulation
(7.1) and using the association φ = R in eq. (6.63), the
kinetial takes the expression
k2 = 32
(
CR
M2
)2
. (7.30)
The scale invariant effective action associated to the UV-
fixed point corresponds to M2/(CR) → 0 or k2 → ∞.
Starobinski inflation is a simple example how a large kinetial
and therefore inflation is associated to the vicinity of the
UV-fixed point. Inflation ends when the intrinsic mass M
associated to a relevant parameter for the flow away from
the fixed point becomes important. This is directly seen by
the kinetial reaching k2 = 1/2 for CR ≈M2.
For a quantitative computation of n and r one needs
the relation between ϕ and N . Close to the critical value
ϕ0 = M ln(8C) we expand
ϕ = ϕ0 + 2Mδ, e
ϕ0
2M =
√
8C, (7.31)
such that
k2 = 3
8 (eδ − 1)2
. (7.32)
From eq. (7.14) we extract the relation between the number
of e-foldings before the end of inflation and δ
N = 34
∫ δf
δ
dδ′
(eδ′ − 1)2
= 34
∫
dz
1
z2 (z + 1) (7.33)
= 34
{
1
eδ − 1 + ln
(
1− e−δ)− 1
eδf − 1 − ln
(
1− e−δf)} ,
where z = eδ − 1. With k2 (δf) = 12 one obtains
N (δ) = 34
{
1
eδ − 1 + ln
(
1− e−δ)}−Nf (7.34)
= 34
{
1
z
+ ln
(
1 + 1
z
)}
−Nf,
with
Nf =
2√
3
+ ln
(
1 + 2√
3
)
. (7.35)
We conclude that the relation between the kinetial and N
is independent of the parameter C.
For N  1 one needs z  1 and we can compute z (N)
iteratively
z =
[
4 (N +Nf )
3 − ln
(
1 + 4 (N +Nf )3
)]−1
. (7.36)
Hence z (N) is small for N ≈ 60. With  = 1/ (2k2) and
k2 = 3/8z2 the slow roll parameter  (N) becomes
 =
(
4z2
3
)
= 3
4 (N +Nf)2
+ . . . . (7.37)
As well known, the tensor to scalar ratio r is tiny for N
around 60
r ≈ 12
N2
≈ 0.0034 . (7.38)
With eq. (7.16) one finds
η = − 1
N +Nf
, (7.39)
such that the spectral index for the primordial scalar fluc-
tuations reads
n = 1− 2
N +Nf
≈ 0.966 . (7.40)
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The values of n and r are well compatible with the present
observational bounds.
The amplitude of the fluctuations fixes the parameter
C. We can replace for the computation of the amplitude
ϕ = ϕ0, such that
VE
M4
= e−
ϕ0
M = 18C . (7.41)
This expresses C in terms of the observed value (7.22) for
∆
C = 1192pi2∆2 ≈
N2
144pi2∆2 ≈ 1.2 · 10
9 . (7.42)
Relatively large values of C are needed for obtaining a
realistic amplitude.
One may ask if such large values are compatible with
asymptotic safety [192]. As we have assumed before, C may
be a relevant parameter. It can therefore be considered
as a free parameter. For the large value C in eq. (35) the
dependence of C on the renormalization scale k (not to be
confounded with the kinetial) is in the perturbative range
C = C
(
k¯
)
+ aC ln
(
k2
k¯2
)
. (7.43)
There we left the coefficient aC free in view of the unknown
matter contributions. The running of C is negligible for the
large value of C needed, such that the use of constant C
is well justified. For a discussion of Starobinski inflation in
the context of asymptotic safety see refs. [303, 304].
7.3. Cosmon inflation
For Starobinski inflation the term ∼ CR2 plays no role
for late cosmology. Except for the Higgs boson, there is
no dynamical scalar field in the late stages of cosmology.
This holds, in particular, after the QCD-“phase transition"
when all scalars are frozen. Dark energy is not dynamical
but rather given by a cosmological constant. This situation
typically changes for variable gravity where the Planck mass
is given by an additional scalar field χ. The “cosmon" χ
may be responsible for both inflation and present dynamical
dark energy. As we have discussed before, it can interpolate
between the UV-fixed point for χ→ 0 and IR-fixed point
for χ→∞.
The UV-limit of cosmon inflation can be based on the
effective action (6.61). In the presence of the term ∼ CR2
variable gravity involves two scalar fields, the cosmon χ and
the field φ ∼ R, as visible in the equivalent UV-action (6.64),
(6.65). In the limit when B is constant or depends only on
χ2/R or χ2/φ, the effective action (6.64) is scale invariant.
This is a particular case of scale invariant inflation. Due to
the exact quantum scale symmetry one of the scalar fields
is a Goldstone boson. It settles early in cosmology to a
constant value χ0. In the limit where all intrinsic mass
scales can be neglected as compared to φ and χ2 the model
realizes scale invariant Starobinski inflation. It differs from
Starobinski inflation by a mixing of the kinetic terms for
φ and χ, as we will discuss in sect. 7.5. We observe that
in this case gravity scale symmetry is not related to the
end of inflation and the slope of the primordial fluctuation
spectrum. Its role is replaced by an effective scale symmetry
which transforms the metric ( and fields for particles) but
leaves χ invariant.
A new situation arises if we take the scale symmetry
violation in the cosmon sector into account. The intrinsic
scale µ¯ in eq. (7.3) changes the dynamics both for early and
late cosmology. With eq. (7.3) we generalize the effective
action (6.64) to
L˜ = √g
{
−
(
χ2
2 +
dµ¯2
2 + Cφ
)
R+ 12 (B − 6) ∂
µχ∂µχ
+ C2 φ
2 + bµ¯2χ2 + cµ¯4
}
. (7.44)
Inflation based on this effective action has been studied
in refs. [32, 305]. For µ¯2 = 0 the effective action in the
Einstein frame is given by eq. (6.83). The new terms modify
the effective potential in the Einstein frame, cf. eqs. (6.83)-
(6.85),
VE =
M4
(χ2 + dµ¯2 + 2Cφ)2
(
C
2 φ
2 + bµ¯2χ2 + cµ¯4
)
. (7.45)
In the following we take b = 1.
For χ = 0 and large φ the potential approaches the flat
potential of Starobinski inflation. Furthermore, extrema or
saddle points of VE give rise to cosmological solutions with
constant φ and χ, with a de Sitter geometry for VE > 0.
With
∂VE
∂φ
= CM
4
(χ2 + dµ¯2 + 2Cφ)3
{(
φ− 4µ¯2)χ2 (7.46)
− 4cµ¯4 + dµ¯2φ
}
(7.47)
and
∂VE
∂χ
= − 2M
4χ
(χ2 + dµ¯2 + 2Cφ)3
{
µ¯2
(
χ2 − 2Cφ)
+ Cφ2 + (2c− d) µ¯4
}
, (7.48)
the two extremum conditions can be obeyed for
χ = 0, φ = 4c
d
µ¯2 . (7.49)
Another solution for d > 2c is given by
φ = 2µ¯2, χ2 = (d− 2c) µ¯2 . (7.50)
The vicinity of the stationary fixed point solutions (7.49),
(7.50) are candidates for inflationary cosmology. For positive
c, d and C no other stationary solution with finite φ and χ
exists.
An interesting class of solutions reaches in the infinite
past (for conformal time η → −∞) the limit χ→ 0, φ→∞.
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In this limit one has
VE = M4
[
1
8C −
χ2 + dµ¯2
8C2φ +
1
4C2φ2
((
1 + 3d4C
)
µ¯2χ2+
+
(
c+ 3d
2
8C
)
µ¯4 + 38Cχ
4
)]
. (7.51)
For large finite φ the φ-derivative of VE is positive
∂VE
∂φ
=
M4
(
χ2 + dµ¯2
)
8C2φ2 , (7.52)
such that φ has a tendency to decrease slowly. As long as
χ2  dµ¯2 the field χ only plays a minor role. For any χ 6= 0
the field χ starts to increase, however, due to the negative
derivative
∂VE
∂χ
= −M
4χ
4C2φ . (7.53)
A beginning epoch with large φ and small χ resembles
in many aspects Starobinski inflation, with M˜2 replaced
by dµ¯2. In fact, for χ = 0 the only difference between
the effective action (7.1) and (7.44) is the ratio VE/M4
receiving an additional factor involving cµ¯4
VE = V (S)E
(
1 + 2cµ¯
4
Cφ2
)
. (7.54)
We note, however, that this ratio only appears in terms
∼ φ−2 and is therefore subleading. For d > 0, c > 0
the potential on the χ = 0 axis has a minimum given by
eq. (7.49), with
VE
M4
= 18C + d2/c . (7.55)
The stability of the axis χ = 0 with respect to small non-zero
χ depends on the sign of a
∂2VE
∂χ2
∣∣∣∣
χ=0
= − 2aM
4
(dµ¯2 + 2Cφ)3 , (7.56)
where
a = Cφ2 − 2Cφµ¯2 + (2c− d)µ¯4 . (7.57)
The χ = 0 axis is unstable for a > 0, as always realized for
large φ.
The main difference between cosmon inflation and
Starobinski inflation appears at later stages when the dy-
namics of χ can no longer be neglected. This matters if the
last sixty e-foldings of inflation are associated to an epoch
when χ matters. The spectral parameters n and r may
then deviate from the values of Starobinski inflation. If φ
no longer dominates during this epoch the ratio VE/M4 is
substantially smaller than 1/ (8C). The value of C will no
longer be related directly to the amplitude of the primordial
fluctuations.
Another interesting class of approximate solutions corre-
sponds to the limit | 2Cφ | χ2+dµ¯2, Cφ2/2 µ¯2χ2+cµ¯4.
In this limit we can neglect φ and effectively set C to zero.
The corresponding version of cosmon inflation has been
discussed extensively in refs. [32, 60, 280, 306]. It is again
a single field inflation with potential in the Einstein frame
VE =
M4
(
µ¯2χ2 + cµ¯4
)
(χ2 + dµ¯2)2
, (7.58)
and kinetic term
Lkin = M
2
2
{
B − 6
χ2 + dµ¯2 +
6χ2
(χ2 + dµ¯2)2
}
∂µ¯χ∂µ¯χ . (7.59)
Defining
ϕ = −M ln
[
µ¯2χ2 + cµ¯4
(χ2 + dµ¯2)2
]
(7.60)
one arrives again at eq. (7.6), with kinetial
k2 (ϕ) = M2
{
B − 6
χ2 + dµ¯2 +
6χ2
(χ2 + dµ¯2)2
}(
∂ϕ
∂χ
)−2
.
(7.61)
Inserting
1
M
∂ϕ
∂χ
= 4χ
χ2 + dµ¯2 −
2µ¯2χ
µ¯2χ2 + cµ¯4 , (7.62)
one obtains
k2 (ϕ) =
(
Bχ2 + (B − 6) dµ¯2) (χ2 + cµ¯2)2
4χ2 (χ2 + (2c− d) µ¯2)2 , (7.63)
where χ (ϕ) results from the inversion of eq. (7.60). An
inflationary epoch persists as long as k2 (ϕ)  1. We
recall that our description is valid only for a monotonic
VE (χ), or for a definite sign of ∂ϕ/∂χ. It breaks down for
χ2 = (d− 2c) µ¯2.
It is useful to define a dimensionless field variable [280]
x = χ
2
dµ¯2
= χ
2
m2
, β = c
d
. (7.64)
In terms of this variable one has
VE
M4
= x+ β
d (x+ 1)2
, (7.65)
and
ϕ
M
= ln
(
d (x+ 1)2
x+ β
)
. (7.66)
The kinetial reads
k2 = (Bx+B − 6) (x+ β)
2
4x (x+ 2β − 1)2 . (7.67)
Inflation requires a range of x for which k2  1 in order to
realize slow roll, and VE/M4  1 in order to guarantee a
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small fluctuation amplitude. The slope of the fluctuation
spectrum depends only on B and β. One can then adjust d
in order to realize a realistic amplitude. We note that the
constant term in the coefficient of the curvature scalar,
m2 = dµ¯2 , (7.68)
and the scale µ¯ appearing in the scalar potential are pre-
sumably both relevant parameters. The values of these two
intrinsic scales can differ substantially, such that large d
may find a natural explanation. A further natural suppres-
sion of VE/M4 arises for large dx or χ2  µ¯2. A small
amplitude can be simply due to an end of inflation where
χ2/µ¯2 has already grown to large values.
For an investigation of the fluctuation spectrum we need
the relation between x and the number of e-foldings N
before the end of inflation (7.14)
N (x) = 1
M
∫ xf
x
dx′k2 (x′) ∂ϕ
∂x′
=
∫ xf
x
dx′k2 (x′)
(
2
x′ + 1 −
1
x′ + β
)
=
∫ xf
x
(Bx′ +B − 6) (x′ + β)
4x′ (x′ + 1) (x′ + 2β − 1) . (7.69)
There xf is determined by k2 (xf) = 1/2. Inverting the so-
lution of eq. (7.69), yields k2 (N). The spectral parameters
follow from eq. (7.20).
Depending on B and β a large variety of inflationary
models can be obtained. For our present purposes we only
describe two limits. For the first we take β = 1/2. For xf
this yields
(Bxf +B − 6)
(
xf +
1
2
)2
= 2x3f , (7.70)
and eq. (7.69) becomes
N (x) =
∫ xf
x
dx′
(Bx′ +B − 6) (x′ + 12)
4x′2 (x′ + 1) . (7.71)
The dominant contribution to the integral for N (x) comes
from the region of small x. If we neglect the variation of B
in this region we can approximate
N (x) = B − 68
∫ xf
x
dx′ (x′)−2 = B − 68x − N¯f . (7.72)
In this approximation one finds for the kinetial
k2 =
(Bx+B − 6) (x+ 12)2
4x3 ≈
32
(
N + N¯f
)3
(B − 6)2 . (7.73)
This yields
r = (B − 6)
2
4
(
N + N¯f
)3 , n = 1− 3N + N¯f − r8 . (7.74)
As another limit we discuss the case where the relevant
epoch during inflation occurs for large χ2/µ¯2 such that
x 1, x β, Bx B − 6. In this limit one simply has
k2 = B4 . (7.75)
The dynamics of inflation depends now explicitly on the
flow of B
(
χ2/µ¯2
)
. With y = χ2/µ¯2 and
VE
M4
= µ¯
2
χ2
= 1
y
,
ϕ
M
= ln χ
2
µ¯2
= ln y , (7.76)
one has
N = 14
∫ yf
y
dy′
B (y′)
y′
. (7.77)
Details depend on the shape of B (y). If B (y) has a plateau
for y > yf, which drops to small values B < 2 rather steeply
at yf
B = B¯Θ (yf − y) , (7.78)
one obtains
N = B¯4 ln
yf
y
. (7.79)
With k2 = B¯/4 independent of N eq. (7.20) implies n =
1− r8 . This is not compatible with observation.
Another possibility assumes that in the range relevant
for the observed fluctuations B behaves as [32]
B =
(
m¯
χ
)σ
= b
(
µ¯
χ
)σ
= by−σ2 , (7.80)
with
m¯ = b 1σ µ¯ , (7.81)
a characteristic intrinsic scale where B crosses from the
UV-behavior for χ → 0 to the IR-behavior for χ → ∞.
According to eq. (7.80) inflation would end for B = 2. We
may, however, restrict the validity of eq. (7.80) to a certain
range of large B, say B > B¯ and assume that this value is
relevant for N¯ e-foldings before the end of inflation. From
eq. (7.77) we can compute
N − N¯ = b4
∫ y¯
y
dyy−(1+σ2 ) = b2σ
(
y−
σ
2 − B¯
b
)
, (7.82)
with
B (y¯) = B¯ , y¯ =
(
B¯
b
)− 2σ
. (7.83)
In turn, this yields
B = 2σ
(
N − N¯)+ B¯ , (7.84)
or
 = 2
2σ
(
N − N¯)+ B¯ . (7.85)
One finds, similar to ref.[32],
r = 32
2σ
(
N − N¯)+ B¯ (7.86)
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and
n = 1− 2σ + 4
2σ
(
N − N¯)+ B¯ . (7.87)
This implies a relation between n and r that is independent
of B¯ and only depends on σ
n = 1− σ + 216 r . (7.88)
We may define σ by the running of B, evaluated at the field
that corresponds to N ,
σ (N) = ∂ lnB
∂m¯
|N = ∂ lnB
∂ ln µ¯ |N . (7.89)
For 1− n = 0.03 one has r ≈ 1/ (2σ + 4) such that σ > 3
is needed for r < 0.1. Spectral properties compatible with
present observational bounds can be obtained for a suitable
flow of B (y) between yf and y¯.
A small amplitude of the primordial fluctuations ob-
tains rather naturally if χ2 (N) µ¯2 or y (N) 1. With
eqs. (7.21), (7.76) the amplitude is proportional to
VE
M4
= 1
y (N) =
(
B
b
) 2
σ
= B (N)
2
σ
µ¯2
m¯2
, (7.90)
or
∆2 = 124pi2 (N) y (N) =
1
12pi2B (N)
1+ 2σ µ¯
2
m¯2
. (7.91)
It is sufficient that the crossover scale m¯ in the flow of
the kinetic term is sufficiently large as compared to the
characteristic scale µ¯ for the potential.
For cosmon inflation the transition between a possible
early stage of Starobinski-type inflation (7.51) to a late
stage of cosmon-dominated inflation (7.58) depends on the
particular cosmological solution. A family of solutions may
be labeled by an “initial value” χin = χ(ηin), with “initial
conformal time” ηin taking some very large negative value.
(The solution can be extended to arbitrary large negative
ηin, with χin → 0.) For χin = 0 one has χ(η) = 0 also for
all later η, since the potential derivative (7.53) vanishes for
χ = 0. Any non-zero χin will lead to an increase of χ(η) for
later η until at some transition time ηtr one has χ2(ηtr) ≈
Cφ(ηtr) or µ¯2χ2(ηtr) ≈ Cφ2(ηtr). At this transition time
cosmology changes from Starobinski inflation to one of
the inflationary scenarios corresponding to the potential
(7.58). The amplitude and spectrum of the primordial
fluctuations depend on ηtr. If ηtr happens to be later than
60 e-foldings before the end of inflation, the predictions for
the fluctuations are the same as for Starobinski inflation.
On the other hand, if ηtr is before 60 e-foldings before the
end of inflation, the spectrum is determined by one of the
models corresponding to the potential (7.58). There is a
continuous interpolation between the two limits.
The transition time ηtr depends on the particular solution
or χ(ηin). For a given χ(ηin) the transition time is earlier
for smaller C. Indeed, the transition can happen in rather
early stages of inflation if C is not large [32]. Depending on
the choice of parameters and initial conditions a rather rich
variety of inflation models can be accommodated within the
general setting of cosmon inflation. It is not the purpose
of this report to discuss inflationary models in detail. A
quantum gravity computation may be able to determine
some of the parameters of cosmon inflation since the number
of relevant couplings at the UV-fixed point is typically
smaller than the number of parameters used here for cosmon
inflation. This demonstrates the potential predictive power
of quantum gravity for inflation.
7.4. Higgs inflation
For Higgs inflation [57, 307–335], for a recent review see
[336], the relevant parts of the quantum effective action are
given by
L = −12
(
M2 + ξH
(
h†h
M2
))
R+ 12λH
(
h†h
M2
)(
h†h
)2
+ Dµh†Dµh . (7.92)
Here M is the reduced Planck mass and one often neglects
the flow of ξ(h†h/M2). The quartic Higgs coupling λH
depends on (h†h/M2) through the perturbative β-function
of the standard model. A possible contribution of gravi-
tational fluctuations to the flow of λH is often neglected,
but may be relevant [307, 337]. The Planck mass M is the
only intrinsic mass scale for Higgs inflation. If one replaces
M by a scalar field one obtains a scale invariant version
of Higgs inflation [58], which will be discussed in sec. 7.5.
The effective action (7.92) with M replaced by χ has been
introduced in ref. [19].
Higgs inflation occurs for a range of the Higgs field h
where ξHh†h  M2. The scale violation ∼ M2R in the
first term in eq. (7.92) becomes small in this region. In
the limit of constant ξH and λH the effective action (7.92)
becomes scale invariant in this limit. This is the origin of
the almost scale invariant primordial fluctuation spectrum.
Inflation ends when the violation of scale symmetry becomes
substantial for ξHh†h ≈ M2. Only the physical Higgs
scalar (radial mode) in the Higgs-doublet matters. The
Goldstone bosons are absorbed by the Higgs mechanism.
We will replace in the following h†h by h2 and Dµh†Dµh
by ∂µh∂µh, with h a real scalar field.
In the Einstein frame the potential reads
VE
M4
= λH h˜
4
2
(
1 + ξH h˜2
)2 , h˜ = hM , (7.93)
where λH , ξH depend on the dimensionless field h˜. For
h˜→∞ the potential develops a flat plateau
VE
M4
(
h˜→∞)→ λH (h˜)
2ξ2H
(
h˜
) (1− 2
ξH h˜2
)
→ RH2 , (7.94)
with
RH =
λH
ξ2H
. (7.95)
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For the kinetic term one obtains
Lkin = M2 1 + ξH h˜
2 + a2Hξ2H h˜2(
1 + ξH h˜2
)2 ∂µh˜∂µh˜ , (7.96)
with
a2H = 3
(
1 + 12
∂ ln ξH
∂ ln h˜
)2
. (7.97)
We assume that VE/M4 is a monotonic function of k and
employ again the field ϕ with normalization (7.5). With
∂ϕ
∂h˜
= − MξH h˜
1 + ξH h˜2
BH , (7.98)
the kinetial in eq. (7.6) becomes
k2 (ϕ) = 2CH
B2H
, (7.99)
with
CH = 3
(
1 + 12
∂ ln(ξH)
∂ ln(h˜)
)2
+ 1 + ξH h˜
2
ξ2H h˜
2 (7.100)
and
BH =
∂ ln(RH)
∂ ln(h˜)
+ 4
ξH h˜2
(
1 + 14
∂ ln(λH)
∂ ln(h˜)
)
. (7.101)
In the limit of large ξH h˜2 an important quantity is the
running of the ratio RH = λH/ξ2H . In previous approaches
the contribution of gravitational fluctuations is neglected,
ξH is taken constant, and λH follows the perturbative flow
induced by the standard model of particles. In general,
gravitational contributions matter, however, and we will
discuss this issue below. For a first approach we take scale
independent λH and ξH , as assumed to be given by values
at some UV-fixed point. In this limit the kinetial simplifies
k2 = ξH(3ξH + 1)h˜
4
8 . (7.102)
The relation between ϕ und h˜ becomes
∂ϕ
∂h˜
= − 4M
ξH h˜3
. (7.103)
Inflation ends for k2 = 1/2 or
h˜4f =
4
ξH(3ξH + 1)
. (7.104)
We can relate the value of h˜ with the number N of e-foldings
before the end of inflation by eq. (7.14),
N = −12(3ξH + 1)
∫ h˜f
h˜
dh˜′ h˜′ = 14(3ξH + 1)h˜
2 −Nf ,
(7.105)
with
Nf =
1
4(3ξH + 1)h˜
2
f =
1
2
√
3ξH + 1
ξH
. (7.106)
Inserting h˜2 = 4(N +Nf )/(3ξH + 1) yields
k2(N) = 2ξH3ξH + 1
(N +Nf )2 . (7.107)
One infers for the spectral parameters
r = 4(3ξH + 1)
ξH(N +Nf )2
(7.108)
and
n = 1− 2
N +Nf
− r8 . (7.109)
The spectral parameters become very close to Starobinski
inflation with approximate values (7.38), (7.40). Indeed, the
expression for ε(N) is the same up to a factor 1 + 1/(3ξH),
and up to the precise meaning of Nf . (For the subleading
corrections ∼ Nf/N one would need an improvement of
the rough estimate (7.106).) The fluctuation amplitude
∆2 ≈ λH(N +Nf )
2
12pi2ξH(3ξH + 1)
≈ 2 · 10−9 (7.110)
requires a very small value of λH/ξ2H ≈ 2 · 10−10.
Another interesting limit takes ξH → 0, with
∂ ln(ξH)/∂ ln(h˜) = 0. In this limit one finds
BH =
4 + ∂ ln(λH)
∂ ln(h˜)
ξH h˜2
, CH =
1
ξ2H h˜
2 . (7.111)
and therefore a kinetial
k2(ϕ) = 2h˜
2(
4 + ∂ ln(λH)
∂ ln(h˜)
)2 . (7.112)
Since no Weyl scaling is involved for ξH = 0, the kinetial is
directly obtained from the relation between h˜ and ϕ
k2(ϕ) = 2M2
(
∂h˜
∂ϕ
)2
,
∂ϕ
∂h˜
= −M
h˜
(
4 + ∂ ln(λH)
∂ ln(h˜)
)
.
(7.113)
The dynamics of a possible inflationary phase depends on
the function λH(h˜). In the limit of constant λH one would
have
N +Nf =
h˜2
4 , (7.114)
such that the corresponding spectral parameters,
r = 16
N +Nf
, n = 1− 3
N +Nf
, (7.115)
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are not compatible with observation.
An increase of the effective potential U ∼ h4 for h →
∞ contradicts, however, the graviton barrier discussed in
sect. 6. In the range h˜2  1 the graviton fluctuations
dominate the behavior of the Higgs-potential U(ρ), ρ =
h2/2. As we have discussed in sect. 6.17 they tend to make
the potential flat, ∂2U/∂ρ2 → 0, ∂U/∂ρ→ 0. A reasonable
approximation for the range of large h˜ may be
U = µ4H −
νH
h2
, (7.116)
corresponding to
λH =
2µ4H
M4
h˜−4 − 2νH
M6
h˜−6 . (7.117)
The parameters µH and νH violate scale symmetry. They
should be such that the potential smoothly matches the
perturbative potential of the standard model for h˜2 ≈ 1.
Typically, the dimensionless ratios
uH =
2µ4H
M4
, vH =
2νH
M6
(7.118)
are very small.
With eq. (7.117) one finds for ξH → 0 the kinetial
k2(ϕ) = h˜
2(uH h˜2 − vH)2
2v2H
= h˜
2(h˜2 − γH)2
2γ2H
, (7.119)
with
γH =
vH
uH
= νH
µ4HM
4 . (7.120)
This yields
N +Nf =
1
4γH
(
h˜4 − 2γH h˜2
)
(7.121)
and therefore
r = 2√γHN−
3
2
(
1 + 12
√
γH
N
)−1
, (7.122)
with
N = N +Nf +
γH
4 . (7.123)
For γH . 1 the tensor amplitude is small. The spectral
index,
n = 1− 3
2N
, (7.124)
seems compatible with observation. For a realistic ampli-
tude,
∆2 = 2uH√
γH
N
3
2 = 4µ
6
HN
3
2
√
νHM3
≈ 2 · 10−9 , (7.125)
one needs µH sufficiently small as compared to M .
This short discussion demonstrates that a realistic Higgs
inflation does not necessarily require a value ξH  1. It
reveals, however, that an understanding of the role of gravi-
tational fluctuations is crucial. They determine the behavior
of the kinetial for large h˜2. For large ranges of parameters
they are important for the values of h˜2 relevant for infla-
tion. It seems possible that close to an UV-fixed point both
λH(h˜2) and ξH(h˜2) correspond to irrelevant parameters and
are therefore predictable.
7.5. Scale invariant inflation
For scale invariant inflation no intrinsic mass scale plays
a role during the inflationary epoch. Quantum scale in-
variance can be considered as an exact symmetry. If a
single scalar field has a non-vanishing cosmological value,
it is a Goldstone boson. Its evolution settles early to a
constant value. Inflation, if realized, does not end for a
scale invariant model with a single scalar field. One there-
fore needs at least two physical scalar degrees of freedom.
An example is “scale invariant Starobinski inflation”. The
constant Plank mass for Starobinski inflation is replaced
by a scalar field χ. An alternative is scale invariant Higgs
inflation [58, 283, 336, 338–340], or the introduction of an
independent inflaton field [52, 59, 282].
7.5.1. Scale invariant Starobinski inflation
Scale invariant Starobinski inflation starts from the simple
scale invariant effective action (6.61). Within the more
general setting of cosmon inflation it is realized if for some
epoch the values of φ and χ are such that all terms involving
µ¯2 can be neglected in eqs. (7.44), (7.45). In the Einstein
frame the effective action for scale invariant Starobinski
inflation is given by eqs. (6.83)-(6.85). We can replace the
field φ by ϕ
ϕ = −M ln
(
VE
M4
)
= 2M
(
ln(χ2 + 2Cφ)− ln(φ)− 12 ln
(
C
2
))
, (7.126)
or
∂µφ =
2φ
χ
∂µχ− φ(χ
2 + 2Cφ)
2Mχ2 ∂µϕ . (7.127)
The kinetic term becomes
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Lkin = M
2
2
{(
B + 12Cφ
χ2
)(
χ2 + 2Cφ
)−1
∂µχ∂µχ− 6Cφ
Mχ3
∂µχ∂µϕ+
3C2φ2
2M2χ4 ∂
µϕ∂µϕ
}
= 12
{
M2
χ2
[
(B − 6)
(
1−
√
8C exp
(
− ϕ2M
))
+ 6
]
∂µχ∂µχ+ 3C exp
(
− ϕ
M
)(
1−
√
8C exp
(
− ϕ2M
))−2
∂µϕ∂µϕ
− 3
√
8CM
χ
exp
(
− ϕ2M
)(
1−
√
8C exp
(
− ϕ2M
))−1
∂µχ∂µϕ
}
. (7.128)
It can also be obtained directly from eq. (6.72), using the
relation between ω and χ, ϕ,
VE
M4
= exp
(
− ϕ
M
)
= 18C
(
1− χ
2ω2
M2
)2
,
ω2 = M
2
χ2
(
1−
√
8C exp
(
− ϕ2M
))
. (7.129)
The kinetic term can be brought to a diagonal form
L = 12
{
k2(ϕ)∂µϕ∂µϕ+A(ϕ)∂µτ∂µτ
}
, (7.130)
replacing χ by τ ,
ln
( χ
M
)
= f(ϕ, τ) . (7.131)
Indeed, the mixed term ∼ ∂µϕ∂µτ is eliminated if
M
∂f
∂ϕ
= 3(1− z)2z[(B − 6)z + 6] , (7.132)
where we employ the shorthand
z(ϕ) = 1−
√
8C exp
(
− ϕ2M
)
= χ
2
χ2 + 2Cφ , (7.133)
and the relation
1
χ
∂µχ =
∂f
∂ϕ
∂µϕ+
∂f
∂τ
∂µτ . (7.134)
Inserting eqs. (7.130), (7.132) one obtains for the kinetial
for ϕ
k2(ϕ) = 3(B − 6)(1− z)
2
8z[(B − 6)z + 6] . (7.135)
For (B − 6)z  6 one recovers the limit of Starobinski
inflation (7.29),
k2(ϕ) = 3(1− z)
2
8z2 . (7.136)
The field τ has only derivative couplings and we identify
it with the Goldstone boson. The coefficient A(ϕ) for the
kinetic term for τ reads
A2(ϕ) = M2[(B − 6)z + 6]
(
∂f
∂τ
)2
. (7.137)
One may choose
f(ϕ, τ) = f0(ϕ) +
1√
6M
τ , (7.138)
such that
A2(ϕ) = 1 + B − 66 z , (7.139)
which is canonical for (B − 6)z  6. We observe that the
field equations for τ always have a solution for constant
τ = τ0. Once τ has settled at τ0 it can be neglected. Only
in possible early stages, when ∂µτ 6= 0, the evolution of
τ can have an influence on the evolution of ϕ due to a
term ∼ (∂A/∂ϕ)∂µτ∂µτ in the field equation for ϕ. In the
following we assume that τ has reached a constant value for
the inflationary stages relevant to observation, and neglect
its evolution.
The presence of the cosmon field modifies the inflationary
dynamics by the mixing of the kinetic terms. The kinetial
(7.135) differs from the one of pure Starobinski inflation.
Large values of k2(ϕ) correspond to inflationary epochs.
We concentrate first on (B − 6 ≥ 0, z ≥ 0)
χ2  |2Cφ| , z ≈ 0 , k2 ≈ B − 616z ,
VE
M4
= exp
(
− ϕ
M
)
≈ 18C . (7.140)
This may correspond to the immediate vicinity of the UV-
fixed point where scale symmetry is associated to massless
particles, χ→ 0. As χ and z increase, there may be later a
transition to Starobinski inflation once z > 6/(B− 6), or to
cosmon inflation as discussed in sect. 7.2, if an intrinsic mass
scale µ¯ starts to play a role. In the second case much smaller
values of C are possible, since z may be close to one at
the time when the observable fluctuations freeze. Without
the effect of intrinsic mass scales one has for χ2  |2Cφ|,
z ≈ 1,
VE
M4
= (1− z)
2
8C , (7.141)
and
k2(z → 1) = 3(B − 6)(1− z)
2
8B . (7.142)
For B > 6 the kinetial (7.142) is not large. We conclude
that for C substantially smaller than the value (7.42) the
intrinsic mass scale µ¯ has to play a role for realistic cosmon
inflation.
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7.5.2. Scale invariant Higgs inflation
For scale invariant Higgs inflation [58, 243, 283, 336, 338–
341] the effective action is given by
L = −12
(
χ2 + ξH(h˜)h†h
)
R+ 12λH(h˜)(h
†h− ε(h˜)χ2)2
+Dµh†Dµh+
1
2(B(h˜)− 6)∂
µχ∂µχ , (7.143)
with
h˜2 = h
†h
χ2
. (7.144)
For the present stage of the Universe ε(h˜) is tiny and the
term ∼ ξHh†h is negligible. This may be different for the in-
flationary stage in early cosmology. Omitting gravitational
fluctuations the running of ε with h˜ is small. It is given by
eq. (2.45) with µ replaced by h˜. We will assume here that
even in presence of gravitational fluctuations ε(h˜) remains
small enough in the range of h˜ relevant for inflation, such
that terms involving ε(h˜) can be neglected. (See ref. [306]
for a discussion of a scenario where ε(h˜) becomes important
in early cosmology.)
In the Einstein frame the potential is given by eq. (7.93).
With
ω2 = M
2
χ2(1 + ξH h˜2)
, (7.145)
the kinetic term (7.96) is supplemented by additional deriva-
tives of χ,
Lkin = M2
{
1 + ξH h˜2 + a2Hξ2H h˜2
(1 + ξH h˜2)2
∂µh˜∂µh˜ (7.146)
+ 12χ2
(
B − 6 + 2h˜2
1 + ξH h˜2
+ 6
)
∂µχ∂µχ
+ 2h˜
χ(1 + ξH h˜2)
[
1 + 3ξH
(
1 + 12
∂ ln(ξH)
∂ ln(h˜)
)]
∂µχ∂µh˜
}
.
The relation between ϕ and h˜ is the same as for Higgs
inflation as discussed in sect. 7.3, now with h˜ = h/χ instead
of h˜ = h/M . The only effect of the field χ arises from the
diagonalization of the kinetic term. For a constant χ = M
one recovers Higgs inflation as discussed in sect. 7.3.
The diagonalization of the kinetic term is achieved by
defining similar to eqs. (7.131), (7.138)
ln
( χ
M
)
= f0(h˜) + g(τ) , (7.147)
provided f0(h˜) obeys
∂f0
∂h˜
= −
2h˜
[
1 + 3ξH
(
1 + 12
∂ ln(ξH)
∂ ln(h˜)
)]
B + 2h˜2 + 6ξH h˜2
. (7.148)
This yields
k2(ϕ) = 2M
2
1 + ξH h˜2
(
∂h˜
∂ϕ
)2{
1 + a
2
Hξ
2
H h˜
2
1 + ξH h˜2
− 2(1 + ξHa
2
H)h˜2
B + 2h˜2 + 6ξH h˜2
}
= 2C˜H
B2H
(7.149)
with
C˜H =
(B + 6ξH h˜2)(1 + ξH h˜2 + a2Hξ2H h˜2)− 2ξHa2H h˜2
ξ2H(B + 6ξH h˜2 + 2h˜2)h˜2
(7.150)
replacing CH in eq. (7.99), and BH given by eq. (7.101).
Several limits are of interest. For the first limit we con-
sider B  6ξH h˜2, such that
C˜H =
3(1 + ξH h˜2 + a2Hξ2H h˜2)− a2H
ξH(3ξH + 1)h˜2
. (7.151)
If we further consider ξH  1 and the range ξH h˜2  1,
this simplifies further to
C˜H = a2H , (7.152)
which equals the corresponding limit of CH in eq. (7.100).
One recovers Higgs inflation as discussed in sect. 7.3. The
second limit considers B  6ξH h˜2, B  2h˜2, where
C˜H =
1 + ξH h˜2 + a2Hξ2H h˜2
ξ2H h˜
2 = CH (7.153)
again equals CH such that the mixing in the kinetic terms
(7.146) becomes negligible. Away from the two limits there
are quantitative but no qualitative differences between C˜H
and CH .
Another interesting limit is given by ξH → 0,
∂ ln(ξH)/∂ ln(h˜) → 0. While BH is again given by
eq. (7.111), one finds for C˜H
C˜H =
B
ξ2H h˜
2(B + 2h˜2)
. (7.154)
Therefore the kinetial
k2 = 2Bh˜
2
B + 2h˜2
(
4 + ∂ ln(λH)
∂ ln(h˜)
)−2
(7.155)
is reduced by a factor B/(B + 2h˜2) as compared to
eq. (7.112). For large enough B the relevant range of h˜2
obeys 2h˜2  B, such that the presence of the additional
scalar χ induces only a small modification of Higgs inflation
in the limit of small ξH as well. For small B the differences
between scale invariant Higgs inflation and Higgs inflation
with fixed M2 are more substantial.
One concludes that scale invariant Higgs inflation is rather
similar to Higgs inflation with an intrinsic mass scale M .
For scale invariant Higgs inflation the almost scale invariant
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primordial fluctuation spectrum is not directly related to
gravity scale symmetry. Since there is no intrinsic mass
scale, the end of inflation cannot be associated with the
evolution away from the UV-fixed point due to a relevant
parameter. For scale invariant Higgs inflation one encoun-
ters another type of scale symmetry where in eq. (7.143) the
Higgs doublet and the metric scale according to h → α˜h,
gµν → α˜−2gµν , while χ remains invariant. This is the
same transformation as particle scale symmetry, but now
realized for a region where χ2  ξHh†h. This version of
scale symmetry is broken substantially once χ2 ≈ ξHh2
or ξH h˜2 ≈ 1, as well as by the dependence of λH and ξH
on h˜2. The end of inflation is associated to a substantial
violation of this scale symmetry. We observe that this scale
symmetry becomes exact in the limit h˜2 → ∞, provided
λH and ξH reach fixed values in this limit. In this limit
BH approaches zero, the kinetial k2(ϕ) diverges, and the
fluctuation spectrum becomes scale invariant, ε→ 0, r → 0,
n→ 1.
7.5.3. General scale invariant two-field inflation
Other versions of scale invariant inflation employ besides
χ an additional scalar field as a type of inflaton. For the
formal treatment this is very similar to scale invariant Higgs
inflation. Only the physical meaning of h2 is changed. It is
no longer the squared Higgs doublet, but the square of an
appropriate new scalar field. Correspondingly, the restric-
tions on the potential related to the observed properties of
the Higgs boson no longer apply.
By virtue of scale symmetry the effective potential can
always be written as
U = 12λS(h˜
2)h4 , h˜2 = h
2
χ2
, (7.156)
such that λS replaces λH as used for scale invariant Higgs
inflation. For example, a potential quadratic in h reads
U = γ2χ
2h2 , λS =
γ
h˜2
. (7.157)
We also employ a general coupling to the curvature scalar,
replacing formally ξH(h˜2) by ξS(h˜2). All formal steps are
the same as for scale invariant Higgs inflation. In particular,
the potential in the Einstein frame only depends on the
dimensionless h˜2 according eq. (7.93)
VE
M4
= λS(h˜
2) h˜4
2(1 + ξS(h˜2) h˜2)
. (7.158)
The diagonalization of the kinetic term proceeds as for scale
invariant Higgs inflation. One ends with a kinetial k2(ϕ)
given by eq. (7.149), with C˜H specified by eq. (7.150) and
BH by eq. (7.101).
This yields general formulae for scale invariant models
with two scalar fields. The kinetial reads
k2(ϕ) = (a1 + a2B)h˜
2
16b2(B + 6ξS h˜2 + 2h˜2)
, (7.159)
where
a1 = 12ξS h˜2
[
(3ξ2S + ξS)h˜2
+ (3ξ2S h˜2 − 1)
(
∂ ln(ξS)
∂ ln(h˜)
+ 14
(
∂ ln(ξS)
∂ ln(h˜)
)2)]
a2 = 2
[
1 + ξS h˜2 + 3ξ2S h˜2
(
1 + 12
∂ ln(ξS)
∂ ln(h˜)
)2]
, (7.160)
and
b = 1 + 14
∂ ln(λS)
∂ ln(h˜)
+ ξ
2
S h˜
2
4
(
∂ ln(λS)
∂ ln(h˜)
− 2∂ ln(ξS)
∂ ln(h˜)
)
. (7.161)
With
∂ϕ
∂h˜
= − 4Mb
h˜(1 + ξS h˜2)
(7.162)
one relates the number of e-foldings N to h˜ via
N = −18
∫ h˜f
h˜
dh2 a1 + a2B(1 + ξSh2)(B + 6ξSh2 + 2h2)b
.
(7.163)
Solving h2(N) by use of eq. (7.163) one obtains r(N) and
n(N) via eq. (7.20). The amplitude is given by
∆2 = λS h˜
4k2
24pi2h˜2(1 + ξS h˜2)
. (7.164)
With three functions λS(h˜), ξS(h˜) and B(h˜) a very large
class of scale invariant inflationary models can be con-
structed. It is obvious that scale invariance alone is not
sufficient to constrain the inflationary parameters effec-
tively. Additional assumptions are needed for this purpose.
For example, ref. [52, 59, 282] assumes that ξS and B are
independent of h˜ and
λS = c1 + c2h˜2 + c3h˜4 . (7.165)
(In ref. [52, 59, 282] the notation differs from the present one
by a constant rescaling of χ.) For suitable choices of the five
parameters B, ξS , c1, c2, c3 realistic inflationary scenarios
can be found. We recall, however, that the approximate
scale invariance of the primordial fluctuation spectrum is
not related to gravity scale symmetry. It rather results from
an effective scale symmetry realized for particular choices
of the parameters. Also the smallness of ∆2 needs typically
to be adjusted by a suitable condition on the parameters.
We have omitted in most of the discussion of scale invari-
ant inflationary models the role of the Goldstone boson τ .
It settles early to an arbitrary constant value. Its fluctua-
tions do not induce curvature fluctuations or non-Gaussian
fluctuations [282, 342]. Effectively, the Goldstone boson
plays no role for the inflationary dynamics.
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7.6. Cosmological scaling solutions
Cosmology with scalar fields is often described by scal-
ing solutions [19, 343–348], sometimes also called tracker
solutions or cosmic attractor solutions. Scale symmetry is
a central ingredient for the understanding of such scaling
solutions since it permits to establish simple relations only
based on the dimensions of relevant quantities. Famous
examples for such scaling relations in other fields of physics
are the Widom scaling form [349] of the equation of state
for universal critical phenomena in statistical physics, or
the Kolmogorov scaling [350] for turbulence. Such scaling
relations exist for exact scale symmetry, as well as for the
presence of an intrinsic scale µ¯ that reflects the explicit
breaking of scale symmetry. (For critical phenomena µ¯
corresponds to the deviation of the temperature from the
critical temperature.) The discussion of scaling relations
is best done in a scale invariant frame for the metric. It is
somewhat obscured in the Einstein frame since the presence
of a fixed mass scale M , introduced only by the Weyl trans-
formation, makes arguments based on dimensions more
complicated. Once a scaling solution is established in a
given frame it can be transposed, or course, to arbitrary
frames.
For scaling solutions different terms in the effective action
are proportional to each other for a long time. These terms
include the effective scalar potential U(χ), the curvature
term ∼ χ2R, the scalar kinetic term Lkin and the energy
density of matter or radiation ρ. (Other possible scaling
solutions involving terms as R2 are not discussed here.) If
all four terms contribute, a scaling solution is characterized
by
U ∼ χ2R ∼ Lkin ∼ ρ . (7.166)
We concentrate on homogeneous and isotropic cosmologies
where the curvature scalar is given by the Hubble parameter
H,
R ∼ H2 + ∂tH , Lkin ∼ (∂tχ)2 + 3H∂tχ . (7.167)
For other possible scaling solutions a subset of the four
terms in eq. (7.166) is small and can be neglected. The
overall scale is set by the cosmic time t. Then dimensionless
combinations as Ht have to be expressed in terms of varying
scales as χ or intrinsic scales as µ¯.
7.6.1. Scaling solutions for exact scale symmetry
We first discuss situations of exact scale symmetry (µ¯ =
0). If U(χ) can be neglected (U(χ) = 0), one finds simple
scaling solutions with
H = ηt−1 , ρ ∼ χ2t−2 . (7.168)
The scalar kinetic term vanishes for large t according to
∂tχ ∼ t−3η , (7.169)
such that χ approaches a constant χ∞ that we may identify
with the Planck mass M . The solution (7.168) describes
standard Friedman cosmology, supplemented by a Gold-
stone boson whose dynamical role can be neglected (after a
possible short initial epoch). In contrast, for U = λχ4 the
scaling solutions are of the type
H2 ∼ χ2 , (7.170)
with negligible ρ for large time. With Lkin vanishing asymp-
totically for large t this amounts to a standard de Sitter
solution, with λM4 playing the role of a cosmological con-
stant. Again, the Goldstone boson plays no role.
7.6.2. Scaling solutions with intrinsic mass scale
Interesting cosmologies with variable χ (variable gravity
[60]) arise in the presence of an intrinsic scale µ¯ in the
effective potential. We first consider
U = µ¯2χ2 . (7.171)
The scaling solution implies then
H2 = b2µ¯2 , ρ ∼ µ¯2χ2 (7.172)
and
χ = χ0 exp (cµ¯t) , Lkin ∼ µ¯2χ2 , (7.173)
with constant b, c, χ0. All four terms in eq. (7.166) are
therefore of the same order ∼ µ¯2χ2. The intrinsic scale sets
a characteristic time scale µ¯−1 for the whole cosmological
evolution.
The explicit scaling solutions of this type can be found in
ref. [60]. In the Einstein frame they describe a modification
of Friedman cosmology by the presence of a constant frac-
tion of early dark energy (EDE). Dark energy scales in the
same way as the dominant radiation or matter component
in ρ. By virtue of this scaling the tiny amount of dark
energy in units of the Planck mass finds a simple explana-
tion. Both matter or radiation and dark energy decrease
simultaneously with increasing cosmic time. With
U
χ4
= µ¯
2χ2
χ4
= µ¯
2
χ2
= µ¯
2
χ20
exp (−2cµ¯t) , (7.174)
the effective cosmological constant vanishes asymptotically
for t → ∞ [19]. Indeed, the dimensionless ratio between
potential and fourth power of the (dynamical) Planck mass
is the same in all frames. In the Einstein frame U/χ4
becomes U/M4. The scaling solution predicts dark en-
ergy of the same order of magnitude as dark matter. The
small present ratio U/M4 ≈ 7 · 10−121, associated to a
tiny “cosmological constant”, has the same simple explana-
tion as the small present ratio for the dark matter density
ρM/M
4 ≈ 3 · 10−121. Both quantities decrease with time
and are very small because the Universe is very old.
If the scaling solution would be valid until the present
time, the dynamical dark energy would have at present
the same time evolution as dark matter and baryons. The
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evolution of cosmology depends on the equation of state w
of dark energy, as given by
w = p
ρ
. (7.175)
Here the pressure p and energy density ρ of dark energy
correspond to the components of its energy-momentum
tensor and should not be associated with a substance in
thermodynamic equilibrium. For a spatially homogeneous
scalar field in the Einstein frame, with a standard kinetic
term for the scalar field, one has
ρ = 12(∂tϕ)
2 + U(ϕ) , p = 12(∂tϕ)
2 − U(ϕ) . (7.176)
If the scaling solution holds at present, one infers w = 0, in
clear contrast to the observed value w ≈ −1.
Observation indicates that at present the time variation
of ϕ is small, (∂tϕ)2  U(ϕ). Realistic models of dark
energy therefore need an ingredient that “kicks out” the
cosmological solution from the scaling solution in a compar-
atively recent past (typically at redshift z ≈ 5.) A natural
candidate are non-relativistic neutrinos [351, 352] whose
masses may reflect a relevant parameter and therefore an
intrinsic scale in the beyond standard model physics [32].
Another possibility is the crossover in the form of the scalar
potential found in the discussion of scaling solutions for
dilaton quantum gravity in sect. 6.11. We will discuss the
stop of the scaling solution in sect. 7.8.
Cosmological scaling solutions of the type (7.174) can
be good approximations for the inflationary epoch, as well
as for radiation and matter domination. The transition
between such epochs are not described by scaling solutions.
The present epoch corresponds to a transition period rather
than a scaling solution. The details of the scaling solution
[32, 60] depend on the equation of state for the dominant
energy density ρ and the coefficient of the scalar kinetic
term. This distinguishes between the inflationary, radiation-
and matter-dominated epochs. For the matter dominated
period it is crucial that no intrinsic mass scale is introduced
by the particle masses, i.e. all particle masses have to
scale ∼ χ. Deviations from this scaling, for example in the
neutrino sector, typically end the scaling solution.
As a second example we take
U = µ¯4 . (7.177)
The scaling solution obeys
H2 ∼ µ¯
4
χ2
, ρ ∼ µ¯4 , χ ∼ µ¯2t . (7.178)
Again, the effective cosmological constant vanishes asymp-
totically for t→∞
U
χ4
= µ¯
4
χ4
∼ µ¯4t−4 . (7.179)
Models of this type have been discussed for pure scalar
theories by Bertolami [353] and Ford [354], neglecting ρ.
They can be extended to a radiation dominated epoch since
massless particles do not introduce an intrinsic mass scale.
Actually, the Hubble parameter vanishes for the scaling so-
lution in the radiation dominated epoch, which is therefore
characterized by a flat space geometry [60]. For the assumed
constant particle masses the models of Bertolami and Ford
do not admit, however, a realistic matter dominated epoch.
Furthermore, a substantial variation of the ratio between
nucleon mass and Planck mass contradicts observational
limits. As noted in ref. [353], no realistic cosmology can be
obtained on this basis. The situation changes profoundly
[19, 344] if particle masses scale ∼ χ, as dictated by scale
symmetry. Then particle masses do not introduce an in-
trinsic mass scale and the scaling solution (7.178) can be
extended to cover a realistic matter dominated epoch [60].
The model is again characterized by a constant fraction of
EDE.
7.6.3. Runaway cosmologies
The scaling solutions are typical examples of “runaway
cosmologies” for which χ(t) increases without settling at a
given value. This circumvents Weinberg’s no go theorem [20]
for a natural explanation of a small cosmological constant,
the latter being based on a static value of χ0 associated to
a minimum of the scalar potential in the Einstein frame at
χ0. In the infinite future χ grows to infinitely large values.
While in the scale invariant frame the scaling solutions
(7.172), (7.173) and (7.178), (7.179) look rather different,
the physical behavior of cosmology is actually rather similar.
Both models describe inflation, as well as radiation- and
matter-dominated epochs with a constant fraction of EDE.
In the Einstein frame both potentials (7.171) and (7.177)
appear in the form of an exponential potential [19]. This
extends to general potentials of the form
U = µ¯Aχ4−A , (7.180)
where A > 0 is the anomalous dimension for the dimension-
less coupling λ˜(χ) = U/χ4 near a fixed point at λ˜∗ = 0,
µ∂µλ˜ = Aλ˜ . (7.181)
The existence of such a fixed point with positive A solves the
cosmological constant problem dynamically, as advocated
in sect. 6.
The scaling solutions are a powerful mechanism for reduc-
ing the dark energy density to tiny values, similar in order of
magnitude to the energy density of radiation or matter. In
order to produce a dark energy density of the order observed
today, ρh ≈ (2 · 10−3eV)4, they have to last at least until
rather recent cosmological times (on logarithmic scales),
say redshift z ≈ 5. If cosmology would move substantially
away from the scaling solution much earlier, say at tf , one
typically would obtain a present dark energy density of the
same order as at tf , e.g. ρh(t0) ≈ ρh(tf ) ≈ Ωhρc(tf ), with
ρc(tf ) the critical total energy density corresponding to a
flat space-geometry. For an early tf one has ρc(tf ) much
larger than (2 · 10−3eV)4. Unless Ωh is tiny this restricts
tf to be in the relatively recent past. For Ωh = 0.01 the
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effective stop of the scalar field has to occur for a redshift
zf ≈ 5.
In turn, the scaling solutions are possible only if quan-
tum scale symmetry remains a good approximation in the
relevant range of scales. This implies that an intrinsic scale
µ¯ must be rather small on particle physics scales. In other
words, ΛQCD and ϕ0 must be proportional to χ with high
accuracy. Coming back to the discussion in sect. 5.5, the
dimensionless couplings of the standard model, normalized
at a momentum scale µ = χ, have to be very close to χ-
independent fixed point values. In particular, this requires
for dilaton quantum gravity that the gauge couplings are de-
termined by non-zero fixed point values g∗ and correspond
to irrelevant parameters [130]. If, in contrast, the gauge
couplings would be asymptotically free, the confinement
scale would not be proportional to χ, as given in eq. (5.35).
Cosmology would then differ strongly from the cosmological
scaling solution at a time much earlier than needed for
observation.
FIG. 10. Relative sliding of spontaneous and intrinsic scales in runaway cosmologies. Units are adapted to permit clear visualization.
The arrow indicates the increase of χ with increasing cosmic time. The time-dependent Planck mass is given by χ(t), and ϕ0, ΛQCD
are proportional to χ.
7.6.4. Sliding systems of scales
During the cosmological evolution the system of scales
induced by spontaneous scale symmetry breaking ∼ χ slides
relative to the intrinsic scales ∼ µ¯ that arise from relevant
parameters at the UV-fixed point. We have depicted this
evolution in fig. 10, where the arrow indicates the time-
evolution of the cosmological increase of χ. On the side of
the intrinsic scales, µ¯ typically indicates the explicit scale
symmetry breaking in the scalar potential. We have added
a possible scale m characterizing a crossover in the scalar
kinetic term. While m is proportional to µ¯, the ratio m/µ¯
may be large or small if the two scales arise from dimen-
sional transmutation of two different relevant couplings, as
discussed ins sect. 3. (We omit here for simplicity a possible
χ-dependence of m and µ¯.) On the side of the “sliding”
spontaneous scales, we show the Planck mass χ, the Fermi
scale ϕ0 ∼ χ and the QCD-confinement scale ΛQCD ∼ χ.
In the early cosmology of the inflationary epoch χ typically
started much smaller than µ¯, e.g. χ(t→ −∞)→ 0. During
inflation it crosses µ¯ and inflation may end once χ crosses
m. During the scaling solution in later cosmology also ϕ0
and ΛQCD cross m and µ¯, such that today the intrinsic
scales are much smaller than the confinement scale. The
standard model of particle physics is therefore almost scale
invariant. (This concerns gravity scale symmetry - particle
scale symmetry comes in addition.)
The actual value of µ¯ is arbitrary - it only sets the units
of mass. Only dimensionless ratios as χ/µ¯ are observable.
The ratio χ/µ¯ depends on time. It has increased to a huge
value due to the continuous increase of χ during a very long
cosmological period. The value of χ/µ¯ today can be used to
define the present cosmological epoch. Its value depends on
the particular form of the cosmon effective potential. From
U(χ(t0))
χ4(t0)
= 8.3 · 10−121 , (7.182)
and choosing units for which χ(t0) equals the Planck mass
M , one infers for the potential (7.171) a value close to the
present Hubble parameter
µ¯ = 2 · 10−33eV . (7.183)
The characteristic time for the cosmological evolution is
given by
µ¯−1 ≈ 1010yr . (7.184)
For the potential (7.177) one obtains
µ¯ = 2.325 · 10−3eV , (7.185)
with µ¯4 the present dark energy density.
7.6.5. Quantitative scaling solutions
It is instructive to follow the time evolution of the geom-
etry for the scaling solutions. For the potential (7.171) the
scaling solutions
H = bµ¯ , χ = χ0 exp(cµ¯t) , ρ = ρ¯µ¯2χ2 , (7.186)
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are solutions of the field equations [60] for
c2 = 33B − 2
{√
(1 + ρ¯)2 − 8ρ¯3B − (1 + ρ¯) +
4
3B
}
(7.187)
and
b = −c+ 1√
3
(
1 + ρ¯+ B2 c
2
)
. (7.188)
Scalar dominated scaling solutions with ρ¯ = 0 exist for
c2 = 4
B(3B − 2) , b =
B − 2
2 c (7.189)
and therefore for B > 2/3. The universe is expanding
(b > 0) for B > 2, and contracting (b < 0) for B < 2. We
will see in the Einstein frame that B = 2 coincides with the
end of the inflationary epoch.
For the radiation dominated epoch one has
ρ ∼ a−4 (7.190)
and therefore
χ ∼ a−2 . (7.191)
This requires
b = − c2 . (7.192)
The proportionality factor ρ¯ adapts to the condition (7.192)
and one obtains
b = − 1√
B
, c = 2√
B
, ρ¯ = 3(1−B)
B
. (7.193)
In turn, this shows that this type of scaling solution exists
only for
B < 1 . (7.194)
The potential and kinetic energy of the scalar field constitute
a homogeneous early dark energy component
ρh = µ¯2χ2 +
B
2 χ˙
2 , (7.195)
with fraction
Ωh =
ρh
ρ+ ρh
= B . (7.196)
According to eqs. (7.192), (7.193) the universe is shrinking
during the radiation dominated epoch. Similar consider-
ations apply to the matter dominated epoch, for which
the change of particle masses ∼ χ introduces an additional
term [284] in the energy momentum conservation law. The
quantitative solution [60] shows that the universe is also
shrinking during the matter dominated epoch. Despite the
unusual geometry of a shrinking universe, the scaling solu-
tions for the radiation and matter dominated epochs are
compatible with observation. This is seen most easily in the
Einstein frame, and discussed in more detail in sect. 7.7.3.
The evolution of geometry is different for a constant
potential U = µ¯4 (7.177). For the radiation dominated
epoch one now finds
ρ = ρ¯µ¯4 ∼ a−4 , (7.197)
which implies a flat Minkowski geometry
b = 0 . (7.198)
One finds [60]
ρ¯ = 3(4−B)
B
, (7.199)
requiring
B < 4 . (7.200)
For the matter dominated epoch one finds [60] an expansion
of the Universe according to
H = 13t . (7.201)
While the behavior of geometry in the scaling frame is rather
unusual, we will see that in the Einstein frame cosmology
is given by a Friedman universe modified by early dark
energy.
7.6.6. Scaling solutions in the Einstein frame
We finally briefly discuss the scaling solutions in the
Einstein frame. Similar to our discussion of inflation we
choose a normalization of the scalar field where the potential
takes an exponential form (7.5). For equivalent discussions
with a standard normalization of the scalar kinetic term we
refer to refs. [306, 355–358]. With
ϕ
M
= − ln
(
U(χ)
χ4
)
, (7.202)
we only will keep the leading power of χ in U(χ). The
potential U = µ¯2χ2 corresponds to
ϕ
M
= ln
(
χ2
µ¯2
)
. (7.203)
With a kinetic term (2.16) the kinetial in the Einstein frame
reads
k2(ϕ) = B4 . (7.204)
For the potential U = µ¯4 one has
ϕ
M
= ln
(
χ4
µ¯4
)
, (7.205)
while
k2(ϕ) = B16 . (7.206)
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For a given B the two models therefore only differ by a
factor four in the kinetial and are qualitatively similar.
The scaling solutions correspond to a constant kinetial k2
or B, while a small ϕ-dependence of k2 or a χ-dependence of
B induces approximate scaling solutions. Scalar dominated
scaling solutions (with radiation and matter neglected) exist
for
k2 >
1
6 . (7.207)
For scaling solutions with radiation or matter the fraction
in the potential and kinetic energy of the cosmon (early
dark energy) amounts to
Ωh = nk2 , (7.208)
with n = 4 for radiation domination and n = 3 for matter
domination.
From Ωh ≤ 1 one infers that such solutions exist only for
k2 <
1
n
. (7.209)
If the condition (7.209) is obeyed, the scaling solution with
radiation or matter turns out to be the attractor solution.
Observational bounds restrict early dark energy to be less
than around 1 − 2% at the time of CMB-emission. This
results in a bound
k2 . 0.005 , (7.210)
with a corresponding bound on B. Perhaps the most char-
acteristic signal of EDE is a reduction of the observed power
of structures (σ8) as compared to the CMB-prediction for
ΛCDM models [359–361]. One percent EDE reduces σ8 by
around 5% [360].
During a scaling solution the transformation to a canoni-
cal kinetic term is very simple. With canonically normalized
field
σ = kϕ (7.211)
the potential becomes
U = M4 exp
(
−α σ
M
)
, α = 1
k
, (7.212)
such that the bound (7.207) reads α2 < 6, while eq. (7.209)
becomes α2 > n. (The bounds on α or k2 coincide with the
bounds on B discussed previously.)
7.6.7. Mass of the cosmon
The mass of the cosmon – the pseudo Goldstone boson
of spontaneously broken scale symmetry – is given in the
Einstein frame by eq. (6.86),
m2c =
∂2VE
∂σ2
=
(
k−1∂ϕ
)2
VE
= k−2
(
∂2VE
∂ϕ2
− ∂ ln(k)
∂ϕ
∂VE
∂ϕ
)
= 1
M2k2
(1 +M∂ϕ ln(k))VE . (7.213)
The cosmon mass decreases with time as VE decreases.
For the scaling solutions it is roughly given by the Hubble
parameter,
mc ≈ 1
M
√
VE ≈ H . (7.214)
In eq. (7.214) we treat the kinetial as order one and omit
it together with other factors of the order one.
Let us establish the relation to the general discussion of
the mass of the pseudo-Goldstone boson in sect. 5.5. In the
absence of an intrinsic scale µ¯ the potential in the scaling
frame would have to be of the form U = λ˜χ4, with constant
λ˜. The potential in the Einstein frame, VE = λ˜M4, (for a
normalization where F = χ2) would be flat, and the cosmon
mass term would vanish. In this limit the cosmon becomes
the massless Goldstone boson of spontaneously broken scale
symmetry – the dilaton. (Actually, the graviton barrier and
the stability of the scalar potential allow only for λ˜ = 0.)
We conclude that the cosmon mass vanishes indeed in the
limit µ¯/χ→ 0.
The relation between the scales of explicit symmetry
breaking, spontaneous symmetry breaking, and the mass of
the pseudo-Goldstone boson differs for runaway potentials
from the case where the ground state of cosmological solu-
tion corresponds to the minimum of the effective potential.
For a runaway potential in the Einstein frame of the form
VE
M4
= c
(
µ¯
χ
)α
(7.215)
one has
∂2VE
∂χ2
∼ VE
χ2
. (7.216)
The mass term,
m2c ∼
(
∂χ
∂σ
)2
VE
χ2
, (7.217)
becomes for
σ ∼M ln
( χ
M
)
,
∂σ
∂χ
∼ M
χ
, (7.218)
and a present value χ = M ,
m2c ∼
VE
χ2
. (7.219)
Comparing with the general relation m2c ∼ µ˜4/χ2 with in-
trinsic scale µ˜ and scale of spontaneous symmetry breaking
χ, one identifies
µ˜ = V
1
4
E
(
∂χ
∂σ
) 1
2
. (7.220)
For the particular case U = cµ¯4, VE = cµ¯4M4/χ4 one
has µ˜ ∼ µ¯ for χ = M . On the other hand, U = bµ¯2χ2,
VE = bµ¯2M4/χ2 yields µ˜ ∼
√
µ¯χ. In both cases, µ˜ is of
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the order 10−3eV and one recovers the last example in
eq. (5.25).
As an alternative to a potential U = cµ¯4 it has been
proposed [63] to consider a model with restricted diffeo-
morphism symmetry, namely volume preserving diffeomor-
phisms [362–364], and to take U = 0. There seems to be
no intrinsic mass scale and no explicit breaking of scale
symmetry in this model. Still, the field equations and all
observable quantities of this model are the same as for a
model with full diffeomorphism invariance and explicit scale
symmetry breaking by a potential U = cµ¯4. The effects
of the constant potential appear now in the form of a free
integration constant. Instead of specifying the model by
a relevant parameter, reflected in U = cµ¯4, the latter is
now a property of a particular solution of the field equa-
tions. It is not clear to us at present what are the precise
differences between a model with restricted diffeomorphism
symmetry and a partial gauge fixing in a model with full
diffeomorphism symmetry, where the partial gauge fixing
enforces √g to be a given constant. In any case, field equa-
tions and therefore the mass of the cosmon are the same
in both models. There is no exactly massless Goldstone
boson in the model with restricted diffeomorphism symme-
try. Since scale symmetry is spontaneously broken by the
cosmological solution, this absence of an exact Goldstone
boson needs additional understanding if no intrinsic mass
scale is present.
7.6.8. Beginning and end of scaling solution
The transition from an early epoch of inflation with
k2  1 to a scaling solution with radiation for k2 < 1/4 can
be realized by a crossover of the kinetial k2(ϕ) from large to
small values. This type of cosmon inflation [280] realizes the
general concept of quintessential inflation [355, 365–367].
For realizing this scenario B(χ) has to decrease from large
values for χ → 0, e.g. k2 = 8/r & 80, to small values for
χ µ¯. With eq. (7.204) or (7.206) the bound for B(χ µ¯)
amounts to B < 1 or B < 4. For both cases the sign of
the kinetic term (2.16) in the scaling frame, K = B − 6, is
negative.
It is also possible that a crossover of k2(ϕ) from small
values to large values for ϕ & ϕc ends the scaling solution.
This type of “leaping kinetic term” can be employed to
obtain [295, 368] realistic models of dynamical dark en-
ergy for which the present equation of state is close to
w = −1. Once k2(ϕ) increases beyond the critical value
k2c = 1/n, the ratio between dark matter and quintessence
starts to decrease and the universe turns to a scalar field
dominated epoch. One may construct realistic dynamical
dark energy models where B(χ) is large for χ . µ¯, small
in some intermediate range of χ, and turns again large for
very large χ. This entails the sequence inflation, scaling
solution, quintessence dominated universe. It is not clear
if such a behavior of B(χ) can be obtained from quantum
gravity, but one should keep in mind that χ may effectively
correspond to some “valley” in a multi-scalar landscape.
Phenomenological models of this type can be made viable
[369]. Of course, the range of χ where the kinetial becomes
large has to match the timing for the recent crossover to
dark energy domination.
As an alternative to an increase of B(χ) for large χ the
scaling solution may be ended by a cosmic trigger event
as for growing neutrino quintessence [351, 352]. We will
briefly discuss this issue in sect. 7.8.
Scaling solutions or approximate scaling solutions corre-
spond to ranges of χ for which B(χ) varies slowly. Such
ranges may be connected by crossover ranges with a faster
change of B(χ). Correspondingly, cosmological scaling solu-
tions may be separated by transition regions. For example,
after the end of inflation cosmology typically enters an
“kination epoch” during which the scalar kinetic energy
dominates. A transition to the scaling solution with ra-
diation domination requires that first enough entropy is
produced to heat the Universe. The duration of the kination
epoch depends on the details of the heating [306].
For a discussion of the evolution of the Universe one
needs to understand the stability or instability of the scal-
ing solutions with respect to small perturbations. Often
this can be established [19] by simply investigating if a
subdominant contribution is increasing or decreasing. A
more general stability analysis [344] for neighboring ho-
mogeneous and isotropic cosmologies can be performed in
the general framework of non-linear differential equations
[345, 346, 370]. We also note that modified solutions exist
if particle masses are not exactly proportional to χ, but
scale with a different power. In the Einstein frame they
describe “coupled quintessence” [344, 370].
7.7. Time variation of fundamental “constants”
For cosmologies with varying scalar fields the “fundamen-
tal constants” may depend on the value of the scalar field
and therefore on time [371, 372]. In early days this feature
has been explored for a possible explanation of small dimen-
sionless numbers, as the ratio of electron mass to Planck
mass [373]. Improving observational bounds it has become
clear that the time variation of such mass ratios has to
be tiny, much too small for an explanation of their small
present values [218] – see ref. [285] for a review. At the
same time, these strong bounds have become an important
issue for models of dynamical dark energy or quintessence
[284, 374, 375] or for string theories with light moduli fields
[376–379]. In string theories possible problems may be
circumvented by mechanisms that give a sufficiently large
mass to all scalar particles, such that they do not play a
dynamical role for nucleosynthesis or later cosmology. This
is not possible for dynamical dark energy since an almost
massless scalar is the key ingredient for the time evolution
of the dark energy density. The central problem to a dy-
namical solution of the cosmological constant problem by
the time variation of a scalar field is not so much to find
models where the ratio between the effective potential and
the fourth power of the Planck mass vanishes asymptoti-
cally, but rather combine this with an almost constant ratio
of nucleon mass over Planck mass [284].
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7.7.1. Scale symmetry and varying couplings
Quantum scale symmetry provides for a simple expla-
nation for the absence of a time variation of fundamental
constants, or why such a variation is very small [368, 380].
Indeed, exact quantum scale symmetry corresponds to a
fixed point with a corresponding scaling solution for dimen-
sionless couplings. As discussed in sect. 4, a renormalized
dimensionless coupling g can only depend on µ/χ, with µ
some momentum or geometry scale, and χ the value of a
scalar field that breaks scale symmetry spontaneously. In
late cosmology (typically after inflation) µ/χ vanishes to a
very good approximation. We can set µ = 0 and infer that
g does not depend on χ. Thus dimensionless couplings do
not vary even though χ may depend on time.
This extends to dimensionless mass ratios as me/M or
mn/M , with me the electron mass and mn the nucleon
mass. For M = χ exact quantum scale symmetry implies
that both me and mn are ∼ χ. Mass ratios remain constant
despite a time variation of χ. Mass ratios are invariant un-
der Weyl scaling. In the Einstein frame with χ-independent
M both me and mn are therefore independent of χ. With
all dimensionless couplings and mass ratios independent of
χ, one finds that also all other dimensionless combinations
as bi/me or σim2e, with bi some binding energy and σi some
cross section, do not depend on χ. All observable dimen-
sionless quantities in particle physics are independent of χ.
In the Einstein frame χ decouples completely from particle
physics, up to negligible effects of derivative couplings. In
short, exact quantum scale symmetry implies the absence
of a time variation of fundamental constants.
Cosmological scaling solutions that remain good approx-
imations until a rather recent cosmological epoch require
that the dimensionless couplings of the standard model
correspond to irrelevant couplings at the UV-fixed point.
They can therefore be predicted for a given model. For
this situation of irrelevant standard model couplings the χ-
independence of dimensionless couplings and mass ratios is
expected to be highly accurate. In models with exact scale
symmetry the absence of time varying couplings is exact,
unless there is an additional very light scalar field beyond
the Goldstone boson. Any time variation of fundamental
constants is related to the presence of an intrinsic scale µ¯.
This scale is required in order to permit scaling solutions
in the first place. If the presence of this intrinsic scale
has some indirect effect on the standard model couplings it
could lead to a tiny time variation of fundamental couplings.
We discuss this possibility below.
7.7.2. Observable “fundamental constants”
Discussing a possible time variation of “fundamental con-
stants” needs a specification what is meant by this concept.
Indeed, there are different types of what is usually called
“fundamental constants”. The first type are simple conver-
sion factors, as the light velocity c or the Planck constant
~. Both have been set to one in this report. Indeed, the
light velocity only specifies the relation between the hu-
man length scale meter and time scale second. One could
measure all distances in light-seconds (as actually done in
practice) and never introduce the meter. It is very unlikely
that a different civilization would use the meter - after all
this is a purely historical unit. Also the second is a purely
human historical unit, while frequencies of certain atomic
transitions can be regarded as more universal. Being only
a conversion factor c can be taken as constant. It coin-
cides with the velocity of light in vacuum in any theory
with Lorentz invariance. In theories with spontaneously or
explicitly broken Lorentz symmetry the physical velocity
of light may be different in different directions. Still, any
theory will need a conversion unit between distances in
space and time, and this can be taken constant. Similar
arguments apply to ~ which converts momentum units into
inverse length units, according to the uncertainty relation
of quantum mechanics. We can again fix ~ as a constant.
Other conversion units are the Boltzmann constant convert-
ing temperature to energy units. By definition, conversion
units do not depend on time.
A second type of “fundamental constants” are dimension-
less parameters as the fine structure constant. They are
related to particular couplings or parameters in a model.
The observable dimensionless parameters correspond to
renormalized couplings. They typically depend on the
momentum or length scale µ of the observation. Those
parameters can also depend on scalar fields as χ, and they
can vary with time if χ varies with time. If such dimen-
sionless couplings are fundamental or not often depends on
the level at which the theory is considered. The dimension-
less parameters of nuclear physics may be reduced to the
dimensionless parameters of the standard model.
The standard model also contains mass parameters as
the proton mass mp or the electron mass me. In turn, they
involve the confinement scale ΛQCD and the Fermi scale ϕ0,
plus dimensionless couplings as Yukawa couplings. Masses
are not directly observable, however. One always needs
another mass or length scale for comparison. A measurable
quantity is the proton mass in units of the electron mass,
or the dimensionless ration mp/me. Here me enters the
measurement apparatus by fixing the size of the atoms
and therefore the length units used in practice. In short,
only dimensionless quantities as mass ratios are measurable.
They can be treated as any other dimensionless renormalized
coupling. In particular, mass ratios may depend on scales
and scalar fields values and therefore on time.
7.7.3. Different pictures of the Universe
The electron mass me or related energy levels of atomic
transitions set the units of time measurements. We have
seen in sect. 6 that masses do not remain invariant under
conformal field transformations or Weyl scalings. One there-
fore expects different geometries for different frames for the
metric.
Physical observables as expectation values, correlations
or couplings can all be expressed in terms of the quantum
effective action. Typically, they involve functional deriva-
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tives. The quantum effective action Γ is a functional of
fields. We can change the arguments of Γ by non-linear
field transformations, if the expressions for observables are
transformed accordingly. Observables cannot depend on
the choice of fields used to describe them. This well known
feature of quantum field theory becomes simple only on the
level of the quantum effective action. On the level of the
functional integral a field redefinition has to be accompanied
by a Jacobian for the measure, which is often inaccessible
in practice.
Geometry is defined by the expectation value of the met-
ric field. A non-linear field transformation of the metric
changes the geometry. The geometry of the Universe is
therefore, in general, not an observable quantity. Different
pictures of the Universe, related by a non-linear field trans-
formation of the metric, can all describe the same physical
reality. Not only the coordinates used to describe a given
geometry are a matter if convention. Also the geometry it-
self is a matter of the convention for the choice of the metric
or the “frame”. This “field relativity” [230] is a much wider
concept than invariance under general coordinate transfor-
mations. General coordinate transformations can be seen
as a particular class of field transformations of the metric,
embedded in more general field transformations that can
change the geometry. Particular useful field transformations
of the metric are field-dependent conformal transformations
or Weyl scalings since they leave the observable mass ratios
invariant.
Weyl transformations induce a change of the metric field
which depends on the value of a scalar field χ. For cos-
mologies with a constant expectation value of χ this only
amounts to an overall constant rescaling of the metric, with-
out further change of the geometry. The change of units
for rods for length and time measurements is global. This
changes profoundly for cosmologies with a time evolution
of χ(t), as for inflation. Now different metric frames cor-
respond to different geometries, while actually describing
the same observable physics. In particular, for the scal-
ing solutions discussed previously the geometry becomes
frame-dependent even for the radiation or matter domi-
nated universe. For the potential U = µ¯2χ2 the Universe
shrinks during the radiation and matter dominated epochs
if geometry is described in the scaling frame. In the equiva-
lent Einstein frame the Universe expands. The geometry in
the two frames is qualitatively different. For example, the
curvature scalar R is not the same in the two frames.
Have we observed the expansion of the Universe by the
redshift of light emitted in far distant galaxies? The an-
swer is negative. What is observed is an increase of the
dimensionless ratio of the distance between galaxies over
the size of atoms. Instead of an expanding Universe with an
increase of the intergalactic distances we can also attribute
the increasing ratio to a shrinking of the size of atoms [381–
384]. This is precisely what happens in the scaling frame
for the potential U = µ¯2χ2. The electron mass increases
with time, and therefore the size of atoms shrinks. If atoms
have been larger in the past, the emitted frequencies in the
past are smaller, shifted towards the red. Since light for
more and more distant galaxies has been emitted further
and further in the past, we can understand the observed
systematic trend in the redshift of distant galaxies.
One may perform similar discussions of other observable
effects in the scaling frame. For example, in a shrinking
Universe the temperature T is increasing, instead of the de-
crease in an expanding Universe. Nevertheless, the particle
masses mp are increasing even faster than the temperature,
such that ratio T/mp is decreasing. This ratio does not
depend on the frame, and we observe the same decrease as
in the Einstein frame. The usual history of the Universe
with nucleosynthesis, formation of atoms and liberation of
the cosmic microwave radiation follows.
There is actually no need to compute all processes in the
scaling frame. The mathematical map to the equivalent
Einstein frame is sufficient for taking any computation in
the Einstein frame over to the scaling frame. For most
practical computations of observable effects the Einstein
frame is more convenient since constant particle masses
and M avoid the necessity to take their variation into
account. For an understanding of scale symmetry and its
consequences the scaling frame is more appropriate. In the
scaling frame the approach to a fixed point for χ/µ¯→∞
is apparent, while hidden in the Einstein frame. In the
Einstein frame many naive estimates of the role of quantum
fluctuations, related to questions which is the “natural size”
of quantities, lead to very inaccurate guesses and wrong
statements [385].
7.7.4. Time varying fundamental constants as test of explicit
scale symmetry breaking
An observable time variation of fundamental constants re-
quires the presence of a very light dynamical scalar field. Its
mass must be small enough such that its expectation value,
on which the couplings may depend, can have changed
enough since nucleosynthesis. The Hubble parameter at
nucleosynthesis is around 10−15eV, such that the mass of
the scalar field should not exceed this value very much.
Spontaneously broken exact quantum scale symmetry im-
plies a massless Goldstone boson - the dilaton. However,
it also implies that the dimensionless couplings and mass
ratios in the standard model are independent of the value
of the scalar field χ. There is therefore no time variation of
fundamental constants. Furthermore, the Goldstone boson
settles to a constant value very early in cosmology such that
scaling solutions with a variation of χ in recent cosmology
are not relevant.
Explicit breaking of quantum scale symmetry by an in-
trinsic mass scale is necessary for a time variation of funda-
mental constants if the light scalar field is associated to the
pseudo Goldstone boson of spontaneously broken quantum
scale symmetry. For small deviations from scale symmetry
one expects a small time variation of fundamental constants.
Observational bounds on the time variation of couplings
may therefore translate to bounds on the possible explicit
violations of scale symmetry.
On the other hand, explicit scale symmetry breaking does
not necessarily lead to time varying couplings. A simple
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example is the scale symmetry breaking in the effective
potential for the cosmon, say U = µ¯2χ2 or U = µ¯4. As we
have seen, the intrinsic scale µ¯ leads to scaling solutions
with varying χ. The standard model couplings could, how-
ever, be independent of the ratio χ/µ¯. This happens for
dimensionless couplings that correspond to irrelevant pa-
rameters at the UV-fixed point. At a renormalization scale
µ = χ they are χ-independent. As µ is lowered, they may
flow according to the β-functions of the standard model.
This flow stops, however, for µ smaller than the Fermi scale
ϕ0 or the confinement scale ΛQCD. Since ϕ0 and ΛQCD are
proportional to χ, the value of such couplings is then inde-
pendent of χ for µ smaller ΛQCD or me. In consequence, it
is not affected if the flow of beyond standard model parame-
ters, as the cosmon potential, is stopped for µ smaller µ¯. In
this case the dimensionless couplings and mass ratios of the
standard model neither depend on χ nor on µ¯. There will
be no time variation of fundamental constants despite the
time variation of χ. We conclude that the time variation of
fundamental constants tests if the presence of an intrinsic
scale µ¯ has an influence on the dimensionless couplings or
mass ratios of the standard model.
As we have discussed briefly before, some type of crossover
is necessary to end the scaling solution, switching cosmology
to a behavior close to a cosmological constant (see sect. 7.8).
This crossover occurs in the sector of beyond standard model
(BSM) physics. If the intrinsic scale in BSM physics has
some influence on the couplings of the standard model,
there will be an indirect violation of gravity scale symmetry
in the standard model sector as well. In turn, this can
give rise to an observable time variation of fundamental
constants. Since the effect is only indirect, one expects that
observable effects are very small.
7.7.5. Approach to the standard model fixed point
In principle, there are two epochs for which scale sym-
metry violation in the standard model sector can lead to
time varying couplings. There is first a possible early epoch
that ends the transition to the effective standard model.
The time variation of couplings is expected to decrease in
this epoch, since the partial fixed point characterizing the
standard model is approached closer and closer. A second
possible epoch is the onset of the crossover ending the scal-
ing solution. In this epoch the time variation of couplings
is increasing with time as long as the universe is only in
the stage of the onset of the crossover. We discuss first
the period of approach to the standard model fixed point.
This also provides for a quantitative statement why the
couplings of the standard model should be irrelevant at the
UV-fixed point if the scaling solutions are employed for an
explanation of dynamical dark energy and a solution of the
cosmological constant problem.
Let us discuss the flow of some dimensionless standard
model coupling g with χ according to the discussion in
sect. 4. We take µ = 0 and assume the vicinity of a fixed
point g∗, such that
χ∂χg = −Ag(g − g∗) = θg(g − g∗) , (7.221)
with Ag the anomalous dimension and θg = −Ag the crit-
ical exponent. (For generalizations to several couplings
see eq. (2.58).) An irrelevant coupling (θg < 0, Ag > 0)
approaches the fixed point for increasing χ
g(χ) = g∗ +
(
χ
µ¯g
)−Ag
vg . (7.222)
Here the initial value vg = g(χ = µ¯g)−g∗ parameterizes the
different flow trajectories. A nonvanishing flow with χ at
µ = 0 indicates explicit scale symmetry breaking according
to eq. (4.9), and therefore introduces an intrinsic scale µ¯g.
The choice of µ¯g is arbitrary – it is the pair (vg, µ¯g) that
specifies the trajectory defining the model.
If the standard model coupling g is an irrelevant parame-
ter at the UV-fixed point, the only possible trajectory for
Ag > 0 is given by vg = 0. Otherwise g would diverge for
χ → 0. As generic for irrelevant couplings, g is predicted
to be equal g∗ at the value of χtr where gravity decouples
effectively. It does not depend on χ. (There may be some
dependence on χ/µ from the flow due to particles with
mass much smaller than the Planck mass in the effective
low energy theory. This flow stops for µ = ΛQCD ∼ χ,
resulting only in an χ-independent factor.) As stated be-
fore, g is independent of χ if its an irrelevant coupling at
the UV-fixed point, and a cosmic time variation of g is
absent. Positive Ag and non-zero vg are only possible if the
standard model fixed point g∗ is not the UV-fixed point,
but only reached due to some high-scale crossover from the
UV-fixed point to the standard model fixed point. On the
other hand, for Ag < 0 the coupling g is a relevant param-
eter at the UV-fixed point. This happens, for example, if
the standard model couplings are asymptotically safe at the
UV-fixed point for quantum gravity. Marginal couplings
do not obey eq. (7.222) since Ag = 0. Their behavior is
qualitatively similar to the case of very small |Ag|, with
Ag < 0 for marginally relevant couplings.
One is often interested in the relative change of g
Bg =
1
g
(χ∂χg) =
∂ ln(g)
∂ ln(χ) = −Ag
[
1 + g∗
vg
(
χ
µ¯g
)Ag]−1
.
(7.223)
This is suppressed for small Ag, as well as for large positive
Ag by the huge term ∼ (χ/µ¯g)Ag in the denominator. This
suppression provides for a general explanation why a time
variation of fundamental constant is tiny or unobservably
small [285] if Ag > 0. In contrast, for negative Ag the
time variation of couplings may be substantial, beyond
the observational bounds. For negative Ag we may choose
for µ¯g the value of χ corresponding to its cosmological
value at nucleosynthesis. The value vg cannot be arbitrarily
small. For example, the gauge decouplings at the time of
nucleosynthesis have values substantially different from the
vanishing fixed point values for asymptotic safety.
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For an order of magnitude estimate we consider the rela-
tive change between nucleosynthesis and today
∆gNS =
gNS − g0
g0
= vg
g0
[(
χNS
µ¯g
)−Ag
−
(
χ0
µ¯g
)−Ag]
,
(7.224)
where χNS and χ0 are the values of χ at the time of nucle-
osynthesis and today, respectively. One may take vg = g0
and µ¯g = χ0,
∆gNS =
(
χ0
χNS
)Ag
− 1 , (7.225)
and multiply the result by vg/g0 if needed. Let us consider
the potential U = µ¯2χ2 for which the value of χNS can be
estimated by µ¯2M4/χ2NS = ΩhρNS with ρNS ≈ (2 MeV)4
a typical energy density during nucleosynthesis. Taking
Ωh = 0.01 this yields χNS = 20GeV, and therefore
χ0
χNS
= 1017 , x =
(
χ0
χNS
)Ag
= 1017Ag . (7.226)
For small |Ag| . 0.005 one expands
x = 1 + 17 ln(10)Ag , ∆g ≈ 17 ln(10)Ag . (7.227)
Taking for g a gauge coupling with g ≈ 0.6 one finds a
relative change of α = g2/4pi
∆α
α
≈ 130Ag . (7.228)
The observational bounds on the variation of the strong
gauge coupling are around |∆α/α| . 10−3, since a vari-
ation in αs leads to a variation of ΛQCD and therefore
to a variation of the nucleon mass in units of the Planck
mass, ∆(mn/M). This yields a rather severe bound on the
anomalous dimension for the strong gauge coupling
|As| . 10−5 . (7.229)
This bound applies for gs being a relevant coupling at
the UV-fixed point. Typical values of the gravity induced
anomalous dimension for the gauge coupling are of the or-
der one, in clear discrepancy with the bound (7.229). This
demonstrates quantitatively our statement that cosmologi-
cal scaling solutions valid until the recent past require the
standard model couplings to be irrelevant. For an irrelevant
coupling the bound (7.229) does not apply since vg = 0 and
the couplings are strictly independent of χ unless influenced
by additional intrinsic scales in the BSM sector.
7.7.6. Time varying couplings from beyond standard model
physics
The scaling solution may end due to a crossover in the
beyond standard model sector, cf. sect. 7.8.2. This sector is
largely decoupled from the standard model sector, such that
consequences of the onset of a crossover for the couplings of
the standard model may be very small. One expects then
at most a tiny time variation of couplings.
As an example, we may take the “cascade” or “seesaw II”
mechanism for the generation of the light neutrino masses
[95–98]. We consider the effective scalar potential for the
Higgs doublet h, a massive triplet t and a singlet χ
U = λ12
(
h2 − εHχ2 − εtt2
)2 + λ32 (h2 − αttχ)2
+ λtt4 + U0(χ) , (7.230)
where h and t refer to the electrically neutral components
of the Higgs doublet and the triplet, respectively. The
first term involves in the bracket an SU(2)-singlet with
vanishing hypercharge, while the bracket in the second
term corresponds to a triplet with the same hypercharge
as two left handed neutrinos. This reflects the possibility
to form from the two doublets either a singlet or a triplet.
We take the expectation value of the doublet to be real,
such that h and t denote the real parts of the complex
doublet and triplet fields. The effective potential (7.230)
allows for all quartic invariants formed from the neutral
components χ, h and t. It does not involve an intrinsic
mass scale provided U0 = λχχ4.
The leading terms for the triplet involve a linear term
proportional to h2, and a mass term M2t ,
Ut = −γth2t+ M
2
t
2 t
2 + . . . , (7.231)
with
γt = λ3αtχ , M2t = λ3α2tχ2 + λ1εt
(
εHχ
2 − h2) .
(7.232)
The second contribution to M2t is much smaller than the
first one and can be neglected to a good approximation.
Due to a large triplet mass term M2t  ϕ20 the expectation
value of the triplet is very small
t0 =
γtϕ
2
0
M2t
= ϕ
2
0
αtχ
. (7.233)
With ϕ20 = εHχ2 the tiny gauge hierarchy parameter
ϕ0/χ =
√
εH appears with a square in the triplet expecta-
tion value
t0 =
εHχ
αt
. (7.234)
This “cascade” of the gauge hierarchy parameter explains
the tiny masses of the neutrinos, which receive a Majorana-
mass contribution from a direct Yukawa coupling to the
triplet [95].
More precisely, for λt = 0 the potential minimum with
respect to h and t obeys the conditions
h2 − εHχ2 − εtt2 = 0 , h2 − αttχ = 0 . (7.235)
We recover eq. (7.233). Insertion of eq. (7.233) into the first
equation (7.235) determines ϕ0 by
ϕ20 = εHχ2 +
εtϕ
4
0
α2tχ
2 . (7.236)
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An expansion in powers of the small parameter εH yields
ϕ20 = εHχ2
(
1 + εtεH
α2t
+ . . .
)
. (7.237)
The triplet expectation value results in a tiny relative shift
of the effective parameter εH that can be neglected. For
λt > 0 the triplet expectation value is slightly shifted, with
∂U/∂t = 0 implying
t0 =
ϕ20
αtχ
− t0
λ3α2tχ
2
{
4λtt20 − 2λ1εt
(
ϕ20 − εHχ2 − εtt20
)}
.
(7.238)
With
ϕ20 = εHχ2 + εtt20 + δ , (7.239)
the condition ∂U/∂h2 = 0 results in
δ = − t0
λ1αtχ
{
4λtt20 − 2λ1εtδ
} ≈ − 4λtt30
λ1αtχ
. (7.240)
The shift in t0 therefore amounts to
t0 ≈ ϕ
2
0
αtχ
− 4λtt
3
0
λ3α2tχ
2 , (7.241)
where we neglect tiny relative corrections ∼ t0/χ.
At the relative minimum with respect to h and t the
potential is given by
U(χ) = U0(χ) + λtt40 ≈ U0(χ) +
λtε
4
H
α4t
χ4 . (7.242)
We therefore identify λ˜ = U/χ4 (for F = χ2) as
λ˜ = U0(χ)
χ4
+ λtε
4
H
α4t
≈ U0(χ)
χ4
+ 7 · 10−130 λt
α4t
. (7.243)
It is the potential U(χ) in eq. (7.242) that is discussed in
sects. 6.11 – 6.16. It can be many orders of magnitude
smaller than the contribution of individual invariants.
If we only take the partial minimum with respect to the
triplet and insert eq. (7.234) into U one obtains (up to tiny
corrections) the effective potential for the Higgs doublet
and χ,
U = U0(χ) +
1
2 (λ1 + λ3)
(
h2 − εHχ2
)2
. (7.244)
We identify in eq. (2.11)
λH = λ1 + λ3 . (7.245)
The term ∼ λ3 in eq. (7.230) contributes a quartic term
∼ λ3h4. This term was not included in the discussion of
ref. [352]. Its presence matters for the discussion of time
varying couplings.
The dimensionless coupling αt concerns only the triplet
sector. Suppose that in the range of χ of interest it flows
with χ as
∂
∂ ln(χ)αt = −2G . (7.246)
Since this flow occurs for µ = 0 it reflects a scale symmetry
violation due to a relevant coupling in the beyond standard
model sector, with flow trajectory
αt
(
χ
µ¯t
)
= F −G ln
(
χ2
µ¯2t
)
(7.247)
introducing some intrinsic scale µ¯t. In consequence, the
triplet expectation value t0 will not scale precisely propor-
tional to χ even for constant εH ,
t0
χ
= εH
αt(χ/µ¯t)
. (7.248)
This results in a χ-dependence of the ratio between neutrino
mass and electron mass. For a Yukawa coupling Hν of the
neutrinos to the triplet one has
mν = Hνt0 =
Hνϕ
2
0
αtχ
= Hν
√
εH
αt
ϕ0 , (7.249)
such that we can identify in eq. (3.1) MB−L = αtχ. With
me = yeh and G > 0, the neutrino masses increase with χ
faster than the electron mass,
mν
me
= Hν
√
εH
yeαt(χ/µ¯t)
= Hν
√
εH
ye (F −G ln(χ2/µ¯2t )
. (7.250)
Despite the change of the ratio t0/χ the ratio ϕ0/χ =√
εH remains independent of χ if εH does not depend on
χ. Naively, one may think that in presence of the cubic
term γth2t a change ∆t of the triplet expectation value
results in a change of the mass term ∼ γt∆t for h, and
therefore in a change of the Fermi scale ∆ϕ20 ∼ (γt/λH)∆t.
The particular form of the potential (7.230), which makes
it compatible with a tiny U(χ) even in the presence of
nonzero ϕ0 and t0, shields this leading effect. It remains
to be seen at what level subleading effects could induce a
small time variation of the ratio between Fermi scale and
Planck mass. In the present approximation the dominant
subleading effect arises from the αt-dependence of ϕ0 in
eq. (7.237). Being suppressed by εH ≈ 5 · 10−33 it is tiny.
It remains open if an extended setting can induce larger
variations of ϕ0/χ with χ.
7.8. Dynamical dark energy
Dynamical dark energy or quintessence involves the cos-
mological expectation value of a scalar field ϕ changing in
the present epoch. We will discuss it in the Einstein frame,
where the homogeneous dark contribution to the energy
density arises from the scalar effective potential V = VE
and kinetic term with prefactor k2,
ρh = V (ϕ) +
k2(ϕ)
2 ϕ˙
2 . (7.251)
Here V and k2 characterize the quantum effective action,
with all fluctuation effects already included, and ϕ˙ = ∂tϕ
is the time derivative in a Robertson-Walker metric. By
definition the expectation value ϕ is an average over space
and therefore homogeneous in space, depending only on t.
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This is the origin of the label h (for homogeneous) – other
often encountered labels are Q (for quintessence) or ϕ (for
scalar field).
The time evolution of the scalar field determines its equa-
tion of state,
wh =
ph
ρh
, ph = −V (ϕ) + k
2(ϕ)
2 ϕ˙
2 . (7.252)
An accelerated expansion of the universe occurs if the overall
equation of state for the sum of all its constituents obeys
w < −1/3. With a matter equation of state wm = 0,
an accelerated expansion requires an even more negative
wh. In the limit kϕ˙ → 0 one finds wh = −1. Indeed, for
negligible ϕ˙ the constant potential V (ϕ) plays the role of
a cosmological constant. The general setting of dynamical
dark energy has a smooth limit to a cosmological constant,
given by k2ϕ˙2/V → 0.
By an appropriate rescaling of ϕ we may bring any
monotonic potential to a standard form (7.5), V =
M4 exp(−ϕ/M). The particular dynamics is then encoded
in the kinetial k2(ϕ) [60, 295]. We have seen in sect. 7.6 that
for k2 < 1/3 one can obtain a matter dominated universe
as a scaling solution with a fraction of early dark energy,
Ωh = 3k2. The equation of state for this scaling solution is
wh = 0. While the scaling solution offers a very attractive
explanation why today ρh/M4 is tiny and why dark energy
and dark matter are of similar size, it is not compatible
with the observed value of wh close to −1. Something has
to stop effectively the time evolution of ϕ at a redshift zc
when Ωhρcr(zc) was of the order of the present observed ρh.
Here ρcr(z) = 3M2H2(z) is the critical energy density. This
stopping ends the scaling solution. If efficient enough, it
turns cosmology for z < zc effectively close to the standard
cosmology with a cosmological constant V (ϕ(zcr)).
There are two possibilities for the end of the scaling solu-
tion. For the first the kinetial k2(ϕ) increases and exceeds
the value 1/3. Cosmology turns then to a scalar field domi-
nated universe [19]. We discuss this possibility in sect. 7.8.1.
The increase of k2 corresponds to a flattening of the scalar
potential if we use a kinetic term with standard normaliza-
tion. As an alternative, the effective stop or slowing down
of the evolution can be triggered by the coupling of ϕ to
a matter component, as for growing neutrino quintessence.
This alternative is discussed in sect. 7.8.2. Both versions
of an effective stop of the scaling solution correspond to
“freezing quintessence” [386]. There exist alternative mod-
els of “thawing quintessence” [295, 386] that we will not
discuss here. We also recall that a large number of modified
gravity theories can be represented as quintessence models.
The first model of quintessence was obtained from a simple
modification of gravity by replacing the Planck mass by a
scalar field [19]. Indeed, a large class of modified gravity
theories whose physical particle content involves a scalar
in addition to the graviton as, for example, f(R)-theories,
is equivalent [214] to coupled quintessence, with suitable
scalar couplings to matter.
In the context of our discussion of quantum scale sym-
metry the transition from a cosmic scaling solution to dark
energy domination is associated to a crossover between
two (approximate) fixed points. It concerns some stage
of the crossover in the scalar singlet potential from the
UV-fixed point in Fig. 4 to the IR-fixed point or, alterna-
tively, a crossover in the beyond the standard model sector.
This crossover is the reason for the end of the cosmic scal-
ing solution, similar to the end of inflation triggered by
the crossover from the UV- to the SM-fixed point. For
crossover quintessence discussed in sect. 7.8.1 the crossover
corresponds to the change from the flow away from the
UV-fixed point (lower diagonal in Fig. 4) to the interme-
diate fixed point (horizontal lines in Fig. 4). The growing
neutrino quintessence model discussed in sect. 7.8.2 can be
realized either in the vicinity of the UV-fixed point (lower
diagonal in Fig. 4) or in the vicinity of the IR-fixed point
(upper diagonal in Fig. 4). The crossover does not concern
the scalar potential in this case. It happens in the beyond
standard model sector which manifests itself for cosmology
by a growing ratio of neutrino over electron mass.
7.8.1. Crossover quintessence
Crossover quintessence [387] can be described by a
crossover from a small kinetial k2(ϕ) to a large value
[295, 368, 388]. It relies on the simple observation that
for large enough k2 the cosmology evolves towards a scalar
dominated epoch. The crossover may either be imprinted
directly in the behavior of the kinetic term, for example as
a result of the solution of a renormalization group equation
for this quantity. It can also arise from a crossover in the
potential, which is translated to k2(ϕ) by the non-linear
field redefinition of ϕ which brings the potential to canonical
exponential form.
To illustrate the second case we start from a normalization
of the scalar field σ with a canonical kinetic term and some
potential V (σ),
Ls = 12∂
µσ∂µσ + V (σ) . (7.253)
The scalar field ϕ with a normalized exponential potential
is related to σ by
ϕ = −M ln(V (σ)/M4) . (7.254)
With
∂µϕ = −M∂σ ln(V )∂µσ (7.255)
one finds the kinetial
k2(ϕ) = 1
M2
(∂σ ln(V ))−2 . (7.256)
Obviously, k2 grows very large if an extremum or flat region
of V (σ) is approached. If V (σ) has a minimum at σmin,
the scaling solution may end by σ approaching σmin [389,
390]. (For a description of oscillations around σmin the
normalization σ is more convenient than ϕ.) A non-trivial
minimum with the needed tiny value of V (σmin) and the
necessary small second order derivative ∂2σV (σmin) may,
however, be difficult to understand in a natural way.
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An alternative is the approach to a flat region in V (σ).
In the discussion of the scaling solution for dilaton quantum
gravity in sect. 6.12, 6.15 we have found a crossover for
y = χ2/k2 near yV , cf. eq. (6.196), that translates in the
Einstein frame to a crossover to a flat region. We investigate
here the cosmological consequences of the scaling solution
for dilaton quantum gravity. We consider the case of large
enough yV such that the infrared region is not yet reached
for the present cosmological epoch, y  yIR. Replacing
k by µ¯ the effective action corresponding to the scaling
solution reads for large χ in the scaling frame
L = −ξχ
2
2 R+
K
2 ∂
µχ∂µχ+ U(χ) , (7.257)
with
U(χ) = c¯V µ¯4
(
1 + χ
4
χ4V
)
. (7.258)
Here χV connects to the parameter yV that characterizes
the particular scaling solution by χ2V = yV µ¯2.
For a phenomenological discussion we transform to the
Einstein frame, where the potential V obtains as
λ˜ = V
M4
= U
ξ2χ4
= c¯V
ξ2
(
1
y2V
+ µ¯
4
χ4
)
= λ˜0 +
µ˜4
χ4
. (7.259)
(Recall that the dimensionless ratio λ˜ does not depend on
the choice of frame.) For large enough χ the potential
becomes flat and the kinetial k2 therefore grows to large
values. The dimensionless parameter yV corresponds to
a relevant parameter. It can be very large if the flow of
the potential stays for many orders of magnitude in the
“UV-region”. In consequence,
λ˜0 =
c¯V
ξ2y2V
= c¯V µ¯
4
ξ2χ4V
(7.260)
can be a tiny quantity near 10−120. For χ √yV µ¯ cosmol-
ogy can follow the scaling solution of sect. 7.6 if the scalar
kinetic term is in the appropriate range. During the scaling
solution the dark energy density decreases ∼ χ−4 ∼ t−2.
The scaling solution ends once λ˜ makes a crossover to a
constant λ˜0, which corresponds to a flat region in V .
For a computation of the kinetial k2(ϕ) we need the scalar
kinetic term in the Einstein frame. Starting from variable
gravity according to eq. (6.75) and neglecting a possible
χ-dependence of K for the relevant region of the crossover,
one arrives at eq. (6.79),
Lkin = M
2B
2 ∂
µ ln(χ)∂µ ln(χ) , (7.261)
with
B = K
ξ
+ 6 . (7.262)
Here we have assumed that the relevant range corresponds
to y  yF , such that F = ξχ2 in eq. (6.75).
With constant B one identifies
σ =
√
BM ln
( χ
M
)
, χ = M exp
(
σ√
BM
)
, (7.263)
such that
V = M4
[
λ˜0 +
µ˜4
M4
exp
(
− 4σ√
BM
)]
, (7.264)
where
µ˜4 = c¯V µ¯
4
ξ2
. (7.265)
From eq. (7.256) one infers the kinetial
k2 = B16
(
1 + λ˜0M
4
µ˜4
exp
(
4σ√
BM
))2
= B16
(
1 + λ˜0χ
4
µ˜4
)2
= B16
(
1 + χ
4
χ4V
)2
. (7.266)
The crossover happens for χ reaching χV ,
χV = µ˜
(
λ˜0
)− 14 = √yV µ¯ . (7.267)
For χ χV one recovers eq. (7.204) for the scaling solution.
This scaling solution ends for χ ≈ χV . Subsequently, k2(ϕ)
increases and one enters a scalar dominated universe. With
the standard exponential normalization of the potential for
the scalar field ϕ the details of the model are incorporated
in the kinetial. The latter depends on two dimensionless
parameters, namely B and
γV =
χV
M
= √yV µ¯
M
. (7.268)
The intrinsic scale µ¯ sets the units of mass. We want
to choose units such that the present value of χ equals
the Planck mass. This fixes µ¯ in these units. For its
computation we use the present potential energy of the
scalar field, as given by
V
M4
= λ˜0
(
1 + χ
4
V
χ4
)
= λ˜0
(
1 + γ
4
VM
4
χ4
)
. (7.269)
The present cosmological time t0 is specified by χ(t0) = M ,
such that the present potential contribution to the dark
energy density becomes
V (t0) = λ˜0M4
(
1 + γ4V
)
= (2.325·10−3eV)4 Ω
(0)
h (1− w(0)h )
1.4 .
(7.270)
Here Ω(0)h = Ωh(t0) and w
(0)
h = wh(t0) are the present dark
energy fraction and equation of state, reflecting the part
of V in the critical energy density. The numerical factor
arises from the present critical energy density, as inferred
from the present Hubble parameter. This relation fixes λ˜0
in dependence on γV . In turn, the relations (7.259) and
(7.270) fix the intrinsic scale µ˜ according to
V (t0)
M4
= λ˜0 +
µ˜4
M4
= λ˜0
(
1 + γ4V
)
(7.271)
94
or
µ˜ = (λ˜0)1/4γVM . (7.272)
We recall that µ˜ is not independently observable. The
observable ratio χ(t0)/µ˜ determines which value of the
varying χ corresponds to the present cosmological time.
Out of the three free parameters of the model, λ˜0, γV
and B, the relation (7.270) determines one relation, such
that only γV and B remain free. The parameter B specifies
the amount of early dark energy during the scaling solution.
For a fixed V (t0)/M4 and fixed B the parameter γV will
then determine the precise timing in the crossover. For
small γV the crossover happens at small χ/M such that the
present equation of state is expected close to wh = −1. As
γV gets larger the difference from a cosmological constant
will be more pronounced.
The family of scaling solutions for dilaton gravity involves
one relevant parameter that we may identify with yV or,
equivalently, λ˜0. Specification of yV selects a particular
scaling solution. In contrast, the parameter γV specifies for
a given scaling solution which value of y corresponds to the
present cosmological time t0,
y(t0) =
yV
γ2V
. (7.273)
The status of the third parameter B or, equivalently, K/ξ is
not yet clarified since we did not discuss the flow of the ki-
netic term. If B corresponds to a relevant parameter it is a
free parameter of the model. In contrast, for B determined
by irrelevant couplings it becomes, in principle, computable.
We observe that B = 0 or K = −6ξ corresponds to an en-
hanced symmetry at the IR-fixed point for χ→∞, namely
conformal symmetry. A crossover trajectory for B from
the UV-fixed point to the IR-fixed point could lead rather
naturally to the small values of B required for a realistic
scaling solution with not too much early dark energy.
The use of the normalization (7.254) for ϕ with standard
potential V = M4 exp(−ϕ/M) has the advantage that the
dynamical equations for the dimensionless energy fraction
Ωh = ρh/ρc and equation of state wh can be formulated in
a closed form [388] as
∂xΩh = −Ωh(1− Ωh)
{
3wh −
(
1 + e
x
aeq
)−1}
, (7.274)
and
∂xwh = (1− wh)
{
k−1(ϕ)
√
3Ωh(1 + wh)− 3(1 + wh)
}
.
(7.275)
The variable
x = ln(a) (7.276)
is the logarithmic scale factor in the Robertson-Walker
metric and aeq the scale factor at matter - radiation equality.
For a aeq the bracket on the r.h.s. of eq. (7.274) amounts
to 4wh, as appropriate for radiation domination, while for
a  aeq it equals the value 3wh for matter domination.
The value of ϕ needed in eq. (7.275) is given by the Hubble
parameter H,
H2
M2
= 23 exp
(
− ϕ
M
)
[Ωh(1− wh)]−1 . (7.277)
The latter can be connected to the present value of Hubble
parameter H0 = H(t0), such that
ϕ
M
= 4x− ln(ex + aeq)− ln
(
3Ω(0)m H20
M2
)
− ln
(
(1− wh)Ωh
2(1− Ωh)
)
. (7.278)
For a given present matter density
ρm(t0)
M4
= 3Ω
(0)
m H20
M2
(7.279)
and given radiation content expressed by aeq, the system of
the two equations (7.274), (7.275) is closed by eq. (7.278).
In eq. (7.275) we need the kinetial k2(ϕ). It can be found
by combining eqs. (7.266) and (7.269),
k2(ϕ) = B16
(
1− λ˜0e
ϕ
M
)−2
. (7.280)
The kinetial diverges for ϕ→ ϕc
ϕc
M
= − ln(λ˜0) , (7.281)
reflecting the fact that V/M4 is bounded from below by λ˜0.
With λ˜0(1 + γ4V ) given by eq. (7.270),
λ˜0(1+γ4V ) =
3Ω(0)h (1− w(0)h )H20
2M2 = 8.3·10
−121 Ω
(0)
h (1− w(0)h )
1.4 ,
(7.282)
we can write
k2(ϕ) = B16
(
1− exp
(
ϕ− ϕc
M
))−2
= B16
1− exp
(
ϕ− ϕ0
M
)
1 + γ4V

−2
. (7.283)
Here we employ
ϕc
M
= ϕ0
M
+ ln(1 + γ4V ) , (7.284)
with present value of ϕ(t0) = ϕ0 given by
ϕ0
M
= 276.5− ln
(
Ω(0)h (1− w(0)h )
1.4
)
, (7.285)
where the central value 276.5 corresponds to Ω(0)h = 0.7,
w
(0)
h = −1.
In Fig. 11 we show the evolution of the dark energy
fraction Ωh as a function of x = ln(a). We have chosen
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FIG. 11. Evolution of the dark energy fraction Ωh as function of
x = ln(a). The present dark energy fraction at x = 0 amounts
to Ω(0)h , while in the future Ωh will settle to one. The curve is
rather similar to the one for a cosmological constant, except for
a small fraction of early dark energy for negative x. Parameters
are B = 0.08, γV = 0.1.
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FIG. 12. Equation of state of dark energy wh as function of
x = ln(a). One observes a time dependence of wh, with a first
crossover from wh = 1/3 for radiation domination to wh = 0 for
matter domination, and a second crossover to wh = −1 for dark
energy domination. The present value at x = 0 is w(0)h = −0.993.
Parameters are B = 0.08, γV = 0.1.
B = 0.08, corresponding to a fraction of early dark energy
during matter domination of Ωe = 0.015. The parameter
γV = 0.1 fixes the crossover at χV = 0.1M . One observes
a smooth increase of Ωh from a value close to Ωe to a
present value Ω(0)h = 0.7. In the future (for positive x)
the dark energy fraction approaches one, as appropriate
for a universe dominated by the potential energy of χ.
Fig. 12 displays, for a wider range of x, the equation of
state wh. The parameters are the same as for Fig. 11. One
sees the transition from a scaling solution in the radiation
dominated universe (wh = 1/3) to the scaling solution of
the matter dominated universe (wh = 0). This is followed in
recent time by the crossover to a scalar potential dominated
Ωe = 0.01, B = 0.0533 Ωe = 0.015, B = 0.08
γV Ω(0)h w
(0)
h γV Ω
(0)
h w
(0)
h
0.0 0.563 −0.992 0.0 0.712 −0.9935
0.1 0.558 −0.9918 0.1 0.700 −0.9932
0.2 0.485 −0.989 0.2 0.635 −0.991
0.3 0.30 −0.976 0.3 0.420 −0.978
0.5 0.08 −0.8836 0.5 0.118 −0.886
TABLE I. Present dark energy fraction Ω(0)h and equation of
state w(0)h for different values of the crossover parameter γV and
two values of B.
Ωe 0.005 0.01 0.012 0.014 0.0145 0.015 0.02
B 0.0267 0.0533 0.064 0.0747 0.0773 0.08 0.107
Ω(0)h 0.32 0.563 0.63 0.68 0.7 0.712 0.805
w
(0)
h −0.989 −0.992 −0.993 −0.993 −0.993 −0.993 −0.995
TABLE II. Upper bound on Ω(0)h as a function of B or Ωe.
The upper bound obtains for γV = 0. We also display the
corresponding lower bound for w(0)h .
universe with wh = −1. The present value of the equation
of state is w(0)h = −0.9932, very close to a cosmological
constant.
The dependence of the present dark energy fraction Ω(0)h
and equation of state w(0)h on the parameter γV can be
followed in table I. We have chosen two values for the pa-
rameter B, corresponding to early dark energy fractions
Ωe = 0.01 and 0.015 during matter domination. As ex-
pected, Ω(0)h decreases for increasing γV , since the onset of
a potential dominated by a constant value λ˜0M4 occurs
later. A maximum value of Ω(0)h is reached for the limit
γV → 0. We observe that for Ωe = 0.01 this maximum limit
is below the observed value Ω(0)h ≈ 0.7. The corresponding
value of B is therefore not consistent with observation. The
requirement Ω(0)h ≈ 0.7 places a lower limit on the fraction
of early dark energy during matter domination. This can be
seen from table II where we show for γV = 0 the dependence
of Ω(0)h and w
(0)
h on B.
Crossover quintessence makes two interesting predictions:
First, the amount of early dark energy during matter domi-
nation should exceed a lower bound
Ωe ≥ 0.0145 . (7.286)
This is in the range that can be tested by cosmological
observation. The dominant effect is a small reduction of
the growth rate of cosmic inhomogeneities during the mat-
ter dominated universe [359]. This reduces the power of
observed structures, typically parametrized by σ8, in com-
parison to the prediction of ΛCDM-cosmology based on the
observed amplitude of the cosmic microwave anisotropies.
As a rough rule [360], one percent EDE reduces σ8 by 5%.
The bound (7.286) implies a reduction by 7-8%, compatible
with the present status of the observations. Substantially
higher values of Ωe will be in conflict with the PLANCK-
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CMB data, and we take Ωe = 0.015 as an approximate
upper bound. The second prediction concerns the present
equation of state of dark energy, w(0)h . It is predicted to
be very close to the value of minus one for a cosmological
constant. It is not arbitrarily close, however. For a given
B the value closest to −1 obtains for γV → 0. Despite
the presence of two parameters B and γV one finds a close
correlation between Ω(0)h and w
(0)
h . For Ω
(0)
h ≈ 0.7 and
Ωe ≤ 0.015 the crossover model predicts
w
(0)
h ≈ −0.993 . (7.287)
The predictions (7.286), (7.287) may be somewhat modified
if B is not independent of χ. We expect qualitatively similar
results also for a mild χ-dependence of B.
A central ingredient for the emergence of the bound
(7.286) is the fact that for γV → 0 the present dark energy
fraction does not approach Ω(0)h = 1, but rather a value
smaller than one which depends on the fraction in EDE.
First of all, the evolution of χ is largely decoupled from the
evolution of ϕ. The evolution of ϕ maps the evolution of the
potential VE . It essentially stops after the crossover when
χ > χV , since VE approaches the constant VE = λ˜0M4.
On the other hand, χ(t) can increase after χV is crossed
without affecting much the almost constant value of VE and
ϕ. This follows from the relations for χ χV
VE
M4
= U
F 2
, U ≈ λ0χ4 , F = ξχ2 . (7.288)
A change of χ does not affect VE . For this reason it does not
matter much if χ increases from χt ≈ 10−2M to the present
value χ = M , or from χV ≈ 10−8M to M . Observational
consequences depend only on the evolution of ϕ which is
very similar for both cases.
Second, for a cosmology close to the one for a cosmological
constant the transition from matter domination to dark
energy domination takes place in a finite interval ∆x. As
visible from Fig. 11, a “complete transition” takes about
∆x = 2, while the increase of Ωh from almost zero to
Ω(0)h = 0.7 takes about ∆x ≈ 1.3. The interval ∆x does
not depend strongly on Ωe. On the other hand, Ωh/Ωm
increases after the stop of the evolution of ϕ proportional
to a3. For the increase in the interval ∆x one therefore has
Ω(0)h
Ωe
≈ exp (3∆x) ≈ 50 . (7.289)
For given Ω(0)h this provides qualitatively for the lower bound
for Ωe.
It is striking how the scaling solution of quantum gravity,
or the deviation from it by a relevant parameter, leads to
a rather predictive model of dynamical dark energy, with
only a narrow range for early dark energy Ωe ≈ 0.015 and
present equation of state w(0)h ≈ −0.99. The condition is a
parameter B ≈ 0.08. A value in this range guarantees the
existence of the scaling solutions preceding the dark energy
domination. It remains to be seen for a quantum gravity
computation if B is a relevant parameter that can take for
large χ the value ≈ 0.1, or if it is irrelevant and turns out
to be in the allowed range or somewhere else. Particularly
interesting would be a crossover of the function B(χ/µ¯),
with small values for large χ and large values for small χ.
In this case both inflation and the present dark energy can
be described by the same scalar field χ [32, 280].
7.8.2. Growing neutrino quintessence
The crossover responsible for the exit from the scaling
solution may occur in physics beyond the standard model
(BSM). One possibility is the sector of B − L-violation,
which has important consequences for the dynamics of
neutrinos. A decrease of the scale MB−L of spontaneous
B−L-symmetry breaking results in an increase of the mass
of the light (left handed) neutrinos according to eq. (3.1).
If the ratio MB−L/χ decreases for increasing χ, the ratio
between neutrino mass mν and electron mass me increases
for increasing χ. As a result, neutrinos have a nonvanishing
coupling β to the cosmon in the Einstein frame. By virtue
of this coupling the cosmic neutrino background influences
the dynamics of the cosmon field. Neutrinos can act as a
cosmic trigger: as soon as they become non-relativistic the
scaling solution ends and the time evolution of the cosmon
field is substantially slowed down, making a transition to
a cosmology rather close to the one for a cosmological
constant.
Let us consider the dimensionless ratio
τ(k) = MB−L(k)
χ
(7.290)
as a running coupling. Typically, τ(k) flows for MB−L <
k < χ, while the flow stops for k  MB−L, resulting for
small k in a k-independent value τ(0) = MB−L/χ, with
MB−L = MB−L(k = 0) the value related to the observed
light neutrino masses by eq. (3.1). In the absence of rele-
vant couplings the scale symmetry of the UV-fixed point
implies that τ(k = χ) is independent of χ. This implies
MB−L ∼ χ and therefore a constant ratio mν/me. A
non-vanishing neutrino-cosmon coupling β and the growing
neutrino quintessence scenario require the presence of a
relevant coupling that affects the ratio τ .
Let us assume [60, 352] that the flow of this relevant
coupling induces a χ-dependence of τ(0) according to
MB−L
χ
= FB−L −GB−L ln
(
χ2
µ¯2
)
, (7.291)
with positive FB−L, GB−L. Here GB−L corresponds to
G in eq. (7.246), with MB−L/χ = αt and FB−L the inte-
gration constant specifying the particular flow trajectory.
Correspondingly, the masses of the light neutrinos increase
with χ as
mν =
Hνϕ
2
0(χ)
MB−L(χ)
= HνεHχ
2
τ(χ)χ , (7.292)
while the electron mass increases linearly me = yeϕ0 =
ye
√
εHχ. Here we take for simplicity Hν , ye and εH inde-
pendent of χ and use equal mν for all neutrino flavors. This
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results in an increase of mν/me for decreasing τ(χ),
mν
me
= Hν
√
εH
yeτ(χ)
. (7.293)
We can indeed identify the ratio τ with the coupling αt in
eqs. (7.230), (7.250). With eq. (7.291) we can write
τ(χ) = GB−L ln
(
χ20
χ2
)
, (7.294)
with
χ0 = µ¯ exp
{
FB−L
2GB−L
}
(7.295)
indicating the scalar where τ becomes small.
As a typical measure for the strength of the χ-dependence
of mν/me we introduce the dimensionless parameter
γ˜(χ) = 12χ
∂
∂χ
(
mν
me
)
= −12
∂ ln(τ)
∂ ln(χ) =
1
ln
(χ20
χ2
) . (7.296)
We will not need the detailed form of the ansatz (7.291).
Also χ will never be close enough to χ0 such that γ˜(χ)
becomes huge. We only employ that γ˜(χ) increases with χ
and reaches values of a few for a range of χ corresponding
to present cosmology.
The dimensionless ratio mν/me does not depend on the
frame and we can use eq. (7.296) in the Einstein frame
as well. In the Einstein frame, the electron mass is χ-
independent, while the neutrino mass increases with χ.
The numerical solution after the transition can be approx-
imated by a constant ratio between the energy densities of
the scalar field and neutrinos
Ωh
Ων
= γ˜ . (7.297)
There are oscillations between Ωh and Ων , while the sum
Ωh+Ων increases without oscillations. The present neutrino
energy density for a degenerate neutrino mass amounts to
Ων(t0) = mν(t0)/16eV, with mν(t0) the present cosmologi-
cal value of the neutrino mass. This results in a quantitative
relation between the present dark energy density and the
neutrino mass [351]
ρ
1
4
h (t0) = 1.27 ·
(
γ˜mν(t0)
eV
) 1
4
· 10−3eV . (7.298)
A present dark energy fraction Ωh(t0) = 0.7 is reached for
γ˜mν(t0) = 6.15eV . (7.299)
For realistic neutrino masses the required present growth
rate γ˜ is not very large. The correlation (7.298) between
the dark energy density and the neutrino masses is rather
successful.
Since neutrino masses vary with ϕ in the Einstein frame,
the corresponding neutrino-cosmon coupling induces an
attractive “fifth force” between neutrinos. It is typically
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FIG. 13. Fractions of dark energy density and neutrino energy
density as function of the scale factor. While the small neutrino
energy density oscillates due to the oscillation of the neutrino
mass, the combined cosmon and neutrino energy grows smoothly.
This growth is well described by the neglection of backreaction
effects (homogeneous estimate). It differs from the ΛCDM model
only by a small fraction of early dark energy. From ref. [391].
more than a factor thousand stronger than the gravitational
attraction. As a result, perturbations in the cosmic neutrino
background grow very fast once neutrinos have become non-
relativistic. They become non-linear at a redshift around
one [392]. Subsequently large neutrino lumps form. For
small present neutrino masses the lumps form and dissolve
in an oscillatory way. The overall effect of the non-linear
structures on the cosmic evolution remains small [391], as
can be seen from Fig. 13. Except for a small fraction of early
dark energy according to the scaling solution of sect. 7.6,
the overall cosmic evolution of this model is very similar to
a cosmological constant. It remains to be seen if the lumps
render the cosmic neutrino background observable. For
present neutrino masses larger than around 0.5eV the non-
linear neutrino lumps are stable and do not dissolve anymore.
Substantial backreaction effects of these structures on the
cosmic evolution make it difficult to obtain an overall cosmic
evolution compatible with observation [393].
The two models of dynamical dark energy discussed here
may not be the only possible realisations of a crossover
being responsible for the transition from a cosmic scaling
solution to dark energy domination. Nevertheless, it is
encouraging that both models give rise to realistic models
of quintessence with possible interesting observable effects.
In any case, a crossover in the flow of couplings is a rather
interesting and natural possible explanation for a rapid
qualitative change in the behavior of cosmology.
8. Conclusions
We have discussed scale symmetry in particle physics,
gravity and cosmology within a common framework. We
focus on quantum scale symmetry, for which the effects of
quantum fluctuations are taken into account in the form
of the quantum effective action. Quantum fluctuations
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induce a flow of the renormalized dimensionless couplings
as a function of a momentum scale or a field value. Exact
quantum scale symmetry is realized at fixed points of this
flow. A quantum field theory is defined at an UV-fixed
point. This includes quantum gravity. Relevant parameters
in the vicinity of the UV-fixed point generate a flow away
from the fixed point as the momentum scale is lowered.
All observable quantities are, in principle, computable as
functions of the relevant parameters. By dimensionless
transmutation the flow of these couplings sets the intrinsic
mass or length scales of a given model.
The flow trajectory away from the UV-fixed point may
pass very close to intermediate fixed points and end in an IR-
fixed point. There is a good chance that this is realized by
Nature. The intermediate fixed point is the SM-fixed point
for the standard model as an “effective low energy theory”.
It is relevant if possible extensions of the SM-model become
important only at energies much above the Fermi scale. On
the other hand, for extensions near the Fermi scale the SM-
fixed point may be replaced by a similar fixed point for the
extended model. To each fixed point an effective quantum
scale symmetry is associated: gravity scale symmetry for
the UV-fixed point, particle scale symmetry for the SM-
fixed point, and cosmic scale symmetry for the IR-fixed
point. It is an interesting question if besides quantum scale
symmetry the fixed points also induce extended symmetries,
as conformal symmetry or local Weyl symmetry.
The approximate scale symmetry close to a fixed point
has important consequences for particle physics.
1. A tiny ratio between the Fermi scale and the Planck
scale (gauge hierarchy) is natural. It is protected by
the particle scale symmetry associated to the (almost)
second order vacuum electroweak phase transition.
2. Gravitational fluctuations turn the quartic Higgs cou-
pling to an irrelevant parameter. This renders the
ratio between the masses of the Higgs particle and the
top quark predictable. The predicted very small value
of the quartic Higgs coupling near the Planck scale has
to be extrapolated to the Fermi scale by the pertur-
bative flow of the “low energy effective theory” below
the Planck mass. If this flow is well approximated by
the flow in the standard model, the predicted value
(within a small range) of the Higgs mass agrees with
later observation.
3. Depending on the precise short distance theory the
deviation from the vacuum electroweak phase transi-
tion (mass term for the Higgs scalar) may be relevant
or not. If relevant, the ratio between Fermi scale
and Planck scale ϕ0/M is a free parameter that can-
not be predicted. If the mass term is an irrelevant
parameter, the ratio ϕ0/M becomes, in principle, pre-
dictable. Gravitational fluctuations lead in this case
to self-organized criticality. At short distances the
scalar mass term is driven precisely to the critical
surface of the vacuum electroweak phase transition.
Any nonzero Fermi scale ϕ0 is then due to violations
of the particle scale symmetry by the running of cou-
plings in the effective low energy theory. It is possible
that the running of the standard model couplings is
too slow for producing a Fermi scale above 100MeV.
In this case additional particles beyond the standard
model with masses not too far from the Fermi scale
would be needed.
4. These considerations extend to scalar fields beyond
the standard model, as for grand unification. All
quartic scalar couplings are irrelevant and predicted
to be very small at the Planck scale. This puts se-
vere restrictions on model building. If the gravity
induced anomalous dimension is large enough to en-
sure self-organized criticality for the electroweak phase
transition, the same anomalous dimension renders all
scalar mass terms irrelevant. The potential at the
Planck scale is predicted to be almost flat in this case.
The predictions of approximate scale symmetry for cos-
mology are the following:
1. The almost scale invariant primordial fluctuation spec-
trum finds a simple explanation if the “beginning
epoch” of the universe can be associated with the
vicinity of an UV-fixed point. Instead of the tuning
of parameters in the inflaton potential, usually neces-
sary to obtain sufficient inflation and an almost flat
spectrum, the approximate quantum scale symme-
try provides for a simple reason for the approximate
scale invariance of the fluctuation spectrum. We have
discussed Starobinski inflation, cosmon inflation and
Higgs inflation in the light of approximate quantum
scale symmetry. The end of inflation is triggered by
the crossover away from the UV-fixed point.
2. A small amplitude of the primordial fluctuations can
find a natural explanation if the crossover away from
the UV-fixed point involves more than one relevant
parameter.
3. Approximate scale symmetry can give a simple rea-
son for the presence of dynamical dark energy in the
present epoch. If the Planck mass is given by a scalar
field χ (in the scaling frame for the metric), the value
of χ spontaneously breaks scale symmetry. In the ab-
sence of an intrinsic scale µ¯ this spontaneous breaking
implies the presence of a massless Goldstone boson.
In the presence of nonzero µ¯ the mass of the pseudo-
Goldstone boson or cosmon, mc ≈ µ¯2/χ, decreases
as χ increases. If χ/µ¯ increases to very large values
during the long cosmological evolution, the cosmon
mass is tiny. The cosmon can play the role of the
dynamical scalar field needed for quintessence. No
tuning of parameters is needed for a small cosmon
mass. This small mass finds a natural explanation in
terms of symmetry, namely the spontaneously broken
scale symmetry.
4. The tiny dark energy density in units of the Planck
mass finds a simple possible explanation in the exis-
tence of scaling solutions for the radiation and matter
dominated epochs. For these scaling solutions the
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potential energy of the scalar field VE(χ), which is
the source of dark energy, decreases at the same rate
as the dominant radiation of matter component of
the universe. The tiny ratio VE/M4 ≈ 10−120 is then
explained by the huge age of the universe, similar to
the tiny ratio ρM/M4 for the dark matter density ρM .
The scaling solution implies a fraction of early dark
energy, realistically around a percent.
5. Scale symmetry explains the absence of a fifth force
leading to an apparent violation of the equivalence
principle, and the absence of time variation of the
fundamental constants in late cosmology. This holds
even for a very small mass of the cosmon and even for
cosmologies for which χ varies in time. The reason
is that dimensionless couplings and mass ratios are
independent of χ in the scale invariant standard model.
Tiny residual variations of couplings and apparent
violations of the equivalence principle may arise from
violations of scale symmetry, typically in the beyond
standard model sector.
6. The cosmological constant problem can find a solution
by the properties of an infrared fixed point of quantum
gravity. For the scale invariant effective action of
an infrared fixed point, the Planck mass is given
by χ (in the scaling frame of the metric and for an
appropriate normalization of χ). The value of the
coupling λ˜ = U(χ)/χ4 has to approach the fixed
point value λ˜∗ = 0 for χ → ∞. Any positive value
for λ˜∗ would violate the graviton barrier and lead
to an instability in the graviton propagator. On the
other hand, negative λ˜∗ would lead to an instability
in the scalar sector. Both instabilities are avoided by
the functional renormalization flow, as we have seen
explicitly in the investigation of the scaling effective
potential in dilaton quantum gravity. The graviton
barrier implies that a positive U can grow at most
∼ µ¯2χ2 for large χ. For runaway cosmologies, where χ
moves to infinity in the infinite future, the observable
ratio U/M4 vanishes asymptotically. In other words,
the cosmological “constant” vanishes dynamically in
the infinite future.
The conceptual framework for our investigation is the
Wilsonian approach to renormalization, in close analogy
to the physics of critical phenomena in statistical physics.
Practical computations for an inclusion of gravitational
fluctuation effects become possible by the modern form of
functional renormalization based on the effective average
action. We hope that this approach can help to settle some
of the remaining big issues and questions. Indeed, for every
one of the three fixed points discussed in this review several
key questions have not yet found a definite answer.
For the UV-fixed point a quantitatively precise and reli-
able computation of the running Planck mass, or the scaling
function w(χ), is not yet available, even though the indi-
cations for the existence of the scaling solution are strong.
This scaling behavior is needed in dependence on the precise
particle content of a model. It is not settled what is the
precise form of the effective action for quantum gravity in
the UV-limit. In particular, is the coefficient C multiplying
the term CR2 relevant or irrelevant? (If irrelevant, the
large value of C needed for Starobinski inflation is unlikely
to be realized.) More generally, one has to establish the
momentum and field dependence of the coefficients of the
higher curvature terms (e.g. the functions C, D etc. in
eq. (6.43)). This will decide on the issue of stability, i.e.
the presence or not of ghosts.
For the interactions between particles and gravity at the
UV-fixed point a key question asks: Is the mass term of the
Higgs scalar an irrelevant parameter at the UV-fixed point
defining quantum gravity? If yes – for which microscopic
models? Self-organized criticality of the vacuum electroweak
phase transition would amount to a profound change for
our view of the gauge hierarchy. Furthermore, it will be
important to find out for which particle physics models the
gauge and Yukawa couplings are irrelevant parameters at
the UV-fixed point. In this case their values at the Planck
scale become predictable, and gravity scale symmetry can
be realized in the quantum-scale invariant standard model.
For the SM-fixed point of the standard model as an ef-
fective low energy theory the running gauge and Yukawa
couplings are (marginally) relevant parameters. They in-
duce mass scales violating particle scale symmetry. The
question if these mass scales are intrinsic scales µ¯, or reflect
spontaneous symmetry breaking of gravity scale symmetry
by a scalar field χ, depends on the issue of the realization of
gravity scale symmetry in the standard model. An intrinsic
or spontaneous obvious scale induced by the running of the
strong gauge coupling is the confinement scale of QCD. It is
important to settle if this is the largest scale reflecting the
breaking of particle scale symmetry, or if there could be a
larger scale in the Higgs sector. The issue is crucial for the
case of self-organized criticality of the vacuum electroweak
phase transition.
For the IR-fixed point and its connection to the UV-fixed
point a first central question asks: What is the field de-
pendence of the coefficient of the curvature scalar and the
scalar kinetic term? Both issues are crucial for a compu-
tation of the properties of inflation and dynamical dark
energy. Furthermore, one has to understand more precisely
the issue of relevant parameters and intrinsic scales in the
scalar potential.
Once these questions are settled, a new epoch for model
building based on basic properties of complete renormal-
izable quantum field theories may start. Many prejudices
about what is judged to be natural or not will look rather
different in this perspective.
Already now a rather consistent overall picture for fun-
damental physics seems to emerge, as depicted in Fig. 1.
Quantum gravity coupled to particle physics can be realised
as a renormalizable quantum field theory defined at the
UV-fixed point. The properties of the standard model are
determined by the SM-fixed point, to which the effective
action flows after decoupling of the gravitational degrees of
freedom. Finally, the physics at the largest length scales,
associated to the size of our observable universe, reflects
the presence of an IR-fixed point.
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Such a consistent picture does not imply that one has
found the most fundamental theory. It is well conceivable
that a fundamental theory is formulated in terms of other
degrees of freedom, say only based on fermions. In such
a theory the metric or gauge fields may emerge only as
collective or composite fields. If an effective continuum
quantum field theory with a metric field, gauge fields, scalars
and fermions is valid for a sufficient range of length scales
smaller than the Planck length, it has to be described by
the UV-fixed point discussed in the present work. Some of
the relevant parameters at the UV-fixed point could become
predictable in a more fundamental theory.
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A. Quantum dilatation current
In this appendix we discuss the quantum dilatation cur-
rent and its conservation for a quantum scale invariant
theory. We employ the standard Noether construction, ap-
plied to the quantum effective action. Our procedure is
closely related to refs. [19, 50, 52]. We present an example
for an arbitrary number of scalar fields coupled to gravity,
with arbitrary field dependence of the effective potential
and coefficients of scalar kinetic terms and curvature scalar.
We emphasize that all quantum effects are already incorpo-
rated in the quantum effective action. No further quantum
corrections are present.
For the Noether construction of the quantum dilatation
current JµD we start with an effective action Γ[φi], with φi
standing for arbitrary renormalized fields, i.e. metric, scalar
fields, gauge fields and fermions. Canonical infinitesimal
scale transformations are (α = 1 + ε)
δφi = diεφi , (A.1)
with di the scaling dimensions of the respective fields. We
take ε(x) local and define
Γ[φi, ε] = Γ[φi + diε(x)φi] . (A.2)
With Γ depending on φi and derivatives ∂µφi, one has
Γ[φi, ε] depending on ε(x) and derivatives ∂µε(x). The
quantum dilatation current density is defined as
J˜µD =
∂Γ[φi, ε]
∂(∂µε)
=
∑
i
diφi
∂Γ
∂(∂µφi)
. (A.3)
This construction can be generalized if the effective ac-
tion contains terms with second derivatives ∂µ∂νφi or even
higher derivatives [19].
For a scale invariant effective action the current density is
conserved for all solutions of the field equations in absence
of sources,
∂µJ˜
µ
D =
∑
i
di
[
φi ∂µ
∂Γ
∂(∂µφi)
+ (∂µφi)
∂Γ
∂(∂µφi)
]
= 0 .
(A.4)
This can be seen by employing the exact quantum field
equations in absence of sources,
∂Γ
∂φi
− ∂µ ∂Γ
∂(∂µφi)
= 0 , (A.5)
yielding
∂µJ˜
µ
D =
∑
i
di
[
φi
∂Γ
∂φi
+ (∂µφi)
∂Γ
∂(∂µφi)
]
. (A.6)
The r.h.s of eq. (A.6) vanishes if we specialize to Γ being
invariant under the global scale transformation with ε inde-
pendent of x. (Local gauge symmetries contain the global
symmetry such that J˜µD is conserved in this case as well.)
We define the dilatation current as
JµD = g−
1
2 J˜µD . (A.7)
For a scale invariant effective action it is covariantly con-
served,
DµJ
µ
D = 0 . (A.8)
We emphasize that there are no quantum corrections to
these statements. The conservation of the quantum dilata-
tion current (A.8) is exact if the quantum effective action
is invariant under the transformation (A.1). The crucial
ingredient is the exactness of the quantum field equation
(A.5). Similar statements are, in general, not true for a
scale invariant classical action.
As an example, we consider gravity coupled to a num-
ber of scalar fields χa, with field dependent coefficients of
the curvature scalar and scalar kinetic terms and effective
potential,
Γ =
∫
x
√
g
{
−F (χ)2 R+
1
2Kab(χ)∂
µχa∂µχb + U(χ)
}
.
(A.9)
The dilatation current receives contributions from the first
two terms. For the first term ∼ R one has (D2 = DµDµ)
ΓR[φ, ε] = ΓR[φ]+
∫
x
√
g
{
εR
(
F − 12χa
∂F
∂χa
)
− 3FD2ε
}
.
(A.10)
After partial integration (FD2ε→ −∂µF∂µε) the contribu-
tion (A.3) to the dilatation current density is
J˜Dµ(R) = 3
√
g∂µF . (A.11)
Combining with the contribution of the scalar kinetic term
the quantum dilatation current takes the simple form
JµD = Kab∂µχaχb + 3∂µF . (A.12)
If a function L(χ) exists such that one can write
Kabχb =
∂L
∂χa
, (A.13)
101
the quantum dilatation current can be written as a deriva-
tive of a kernel L+ 3F ,
JµD = ∂µ (L+ 3F ) . (A.14)
For the particular case of field-independent Kab one has
L = 12Kabχaχb . (A.15)
The covariant derivative of the quantum dilatation cur-
rent is given by
DµJ
µ
D = χa
(
KabD
2χb + ∂µKab∂µχb
)
+Kab∂µχa∂µχb + 3D2F . (A.16)
We next insert the quantum field equations. The scalar
quantum field equations derived from the variation of the
effective action (A.9) read [60]
KabD
2χb + ∂µKab∂µχb − 12
∂Kbc
∂χa
∂µχb∂µχc
= ∂U
∂χa
− 12
∂F
∂χa
R− qa , (A.17)
with qa a possible source term, connected to degrees of free-
dom not contained in eq. (A.9). The quantum gravitational
field equation is given by
F
(
Rµν − 12Rgµν
)
+D2Fgµν −DµDνF
+ 12Kab∂
ρχa∂ρχbgµν −Kab∂µχa∂νχb + Ugµν = Tµν ,
(A.18)
where the energy momentum tensor Tµν refers again to a
possible source related to additional degrees of freedom.
Contracting eq. (A.18) with gµν ,
FR = 3D2F +Kab∂µχa∂µχb + 4U − Tµµ , (A.19)
we can express R in eq. (A.17) by a function of scalar
fields and derivatives. Inserting these field equations into
eq. (A.16) one finds
DµJ
µ
D = χa
∂U
∂χa
− 4U + 4(1− f)U + 3(1− f)D2F
+ (1− f)Kab∂µχa∂µχb + 12
∂Kab
∂χc
χc∂
µχa∂µχb
+ fTµµ − χaqa (A.20)
where
f = 12χa
∂ ln(F )
∂χa
. (A.21)
For a scale invariant effective action one has
χa
∂U
∂χa
= 4U , χa
∂F
∂χa
= 2F ,
χc
∂Kab
∂χc
= 0 . (A.22)
This implies f = 1 and
DµJ
µ
D = Tµµ − χaqa . (A.23)
In the absence of sources (or for scale invariant sources)
the dilatation current is indeed covariantly conserved, as
required by eq. (A.8). The conservation of the dilatation
current can be viewed as another facet of our argument in
sect. 2.6 that the absence of intrinsic mass or length scales
in the effective action implies quantum scale symmetry. The
relations (A.22) are a direct consequence of the absence of
intrinsic scales.
For Kab obeying the relation (A.13) a conserved dilata-
tion current implies
D2(L+ 3F ) = 0 . (A.24)
In a homogeneous isotropic expanding universe this reads,
with a the scale factor in the Robertson-Walker metric and
H = a˙/a the Hubble parameter,(
∂2t + 3H∂t
)
(L+ 3F ) = 0 , (A.25)
or
∂t(L+ 3F ) = cLFa−3 . (A.26)
Due to Hubble damping L+3F quickly settles to a constant
value. For a single field χ this corresponds to the metron
reaching a constant value early in cosmology. Correspond-
ingly, the dilaton is frozen early in cosmology and plays no
role subsequently, as discussed in ref. [19]. The generaliza-
tion to several scalar fields is investigated in ref. [52].
If intrinsic mass or length scales are present in the ef-
fective action the relations (A.22) no longer hold. The
corresponding non-vanishing contributions on the r.h.s. of
eq. (A.20) are the dilatation anomaly. For a non-vanishing
dilatation anomaly the combination L+3F no longer settles
to a constant value. For example, one may find runaway
cosmologies where the cosmon, the pseudo-Goldstone boson
of spontaneously broken scale symmetry, increases contin-
uously without setting to a constant value. The mass of
the cosmon vanishes in the limit of vanishing dilatation
anomaly.
[1] A. A. Starobinsky, “A New Type of Isotropic
Cosmological Models Without Singularity,” Phys. Lett.
B91 (1980) 99–102.
102
[2] A. H. Guth, “The Inflationary Universe: A Possible
Solution to the Horizon and Flatness Problems,” Phys.
Rev. D23 (1981) 347–356.
[3] V. F. Mukhanov and G. V. Chibisov, “Quantum
Fluctuations and a Nonsingular Universe,” JETP Lett. 33
(1981) 532–535. [Pisma Zh. Eksp. Teor. Fiz.33,549(1981)].
[4] A. D. Linde, “A New Inflationary Universe Scenario: A
Possible Solution of the Horizon, Flatness, Homogeneity,
Isotropy and Primordial Monopole Problems,” Phys. Lett.
108B (1982) 389–393.
[5] A. Albrecht and P. J. Steinhardt, “Cosmology for Grand
Unified Theories with Radiatively Induced Symmetry
Breaking,” Phys. Rev. Lett. 48 (1982) 1220–1223.
[6] A. D. Linde, “Chaotic Inflation,” Phys. Lett. 129B (1983)
177–181.
[7] Q. Shafi and C. Wetterich, “Cosmology from Higher
Dimensional Gravity,” Phys. Lett. 129B (1983) 387.
[8] S. L. Glashow, “Partial Symmetries of Weak Interactions,”
Nucl. Phys. 22 (1961) 579–588.
[9] S. Weinberg, “A Model of Leptons,” Phys. Rev. Lett. 19
(1967) 1264–1266.
[10] A. Salam, “Elementary particle theory,” Ed. N. Svartholm,
Stockholm, (Almquist and Wiksell) 367 (1968) .
[11] P. Higgs, “Broken symmetries, massless particles and
gauge fields,” Physics Letters 12 no. 2, (1964) 132 – 133.
http://www.sciencedirect.com/science/article/pii/
0031916364911369.
[12] P. W. Higgs, “Broken symmetries and the masses of gauge
bosons,” Phys. Rev. Lett. 13 (Oct, 1964) 508–509. https:
//link.aps.org/doi/10.1103/PhysRevLett.13.508.
[13] F. Englert and R. Brout, “Broken Symmetry and the
Mass of Gauge Vector Mesons,” Phys. Rev. Lett. 13
(1964) 321–323.
[14] C. Wetterich, “Fine Tuning Problem and the
Renormalization Group,” Phys. Lett. 140B (1984)
215–222.
[15] C. Wetterich, “The mass of the Higgs particle,” in Search
for Scalar Particles: Experimental and Theoretical Aspects
Trieste, Italy, July 23-24, 1987. 1987.
http://www-library.desy.de/cgi-bin/showprep.pl?
DESY-87-154.
[16] W. A. Bardeen, “On naturalness in the standard model,”.
http:
//lss.fnal.gov/cgi-bin/find_paper.pl?conf-95-391.
[17] E. Gildener, “Gauge Symmetry Hierarchies,” Phys. Rev.
D14 (1976) 1667.
[18] S. Weinberg, “Gauge Hierarchies,” Phys. Lett. 82B (1979)
387–391.
[19] C. Wetterich, “Cosmology and the Fate of Dilatation
Symmetry,” Nucl. Phys. B302 (1988) 668–696,
arXiv:1711.03844 [hep-th].
[20] S. Weinberg, “The Cosmological Constant Problem,” Rev.
Mod. Phys. 61 (1989) 1–23.
[21] Supernova Cosmology Project Collaboration,
S. Perlmutter et al., “Measurements of Omega and
Lambda from 42 high redshift supernovae,” Astrophys. J.
517 (1999) 565–586, arXiv:astro-ph/9812133
[astro-ph].
[22] Supernova Search Team Collaboration, A. G. Riess
et al., “Observational evidence from supernovae for an
accelerating universe and a cosmological constant,”
Astron. J. 116 (1998) 1009–1038,
arXiv:astro-ph/9805201 [astro-ph].
[23] Planck Collaboration, N. Aghanim et al., “Planck 2018
results. VI. Cosmological parameters,” arXiv:1807.06209
[astro-ph.CO].
[24] S. Weinberg, vol. 2, p. 790. Univ. Pr., Cambridge, UK,
2010. http://www.cambridge.org/de/knowledge/isbn/
item5601514.
[25] C. Wetterich, “Exact evolution equation for the effective
potential,” Phys. Lett. B301 (1993) 90–94,
arXiv:1710.05815 [hep-th].
[26] M. Reuter and C. Wetterich, “Effective average action for
gauge theories and exact evolution equations,” Nucl.
Phys. B417 (1994) 181–214.
[27] M. Reuter, “Nonperturbative evolution equation for
quantum gravity,” Phys. Rev. D57 (1998) 971–985,
arXiv:hep-th/9605030 [hep-th].
[28] D. Dou and R. Percacci, “The running gravitational
couplings,” Class. Quant. Grav. 15 (1998) 3449–3468,
arXiv:hep-th/9707239 [hep-th].
[29] W. Souma, “Nontrivial ultraviolet fixed point in quantum
gravity,” Prog. Theor. Phys. 102 (1999) 181–195,
arXiv:hep-th/9907027 [hep-th].
[30] M. Reuter and F. Saueressig, “Renormalization group
flow of quantum gravity in the Einstein-Hilbert
truncation,” Phys. Rev. D65 (2002) 065016,
arXiv:hep-th/0110054 [hep-th].
[31] O. Lauscher and M. Reuter, “Ultraviolet fixed point and
generalized flow equation of quantum gravity,” Phys. Rev.
D65 (2002) 025013, arXiv:hep-th/0108040 [hep-th].
[32] C. Wetterich, “Inflation, quintessence, and the origin of
mass,” Nucl. Phys. B897 (2015) 111–178,
arXiv:1408.0156 [hep-th].
[33] H. Weyl, “Gravitation and electricity,” Sitzungsber.
Preuss. Akad. Wiss. Berlin (Math. Phys.) 1918 (1918)
465.
[34] P. Jordan, Schwerkraft und Weltall, vol. 107. Vieweg,
1955.
[35] R. H. Dicke, “Mach’s principle and invariance under
transformation of units,” Phys. Rev. 125 (1962)
2163–2167.
[36] Y. Fujii, “Scalar-tensor theory of gravitation and
spontaneous breakdown of scale invariance,” Phys. Rev.
D9 (1974) 874–876.
[37] F. Englert, C. Truffin, and R. Gastmans, “Conformal
Invariance in Quantum Gravity,” Nucl. Phys. B117
(1976) 407–432.
[38] P. Minkowski, “On the Spontaneous Origin of Newton’s
Constant,” Phys. Lett. 71B (1977) 419–421.
[39] A. Zee, “A Broken Symmetric Theory of Gravity,” Phys.
Rev. Lett. 42 (1979) 417.
[40] S. L. Adler, “Order R Vacuum Action Functional in
Scalar Free Unified Theories with Spontaneous Scale
Breaking,” Phys. Rev. Lett. 44 (1980) 1567.
[41] Y. Fujii, “Origin of the Gravitational Constant and
Particle Masses in Scale Invariant Scalar - Tensor Theory,”
Phys. Rev. D26 (1982) 2580.
[42] S. Coleman, Aspects of symmetry. Cambridge University
Press, 1985.
[43] D. J. Gross and F. Wilczek, “Ultraviolet Behavior of
Nonabelian Gauge Theories,” Phys. Rev. Lett. 30 (1973)
1343–1346.
[44] H. D. Politzer, “Reliable Perturbative Results for Strong
Interactions?,” Phys. Rev. Lett. 30 (1973) 1346–1349.
[45] S. R. Coleman and E. J. Weinberg, “Radiative
Corrections as the Origin of Spontaneous Symmetry
Breaking,” Phys. Rev. D7 (1973) 1888–1910.
[46] R. Hempfling, “The Next-to-minimal Coleman-Weinberg
model,” Phys. Lett. B379 (1996) 153–158,
103
arXiv:hep-ph/9604278 [hep-ph].
[47] K. A. Meissner and H. Nicolai, “Conformal Symmetry
and the Standard Model,” Phys. Lett. B648 (2007)
312–317, arXiv:hep-th/0612165 [hep-th].
[48] K. A. Meissner and H. Nicolai, “Effective action,
conformal anomaly and the issue of quadratic
divergences,” Phys. Lett. B660 (2008) 260–266,
arXiv:0710.2840 [hep-th].
[49] R. Foot, A. Kobakhidze, and R. R. Volkas, “Electroweak
Higgs as a pseudo-Goldstone boson of broken scale
invariance,” Phys. Lett. B655 (2007) 156–161,
arXiv:0704.1165 [hep-ph].
[50] R. D. Peccei, J. Sola, and C. Wetterich, “Adjusting the
Cosmological Constant Dynamically: Cosmons and a New
Force Weaker Than Gravity,” Phys. Lett. B195 (1987)
183–190.
[51] P. G. Ferreira, C. T. Hill, and G. G. Ross, “Inertial
Spontaneous Symmetry Breaking and Quantum Scale
Invariance,” arXiv:1801.07676 [hep-th].
[52] P. G. Ferreira, C. T. Hill, and G. G. Ross, “Weyl Current,
Scale-Invariant Inflation and Planck Scale Generation,”
Phys. Rev. D95 no. 4, (2017) 043507, arXiv:1610.09243
[hep-th].
[53] M. E. Fisher, “The renormalization group in the theory of
critical behavior,” Rev. Mod. Phys. 46 (1974) 597–616.
[Erratum: Rev. Mod. Phys.47,543(1975)].
[54] K. G. Wilson and J. B. Kogut, “The Renormalization
group and the epsilon expansion,” Phys. Rept. 12 (1974)
75–200.
[55] K. G. Wilson, “Renormalization group and critical
phenomena. 2. Phase space cell analysis of critical
behavior,” Phys. Rev. B4 (1971) 3184–3205.
[56] F. J. Wegner and A. Houghton, “Renormalization group
equation for critical phenomena,” Phys. Rev. A8 (1973)
401–412.
[57] F. L. Bezrukov and M. Shaposhnikov, “The Standard
Model Higgs boson as the inflaton,” Phys. Lett. B659
(2008) 703–706, arXiv:0710.3755 [hep-th].
[58] J. Garcia-Bellido, J. Rubio, M. Shaposhnikov, and
D. Zenhausern, “Higgs-Dilaton Cosmology: From the
Early to the Late Universe,” Phys. Rev. D84 (2011)
123504, arXiv:1107.2163 [hep-ph].
[59] P. G. Ferreira, C. T. Hill, and G. G. Ross,
“Scale-Independent Inflation and Hierarchy Generation,”
Phys. Lett. B763 (2016) 174–178, arXiv:1603.05983
[hep-th].
[60] C. Wetterich, “Variable gravity Universe,” Phys. Rev.
D89 no. 2, (2014) 024005, arXiv:1308.1019
[astro-ph.CO].
[61] A. Salvio and A. Strumia, “Agravity,” JHEP 06 (2014)
080, arXiv:1403.4226 [hep-ph].
[62] C. Wetterich, “Spinors in euclidean field theory, complex
structures and discrete symmetries,” Nucl. Phys. B852
(2011) 174–234, arXiv:1002.3556 [hep-th].
[63] M. Shaposhnikov and D. Zenhausern, “Quantum scale
invariance, cosmological constant and hierarchy problem,”
Phys. Lett. B671 (2009) 162–166, arXiv:0809.3406
[hep-th].
[64] C. Wetterich, “Gauge-invariant fields and flow equations
for Yang-Mills theories,” arXiv:1710.02494 [hep-th].
[65] W. E. Caswell, “Asymptotic Behavior of Nonabelian
Gauge Theories to Two Loop Order,” Phys. Rev. Lett. 33
(1974) 244.
[66] S. Bornholdt and C. Wetterich, “Selforganizing criticality,
large anomalous mass dimension and the gauge hierarchy
problem,” Phys. Lett. B282 (1992) 399–405.
[67] T. Banks and A. Zaks, “On the Phase Structure of
Vector-Like Gauge Theories with Massless Fermions,”
Nucl. Phys. B196 (1982) 189–204.
[68] J. Braun and H. Gies, “Scaling laws near the conformal
window of many-flavor QCD,” JHEP 05 (2010) 060,
arXiv:0912.4168 [hep-ph].
[69] J. Braun, C. S. Fischer, and H. Gies, “Beyond Miransky
Scaling,” Phys. Rev. D84 (2011) 034045,
arXiv:1012.4279 [hep-ph].
[70] J. Braun, H. Gies, L. Janssen, and D. Roscher, “Phase
structure of many-flavor QED3,” Phys. Rev. D90 no. 3,
(2014) 036002, arXiv:1404.1362 [hep-ph].
[71] D. F. Litim and F. Sannino, “Asymptotic safety
guaranteed,” JHEP 12 (2014) 178, arXiv:1406.2337
[hep-th].
[72] A. D. Bond, D. F. Litim, G. Medina Vazquez, and
T. Steudtner, “UV conformal window for asymptotic
safety,” Phys. Rev. D97 no. 3, (2018) 036019,
arXiv:1710.07615 [hep-th].
[73] C. Wetterich, “Gauge Hierarchy due to strong
interactions?,” Phys. Lett. 104B (1981) 269–276.
[74] D. J. Amit and E. Rabinovici, “Breaking of Scale
Invariance in φ6 Theory: Tricriticality and Critical End
Points,” Nucl. Phys. B257 (1985) 371–382.
[75] E. Rabinovici, B. Saering, and W. A. Bardeen, “Critical
Surfaces and Flat Directions in a Finite Theory,” Phys.
Rev. D36 (1987) 562.
[76] D. S. Berman and E. Rabinovici, “Supersymmetric gauge
theories,” in Unity from duality: Gravity, gauge theory
and strings. Proceedings, NATO Advanced Study Institute,
Euro Summer School, 76th session, Les Houches, France,
July 30-August 31, 2001, pp. 137–240. 2002.
arXiv:hep-th/0210044 [hep-th].
[77] C. Wetterich, “Gauge invariant flow equation,” Nucl.
Phys. B931 (2018) 262–282, arXiv:1607.02989
[hep-th].
[78] C. Wetterich, “Graviton fluctuations erase the
cosmological constant,” Phys. Lett. B773 (2017) 6–19,
arXiv:1704.08040 [gr-qc].
[79] M. Shaposhnikov and C. Wetterich, “Asymptotic safety of
gravity and the Higgs boson mass,” Phys. Lett. B683
(2010) 196–200, arXiv:0912.0208 [hep-th].
[80] ATLAS Collaboration, G. Aad et al., “Observation of a
new particle in the search for the Standard Model Higgs
boson with the ATLAS detector at the LHC,” Phys. Lett.
B716 (2012) 1–29, arXiv:1207.7214 [hep-ex].
[81] CMS Collaboration, S. Chatrchyan et al., “Observation
of a new boson at a mass of 125 GeV with the CMS
experiment at the LHC,” Phys. Lett. B716 (2012) 30–61,
arXiv:1207.7235 [hep-ex].
[82] C. Wetterich, “Quadratic Renormalization of the Average
Potential and the Naturalness of Quadratic Mass
Relations for the Top Quark,” Z. Phys. C48 (1990)
693–705.
[83] C. Wetterich and M. Yamada, “Gauge hierarchy problem
in asymptotically safe gravity–the resurgence mechanism,”
Phys. Lett. B770 (2017) 268–271, arXiv:1612.03069
[hep-th].
[84] H. Aoki and S. Iso, “Revisiting the Naturalness Problem –
Who is afraid of quadratic divergences? –,” Phys. Rev.
D86 (2012) 013001, arXiv:1201.0857 [hep-ph].
[85] M. E. Shaposhnikov and I. I. Tkachev, “Quantum scale
invariance on the lattice,” Phys. Lett. B675 (2009)
403–406, arXiv:0811.1967 [hep-th].
104
[86] S. Mooij, M. Shaposhnikov, and T. Voumard, “Hidden
and explicit quantum scale invariance,”
arXiv:1812.07946 [hep-th].
[87] R. Percacci, “Renormalization group flow of Weyl
invariant dilaton gravity,” New J. Phys. 13 (2011)
125013, arXiv:1110.6758 [hep-th].
[88] A. Codello, G. D’Odorico, C. Pagani, and R. Percacci,
“The Renormalization Group and Weyl-invariance,” Class.
Quant. Grav. 30 (2013) 115015, arXiv:1210.3284
[hep-th].
[89] T. R. Morris and R. Percacci, “Trace anomaly and
infrared cutoffs,” arXiv:1810.09824 [hep-th].
[90] K. G. Wilson, “Confinement of Quarks,” Phys. Rev. D10
(1974) 2445–2459.
[91] C. Wetterich, “Neutrino Masses and the Scale of B-L
Violation,” Nucl. Phys. B187 (1981) 343–375.
[92] P. Minkowski, “µ→ eγ at a Rate of One Out of 109
Muon Decays?,” Phys. Lett. 67B (1977) 421–428.
[93] T. Yanagida, “HORIZONTAL SYMMETRY AND
MASSES OF NEUTRINOS,” Conf. Proc. C7902131
(1979) 95–99.
[94] M. Gell-Mann, P. Ramond, and R. Slansky, “Complex
Spinors and Unified Theories,” Conf. Proc. C790927
(1979) 315–321, arXiv:1306.4669 [hep-th].
[95] M. Magg and C. Wetterich, “Neutrino Mass Problem and
Gauge Hierarchy,” Phys. Lett. 94B (1980) 61–64.
[96] G. Lazarides, Q. Shafi, and C. Wetterich, “Proton
Lifetime and Fermion Masses in an SO(10) Model,” Nucl.
Phys. B181 (1981) 287–300.
[97] R. N. Mohapatra and G. Senjanovic, “Neutrino Masses
and Mixings in Gauge Models with Spontaneous Parity
Violation,” Phys. Rev. D23 (1981) 165.
[98] J. Schechter and J. W. F. Valle, “Neutrino Masses in
SU(2) x U(1) Theories,” Phys. Rev. D22 (1980) 2227.
[99] R. Percacci and D. Perini, “Asymptotic safety of gravity
coupled to matter,” Phys. Rev. D68 (2003) 044018,
arXiv:hep-th/0304222 [hep-th].
[100] G. Narain and R. Percacci, “Renormalization Group Flow
in Scalar-Tensor Theories. I,” Class. Quant. Grav. 27
(2010) 075001, arXiv:0911.0386 [hep-th].
[101] A. Eichhorn, Y. Hamada, J. Lumma, and M. Yamada,
“Quantum gravity fluctuations flatten the Planck-scale
Higgs potential,” Phys. Rev. D97 no. 8, (2018) 086004,
arXiv:1712.00319 [hep-th].
[102] L. Maiani, G. Parisi, and R. Petronzio, “Bounds on the
Number and Masses of Quarks and Leptons,” Nucl. Phys.
B136 (1978) 115–124.
[103] N. Cabibbo, L. Maiani, G. Parisi, and R. Petronzio,
“Bounds on the Fermions and Higgs Boson Masses in
Grand Unified Theories,” Nucl. Phys. B158 (1979)
295–305.
[104] B. Pendleton and G. G. Ross, “Mass and Mixing Angle
Predictions from Infrared Fixed Points,” Phys. Lett. 98B
(1981) 291–294.
[105] C. T. Hill, “Quark and Lepton Masses from
Renormalization Group Fixed Points,” Phys. Rev. D24
(1981) 691.
[106] J. Berges, N. Tetradis, and C. Wetterich,
“Nonperturbative renormalization flow in quantum field
theory and statistical physics,” Phys. Rept. 363 (2002)
223–386, arXiv:hep-ph/0005122 [hep-ph].
[107] F. Hofling, C. Nowak, and C. Wetterich, “Phase
transition and critical behavior of the D = 3 Gross-Neveu
model,” Phys. Rev. B66 (2002) 205111,
arXiv:cond-mat/0203588 [cond-mat].
[108] H. Gies, C. Gneiting, and R. Sondenheimer, “Higgs Mass
Bounds from Renormalization Flow for a simple Yukawa
model,” Phys. Rev. D89 no. 4, (2014) 045012,
arXiv:1308.5075 [hep-ph].
[109] H. Gies and R. Sondenheimer, “Higgs Mass Bounds from
Renormalization Flow for a Higgs-top-bottom model,”
Eur. Phys. J. C75 no. 2, (2015) 68, arXiv:1407.8124
[hep-ph].
[110] A. Eichhorn, H. Gies, J. Jaeckel, T. Plehn, M. M. Scherer,
and R. Sondenheimer, “The Higgs Mass and the Scale of
New Physics,” JHEP 04 (2015) 022, arXiv:1501.02812
[hep-ph].
[111] J. Borchardt, H. Gies, and R. Sondenheimer, “Global flow
of the Higgs potential in a Yukawa model,” Eur. Phys. J.
C76 no. 8, (2016) 472, arXiv:1603.05861 [hep-ph].
[112] H. Gies, R. Sondenheimer, and M. Warschinke, “Impact
of generalized Yukawa interactions on the lower Higgs
mass bound,” Eur. Phys. J. C77 no. 11, (2017) 743,
arXiv:1707.04394 [hep-ph].
[113] R. Sondenheimer, “Nonpolynomial Higgs interactions and
vacuum stability,” Eur. Phys. J. C79 no. 1, (2019) 10,
arXiv:1711.00065 [hep-ph].
[114] M. Reichert, A. Eichhorn, H. Gies, J. M. Pawlowski,
T. Plehn, and M. M. Scherer, “Probing baryogenesis
through the Higgs boson self-coupling,” Phys. Rev. D97
no. 7, (2018) 075008, arXiv:1711.00019 [hep-ph].
[115] A. Held and R. Sondenheimer, “Higgs stability-bound and
fermionic dark matter,” arXiv:1811.07898 [hep-ph].
[116] F. Grabowski, J. H. Kwapisz, and K. A. Meissner,
“Asymptotic safety and Conformal Standard Model,”
arXiv:1810.08461 [hep-ph].
[117] K. A. Meissner, H. Nicolai, and J. Plefka, “Softly broken
conformal symmetry with quantum gravitational
corrections,” arXiv:1811.05216 [hep-th].
[118] J. P. Fatelo, J. M. Gerard, T. Hambye, and J. Weyers,
“Symmetry breaking induced by top loops,” Phys. Rev.
Lett. 74 (1995) 492–494.
[119] T. Hambye, “Symmetry breaking induced by top quark
loops from a model without scalar mass,” Phys. Lett.
B371 (1996) 87–92, arXiv:hep-ph/9510266 [hep-ph].
[120] C. T. Hill, “Conjecture on the physical implications of the
scale anomaly,” 2005. arXiv:hep-th/0510177 [hep-th].
http://lss.fnal.gov/cgi-bin/find_paper.pl?
conf-05-482-T.
[121] M. Holthausen, M. Lindner, and M. A. Schmidt,
“Radiative Symmetry Breaking of the Minimal Left-Right
Symmetric Model,” Phys. Rev. D82 (2010) 055002,
arXiv:0911.0710 [hep-ph].
[122] M. Shaposhnikov and K. Shimada, “Asymptotic Scale
Invariance and its Consequences,” arXiv:1812.08706
[hep-ph].
[123] C. Wetterich, “Where to look for solving the gauge
hierarchy problem?,” Phys. Lett. B718 (2012) 573–576,
arXiv:1112.2910 [hep-ph].
[124] J.-E. Daum, U. Harst, and M. Reuter, “Running Gauge
Coupling in Asymptotically Safe Quantum Gravity,”
JHEP 01 (2010) 084, arXiv:0910.4938 [hep-th].
[125] S. Folkerts, D. F. Litim, and J. M. Pawlowski,
“Asymptotic freedom of Yang-Mills theory with gravity,”
Phys. Lett. B709 (2012) 234–241, arXiv:1101.5552
[hep-th].
[126] U. Harst and M. Reuter, “QED coupled to QEG,” JHEP
05 (2011) 119, arXiv:1101.6007 [hep-th].
[127] N. Christiansen and A. Eichhorn, “An asymptotically safe
solution to the U(1) triviality problem,” Phys. Lett. B770
105
(2017) 154–160, arXiv:1702.07724 [hep-th].
[128] N. Christiansen, D. F. Litim, J. M. Pawlowski, and
M. Reichert, “Asymptotic safety of gravity with matter,”
Phys. Rev. D97 no. 10, (2018) 106012,
arXiv:1710.04669 [hep-th].
[129] A. Eichhorn and F. Versteegen, “Upper bound on the
Abelian gauge coupling from asymptotic safety,” JHEP
01 (2018) 030, arXiv:1709.07252 [hep-th].
[130] A. Eichhorn, A. Held, and C. Wetterich,
“Quantum-gravity predictions for the fine-structure
constant,” Phys. Lett. B782 (2018) 198–201,
arXiv:1711.02949 [hep-th].
[131] W.-F. Chang, J. N. Ng, and J. M. S. Wu, “Shadow Higgs
from a scale-invariant hidden U(1)(s) model,” Phys. Rev.
D75 (2007) 115016, arXiv:hep-ph/0701254 [HEP-PH].
[132] R. Foot, A. Kobakhidze, K. McDonald, and R. Volkas,
“Neutrino mass in radiatively-broken scale-invariant
models,” Phys. Rev. D76 (2007) 075014,
arXiv:0706.1829 [hep-ph].
[133] R. Foot, A. Kobakhidze, K. L. McDonald, and R. R.
Volkas, “A Solution to the hierarchy problem from an
almost decoupled hidden sector within a classically scale
invariant theory,” Phys. Rev. D77 (2008) 035006,
arXiv:0709.2750 [hep-ph].
[134] T. Han and S. Willenbrock, “Scale of quantum gravity,”
Phys. Lett. B616 (2005) 215–220,
arXiv:hep-ph/0404182 [hep-ph].
[135] S. Iso, N. Okada, and Y. Orikasa, “The minimal B-L
model naturally realized at TeV scale,” Phys. Rev. D80
(2009) 115007, arXiv:0909.0128 [hep-ph].
[136] T. Hur and P. Ko, “Scale invariant extension of the
standard model with strongly interacting hidden sector,”
Phys. Rev. Lett. 106 (2011) 141802, arXiv:1103.2571
[hep-ph].
[137] L. Alexander-Nunneley and A. Pilaftsis, “The Minimal
Scale Invariant Extension of the Standard Model,” JHEP
09 (2010) 021, arXiv:1006.5916 [hep-ph].
[138] S. Iso and Y. Orikasa, “TeV Scale B-L model with a flat
Higgs potential at the Planck scale - in view of the
hierarchy problem -,” PTEP 2013 (2013) 023B08,
arXiv:1210.2848 [hep-ph].
[139] C. Englert, J. Jaeckel, V. V. Khoze, and M. Spannowsky,
“Emergence of the Electroweak Scale through the Higgs
Portal,” JHEP 04 (2013) 060, arXiv:1301.4224
[hep-ph].
[140] M. Farina, D. Pappadopulo, and A. Strumia, “A modified
naturalness principle and its experimental tests,” JHEP
08 (2013) 022, arXiv:1303.7244 [hep-ph].
[141] E. J. Chun, S. Jung, and H. M. Lee, “Radiative
generation of the Higgs potential,” Phys. Lett. B725
(2013) 158–163, arXiv:1304.5815 [hep-ph].
[142] M. Heikinheimo, A. Racioppi, M. Raidal, C. Spethmann,
and K. Tuominen, “Physical Naturalness and Dynamical
Breaking of Classical Scale Invariance,” Mod. Phys. Lett.
A29 (2014) 1450077, arXiv:1304.7006 [hep-ph].
[143] T. Hambye and A. Strumia, “Dynamical generation of the
weak and Dark Matter scale,” Phys. Rev. D88 (2013)
055022, arXiv:1306.2329 [hep-ph].
[144] C. D. Carone and R. Ramos, “Classical scale-invariance,
the electroweak scale and vector dark matter,” Phys. Rev.
D88 (2013) 055020, arXiv:1307.8428 [hep-ph].
[145] V. V. Khoze, “Inflation and Dark Matter in the Higgs
Portal of Classically Scale Invariant Standard Model,”
JHEP 11 (2013) 215, arXiv:1308.6338 [hep-ph].
[146] M. Hashimoto, S. Iso, and Y. Orikasa, “Radiative
symmetry breaking at the Fermi scale and flat potential
at the Planck scale,” Phys. Rev. D89 no. 1, (2014)
016019, arXiv:1310.4304 [hep-ph].
[147] M. Holthausen, J. Kubo, K. S. Lim, and M. Lindner,
“Electroweak and Conformal Symmetry Breaking by a
Strongly Coupled Hidden Sector,” JHEP 12 (2013) 076,
arXiv:1310.4423 [hep-ph].
[148] I. Quiros, “Scale invariance and broken electroweak
symmetry may coexist together,” arXiv:1312.1018
[gr-qc].
[149] C. T. Hill, “Is the Higgs Boson Associated with
Coleman-Weinberg Dynamical Symmetry Breaking?,”
Phys. Rev. D89 no. 7, (2014) 073003, arXiv:1401.4185
[hep-ph].
[150] A. Karam and K. Tamvakis, “Dark matter and neutrino
masses from a scale-invariant multi-Higgs portal,” Phys.
Rev. D92 no. 7, (2015) 075010, arXiv:1508.03031
[hep-ph].
[151] A. J. Helmboldt, P. Humbert, M. Lindner, and
J. Smirnov, “Minimal conformal extensions of the Higgs
sector,” JHEP 07 (2017) 113, arXiv:1603.03603
[hep-ph].
[152] V. Brdar, Y. Emonds, A. J. Helmboldt, and M. Lindner,
“The Conformal UV Completion of the Neutrino Option,”
arXiv:1807.11490 [hep-ph].
[153] J. Kubo, M. Lindner, K. Schmitz, and M. Yamada,
“Planck mass and inflation as consequences of dynamically
broken scale invariance,” arXiv:1811.05950 [hep-ph].
[154] R. P. Feynman, “Quantum theory of gravitation,” Acta
Phys. Polon. 24 (1963) 697–722.
[155] B. S. DeWitt, “Quantum Theory of Gravity. 2. The
Manifestly Covariant Theory,” Phys. Rev. 162 (1967)
1195–1239.
[156] G. ’t Hooft and M. J. G. Veltman, “One loop divergencies
in the theory of gravitation,” Ann. Inst. H. Poincare
Phys. Theor. A20 (1974) 69–94.
[157] A. O. Barvinsky and G. A. Vilkovisky, “The Generalized
Schwinger-Dewitt Technique in Gauge Theories and
Quantum Gravity,” Phys. Rept. 119 (1985) 1–74.
[158] A. O. Barvinsky, Yu. V. Gusev, V. V. Zhytnikov, and
G. A. Vilkovisky, “Asymptotic behaviors of one loop
vertices in the gravitational effective action,” Class.
Quant. Grav. 12 (1995) 2157–2172.
[159] T. Henz, J. M. Pawlowski, A. Rodigast, and C. Wetterich,
“Dilaton Quantum Gravity,” Phys. Lett. B727 (2013)
298–302, arXiv:1304.7743 [hep-th].
[160] T. Henz, J. M. Pawlowski, and C. Wetterich, “Scaling
solutions for Dilaton Quantum Gravity,” Phys. Lett.
B769 (2017) 105–110, arXiv:1605.01858 [hep-th].
[161] C. Wetterich, “Gravity from spinors,” Phys. Rev. D70
(2004) 105004, arXiv:hep-th/0307145 [hep-th].
[162] C. Wetterich, “Spinor gravity and diffeomorphism
invariance on the lattice,” Lect. Notes Phys. 863 (2013)
67–92, arXiv:1201.2871 [gr-qc].
[163] C. Wetterich, “Infrared limit of quantum gravity,” Phys.
Rev. D98 no. 2, (2018) 026028, arXiv:1802.05947
[gr-qc].
[164] O. Lauscher and M. Reuter, “Flow equation of quantum
Einstein gravity in a higher derivative truncation,” Phys.
Rev. D66 (2002) 025026, arXiv:hep-th/0205062
[hep-th].
[165] D. F. Litim, “Fixed points of quantum gravity,” Phys.
Rev. Lett. 92 (2004) 201301, arXiv:hep-th/0312114
[hep-th].
[166] M. Niedermaier and M. Reuter, “The asymptotic safety
106
scenario in quantum gravity,” Living Reviews in Relativity
9 no. 1, (Dec, 2006) 5.
https://doi.org/10.12942/lrr-2006-5.
[167] M. Niedermaier, “The Asymptotic safety scenario in
quantum gravity: An Introduction,” Class. Quant. Grav.
24 (2007) R171–230, arXiv:gr-qc/0610018 [gr-qc].
[168] P. F. Machado and F. Saueressig, “On the
renormalization group flow of f(R)-gravity,” Phys. Rev.
D77 (2008) 124045, arXiv:0712.0445 [hep-th].
[169] A. Codello, R. Percacci, and C. Rahmede, “Ultraviolet
properties of f(R)-gravity,” Int. J. Mod. Phys. A23 (2008)
143–150, arXiv:0705.1769 [hep-th].
[170] A. Codello, R. Percacci, and C. Rahmede, “Investigating
the Ultraviolet Properties of Gravity with a Wilsonian
Renormalization Group Equation,” Annals Phys. 324
(2009) 414–469, arXiv:0805.2909 [hep-th].
[171] D. Benedetti, P. F. Machado, and F. Saueressig,
“Asymptotic safety in higher-derivative gravity,” Mod.
Phys. Lett. A24 (2009) 2233–2241, arXiv:0901.2984
[hep-th].
[172] D. Benedetti, P. F. Machado, and F. Saueressig, “Taming
perturbative divergences in asymptotically safe gravity,”
Nucl. Phys. B824 (2010) 168–191, arXiv:0902.4630
[hep-th].
[173] M. Reuter and F. Saueressig, “Quantum Einstein
Gravity,” New J. Phys. 14 (2012) 055022,
arXiv:1202.2274 [hep-th].
[174] D. Benedetti and F. Caravelli, “The Local potential
approximation in quantum gravity,” JHEP 06 (2012) 017,
arXiv:1204.3541 [hep-th]. [Erratum:
JHEP10,157(2012)].
[175] J. A. Dietz and T. R. Morris, “Asymptotic safety in the
f(R) approximation,” JHEP 01 (2013) 108,
arXiv:1211.0955 [hep-th].
[176] K. Falls, D. F. Litim, K. Nikolakopoulos, and
C. Rahmede, “A bootstrap towards asymptotic safety,”
arXiv:1301.4191 [hep-th].
[177] N. Christiansen, D. F. Litim, J. M. Pawlowski, and
A. Rodigast, “Fixed points and infrared completion of
quantum gravity,” Phys. Lett. B728 (2014) 114–117,
arXiv:1209.4038 [hep-th].
[178] D. Benedetti, “On the number of relevant operators in
asymptotically safe gravity,” EPL 102 no. 2, (2013)
20007, arXiv:1301.4422 [hep-th].
[179] M. Demmel, F. Saueressig, and O. Zanusso, “RG flows of
Quantum Einstein Gravity on maximally symmetric
spaces,” JHEP 06 (2014) 026, arXiv:1401.5495
[hep-th].
[180] N. Christiansen, B. Knorr, J. M. Pawlowski, and
A. Rodigast, “Global Flows in Quantum Gravity,” Phys.
Rev. D93 no. 4, (2016) 044036, arXiv:1403.1232
[hep-th].
[181] K. Falls, D. F. Litim, K. Nikolakopoulos, and
C. Rahmede, “Further evidence for asymptotic safety of
quantum gravity,” Phys. Rev. D93 no. 10, (2016) 104022,
arXiv:1410.4815 [hep-th].
[182] M. Demmel, F. Saueressig, and O. Zanusso, “A proper
fixed functional for four-dimensional Quantum Einstein
Gravity,” JHEP 08 (2015) 113, arXiv:1504.07656
[hep-th].
[183] N. Christiansen, B. Knorr, J. Meibohm, J. M. Pawlowski,
and M. Reichert, “Local Quantum Gravity,” Phys. Rev.
D92 no. 12, (2015) 121501, arXiv:1506.07016
[hep-th].
[184] N. Ohta, R. Percacci, and G. P. Vacca, “Flow equation for
f(R) gravity and some of its exact solutions,” Phys. Rev.
D92 no. 6, (2015) 061501, arXiv:1507.00968 [hep-th].
[185] H. Gies, B. Knorr, S. Lippoldt, and F. Saueressig,
“Gravitational Two-Loop Counterterm Is Asymptotically
Safe,” Phys. Rev. Lett. 116 no. 21, (2016) 211302,
arXiv:1601.01800 [hep-th].
[186] K. Falls and N. Ohta, “Renormalization Group Equation
for f(R) gravity on hyperbolic spaces,” Phys. Rev. D94
no. 8, (2016) 084005, arXiv:1607.08460 [hep-th].
[187] T. Denz, J. M. Pawlowski, and M. Reichert, “Towards
apparent convergence in asymptotically safe quantum
gravity,” Eur. Phys. J. C78 no. 4, (2018) 336,
arXiv:1612.07315 [hep-th].
[188] Y. Hamada and M. Yamada, “Asymptotic safety of higher
derivative quantum gravity non-minimally coupled with a
matter system,” JHEP 08 (2017) 070, arXiv:1703.09033
[hep-th].
[189] N. Christiansen, K. Falls, J. M. Pawlowski, and
M. Reichert, “Curvature dependence of quantum gravity,”
Phys. Rev. D97 no. 4, (2018) 046007, arXiv:1711.09259
[hep-th].
[190] K. Falls, C. R. King, D. F. Litim, K. Nikolakopoulos, and
C. Rahmede, “Asymptotic safety of quantum gravity
beyond Ricci scalars,” Phys. Rev. D97 no. 8, (2018)
086006, arXiv:1801.00162 [hep-th].
[191] G. P. De Brito, N. Ohta, A. D. Pereira, A. A. Tomaz, and
M. Yamada, “Asymptotic safety and field parametrization
dependence in the f(R) truncation,” Phys. Rev. D98
no. 2, (2018) 026027, arXiv:1805.09656 [hep-th].
[192] G. Gubitosi, R. Ooijer, C. Ripken, and F. Saueressig,
“Consistent early and late time cosmology from the RG
flow of gravity,” arXiv:1806.10147 [hep-th].
[193] A. Eichhorn, “An asymptotically safe guide to quantum
gravity and matter,” arXiv:1810.07615 [hep-th].
[194] K. G. Falls, D. F. Litim, and J. Schröder, “Aspects of
asymptotic safety for quantum gravity,”
arXiv:1810.08550 [gr-qc].
[195] K. S. Stelle, “Renormalization of Higher Derivative
Quantum Gravity,” Phys. Rev. D16 (1977) 953–969.
[196] E. S. Fradkin and A. A. Tseytlin, “Renormalizable
asymptotically free quantum theory of gravity,” Nucl.
Phys. B201 (1982) 469–491.
[197] I. G. Avramidi and A. O. Barvinsky, “Asymptotic
Freedom in higher derivative Quantum Gravity,” Phys.
Lett. 159B (1985) 269–274.
[198] A. Salvio and A. Strumia, “Agravity up to infinite
energy,” Eur. Phys. J. C78 no. 2, (2018) 124,
arXiv:1705.03896 [hep-th].
[199] M. R. Niedermaier, “Gravitational Fixed Points from
Perturbation Theory,” Phys. Rev. Lett. 103 (2009)
101303.
[200] M. Niedermaier, “Gravitational fixed points and
asymptotic safety from perturbation theory,” Nucl. Phys.
B833 (2010) 226–270.
[201] D. C. Dunbar and P. S. Norridge, “Calculation of
graviton scattering amplitudes using string based
methods,” Nucl. Phys. B433 (1995) 181–208,
arXiv:hep-th/9408014 [hep-th].
[202] U. Aydemir, M. M. Anber, and J. F. Donoghue,
“Self-healing of unitarity in effective field theories and the
onset of new physics,” Phys. Rev. D86 (2012) 014025,
arXiv:1203.5153 [hep-ph].
[203] G. Narain and T. Li, “Non-locality and late-time cosmic
acceleration from an ultraviolet complete theory,”
Universe 4 (2018) 82, arXiv:1807.10028 [hep-th].
107
[204] H. A. Buchdahl, “Non-linear Lagrangians and
cosmological theory,” Mon. Not. Roy. Astron. Soc. 150
(1970) 1.
[205] J. C. Hwang, “Cosmological perturbations in generalized
gravity theories: Formulation,” Class. Quant. Grav. 7
(1990) 1613–1631.
[206] S. Capozziello, S. Carloni, and A. Troisi, “Quintessence
without scalar fields,” Recent Res. Dev. Astron. Astrophys.
1 (2003) 625, arXiv:astro-ph/0303041 [astro-ph].
[207] S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner,
“Is cosmic speed - up due to new gravitational physics?,”
Phys. Rev. D70 (2004) 043528, arXiv:astro-ph/0306438
[astro-ph].
[208] S. Nojiri and S. D. Odintsov, “Modified gravity with
negative and positive powers of the curvature: Unification
of the inflation and of the cosmic acceleration,” Phys. Rev.
D68 (2003) 123512, arXiv:hep-th/0307288 [hep-th].
[209] L. Amendola, D. Polarski, and S. Tsujikawa, “Are f(R)
dark energy models cosmologically viable ?,” Phys. Rev.
Lett. 98 (2007) 131302, arXiv:astro-ph/0603703
[astro-ph].
[210] L. Amendola, R. Gannouji, D. Polarski, and S. Tsujikawa,
“Conditions for the cosmological viability of f(R) dark
energy models,” Phys. Rev. D75 (2007) 083504,
arXiv:gr-qc/0612180 [gr-qc].
[211] V. Faraoni, “de Sitter space and the equivalence between
f(R) and scalar-tensor gravity,” Phys. Rev. D75 (2007)
067302, arXiv:gr-qc/0703044 [GR-QC].
[212] S. Tsujikawa, “Matter density perturbations and effective
gravitational constant in modified gravity models of dark
energy,” Phys. Rev. D76 (2007) 023514,
arXiv:0705.1032 [astro-ph].
[213] W. Hu and I. Sawicki, “Models of f(R) Cosmic
Acceleration that Evade Solar-System Tests,” Phys. Rev.
D76 (2007) 064004, arXiv:0705.1158 [astro-ph].
[214] C. Wetterich, “Modified gravity and coupled
quintessence,” Lect. Notes Phys. 892 (2015) 57,
arXiv:1402.5031 [astro-ph.CO].
[215] Q. Shafi and C. Wetterich, “Inflation With Higher
Dimensional Gravity,” Phys. Lett. 152B (1985) 51. [Conf.
Proc.C841031,454(1984)].
[216] Q. Shafi and C. Wetterich, “Inflation From Higher
Dimensions,” Nucl. Phys. B289 (1987) 787–809.
[217] V. Faraoni, E. Gunzig, and P. Nardone, “Conformal
transformations in classical gravitational theories and in
cosmology,” Fund. Cosmic Phys. 20 (1999) 121,
arXiv:gr-qc/9811047 [gr-qc].
[218] C. Wetterich, “Cosmologies With Variable Newton’s
’Constant’,” Nucl. Phys. B302 (1988) 645–667.
[219] P. F. Machado and F. Saueressig, “On the
renormalization group flow of f(R)-gravity,” Phys. Rev.
D77 (2008) 124045, arXiv:0712.0445 [hep-th].
[220] R. Fakir, S. Habib, and W. Unruh, “Cosmological density
perturbations with modified gravity,” Astrophys. J. 394
(1992) 396.
[221] T. Damour and G. Esposito-Farese, “Tensor multiscalar
theories of gravitation,” Class. Quant. Grav. 9 (1992)
2093–2176.
[222] E. E. Flanagan, “The Conformal frame freedom in
theories of gravitation,” Class. Quant. Grav. 21 (2004)
3817, arXiv:gr-qc/0403063 [gr-qc].
[223] R. Catena, M. Pietroni, and L. Scarabello, “Einstein and
Jordan reconciled: a frame-invariant approach to
scalar-tensor cosmology,” Phys. Rev. D76 (2007) 084039,
arXiv:astro-ph/0604492 [astro-ph].
[224] N. Deruelle and M. Sasaki, “Conformal equivalence in
classical gravity: the example of ’Veiled’ General
Relativity,” Springer Proc. Phys. 137 (2011) 247–260,
arXiv:1007.3563 [gr-qc].
[225] T. Chiba and M. Yamaguchi, “Conformal-Frame
(In)dependence of Cosmological Observations in
Scalar-Tensor Theory,” JCAP 1310 (2013) 040,
arXiv:1308.1142 [gr-qc].
[226] M. Postma and M. Volponi, “Equivalence of the Einstein
and Jordan frames,” Phys. Rev. D90 no. 10, (2014)
103516, arXiv:1407.6874 [astro-ph.CO].
[227] C. Wetterich, “Primordial cosmic fluctuations for variable
gravity,” JCAP 1605 (2016) 041, arXiv:1511.03530
[gr-qc].
[228] A. Karam, T. Pappas, and K. Tamvakis,
“Frame-dependence of higher-order inflationary
observables in scalar-tensor theories,” Phys. Rev. D96
no. 6, (2017) 064036, arXiv:1707.00984 [gr-qc].
[229] C. Wetterich, “Eternal Universe,” Phys. Rev. D90 no. 4,
(2014) 043520, arXiv:1404.0535 [gr-qc].
[230] C. Wetterich, “Universe without expansion,” Phys. Dark
Univ. 2 (2013) 184–187, arXiv:1303.6878
[astro-ph.CO].
[231] L. Järv, P. Kuusk, M. Saal, and O. Vilson, “Invariant
quantities in the scalar-tensor theories of gravitation,”
Phys. Rev. D91 no. 2, (2015) 024041, arXiv:1411.1947
[gr-qc].
[232] L. Järv, K. Kannike, L. Marzola, A. Racioppi, M. Raidal,
M. Rünkla, M. Saal, and H. Veermäe,
“Frame-Independent Classification of Single-Field
Inflationary Models,” Phys. Rev. Lett. 118 no. 15, (2017)
151302, arXiv:1612.06863 [hep-ph].
[233] S. Karamitsos and A. Pilaftsis, “Frame Covariant
Nonminimal Multifield Inflation,” Nucl. Phys. B927
(2018) 219–254, arXiv:1706.07011 [hep-ph].
[234] N. D. Birrell and P. C. W. Davies, Quantum Fields in
Curved Space. Cambridge Monographs on Mathematical
Physics. Cambridge Univ. Press, Cambridge, UK, 1984.
http:
//www.cambridge.org/mw/academic/subjects/physics/
theoretical-physics-and-mathematical-physics/
quantum-fields-curved-space?format=PB.
[235] L. E. Parker and D. Toms, Quantum Field Theory in
Curved Spacetime. Cambridge Monographs on
Mathematical Physics. Cambridge University Press, 2009.
http://www.cambridge.org/de/knowledge/isbn/
item2327457.
[236] I. L. Buchbinder, S. D. Odintsov, and I. L. Shapiro,
Effective action in quantum gravity. 1992.
[237] J. F. Donoghue, “General relativity as an effective field
theory: The leading quantum corrections,” Phys. Rev.
D50 (1994) 3874–3888, arXiv:gr-qc/9405057 [gr-qc].
[238] C. P. Burgess, “Quantum gravity in everyday life:
General relativity as an effective field theory,” Living Rev.
Rel. 7 (2004) 5–56, arXiv:gr-qc/0311082 [gr-qc].
[239] J. F. Donoghue, “The effective field theory treatment of
quantum gravity,” AIP Conf. Proc. 1483 (2012) 73–94,
arXiv:1209.3511 [gr-qc].
[240] J. F. Donoghue and B. K. El-Menoufi, “Nonlocal quantum
effects in cosmology: Quantum memory, nonlocal FLRW
equations, and singularity avoidance,” Phys. Rev. D89
no. 10, (2014) 104062, arXiv:1402.3252 [gr-qc].
[241] G. de Berredo-Peixoto and I. L. Shapiro, “Higher
derivative quantum gravity with Gauss-Bonnet term,”
Phys. Rev. D71 (2005) 064005, arXiv:hep-th/0412249
108
[hep-th].
[242] B. Holdom, “A Weak instability in an expanding
universe?,” Phys. Rev. D66 (2002) 045001,
arXiv:hep-th/0203087 [hep-th].
[243] A. Salvio, “Inflationary Perturbations in No-Scale
Theories,” Eur. Phys. J. C77 no. 4, (2017) 267,
arXiv:1703.08012 [astro-ph.CO].
[244] N. Tetradis and C. Wetterich, “Scale dependence of the
average potential around the maximum in phi**4
theories,” Nucl. Phys. B383 (1992) 197–217.
[245] E. T. Tomboulis, “Superrenormalizable gauge and
gravitational theories,” arXiv:hep-th/9702146
[hep-th].
[246] T. Biswas, A. Mazumdar, and W. Siegel, “Bouncing
universes in string-inspired gravity,” JCAP 0603 (2006)
009, arXiv:hep-th/0508194 [hep-th].
[247] L. Modesto, “Super-renormalizable Quantum Gravity,”
Phys. Rev. D86 (2012) 044005, arXiv:1107.2403
[hep-th].
[248] T. Biswas, E. Gerwick, T. Koivisto, and A. Mazumdar,
“Towards singularity and ghost free theories of gravity,”
Phys. Rev. Lett. 108 (2012) 031101, arXiv:1110.5249
[gr-qc].
[249] B. Holdom and J. Ren, “Quadratic gravity: from weak to
strong,” Int. J. Mod. Phys. D25 no. 12, (2016) 1643004,
arXiv:1605.05006 [hep-th].
[250] G. Narain, “Exorcising Ghosts in Induced Gravity,” Eur.
Phys. J. C77 no. 10, (2017) 683, arXiv:1612.04930
[hep-th].
[251] G. Narain and T. Li, “Ultraviolet complete dark energy
model,” Phys. Rev. D97 no. 8, (2018) 083523,
arXiv:1712.09054 [hep-th].
[252] N. Tetradis and C. Wetterich, “Critical exponents from
effective average action,” Nucl. Phys. B422 (1994)
541–592, arXiv:hep-ph/9308214 [hep-ph].
[253] U. Ellwanger, “FLow equations for N point functions and
bound states,” Z. Phys. C62 (1994) 503–510,
arXiv:hep-ph/9308260 [hep-ph]. [,206(1993)].
[254] T. R. Morris, “The Exact renormalization group and
approximate solutions,” Int. J. Mod. Phys. A9 (1994)
2411–2450, arXiv:hep-ph/9308265 [hep-ph].
[255] U. Ellwanger, “Flow equations and BRS invariance for
Yang-Mills theories,” Phys. Lett. B335 (1994) 364–370,
arXiv:hep-th/9402077 [hep-th].
[256] J. M. Pawlowski, “Aspects of the functional
renormalisation group,” Annals Phys. 322 (2007)
2831–2915, arXiv:hep-th/0512261 [hep-th].
[257] H. Gies, “Introduction to the functional RG and
applications to gauge theories,” Lect. Notes Phys. 852
(2012) 287–348, arXiv:hep-ph/0611146 [hep-ph].
[258] J. M. Pawlowski, M. Reichert, C. Wetterich, and
M. Yamada, “Higgs scalar potential in asymptotically safe
quantum gravity,” arXiv:1811.11706 [hep-th].
[259] P. Donà, A. Eichhorn, and R. Percacci, “Matter matters
in asymptotically safe quantum gravity,” Phys. Rev. D89
no. 8, (2014) 084035, arXiv:1311.2898 [hep-th].
[260] J. Biemans, A. Platania, and F. Saueressig,
“Renormalization group fixed points of foliated
gravity-matter systems,” JHEP 05 (2017) 093,
arXiv:1702.06539 [hep-th].
[261] J. Meibohm, J. M. Pawlowski, and M. Reichert,
“Asymptotic safety of gravity-matter systems,” Phys. Rev.
D93 no. 8, (2016) 084035, arXiv:1510.07018 [hep-th].
[262] A. Eichhorn, P. Labus, J. M. Pawlowski, and M. Reichert,
“Effective universality in quantum gravity,” SciPost Phys.
5 no. 4, (2018) 031, arXiv:1804.00012 [hep-th].
[263] A. Eichhorn, S. Lippoldt, J. M. Pawlowski, M. Reichert,
and M. Schiffer, “How perturbative is quantum gravity?,”
arXiv:1810.02828 [hep-th].
[264] C. Wetterich, “Quantum correlations for the metric,”
Phys. Rev. D95 no. 12, (2017) 123525,
arXiv:1603.06504 [gr-qc].
[265] D. F. Litim, “Optimized renormalization group flows,”
Phys. Rev. D64 (2001) 105007, arXiv:hep-th/0103195
[hep-th].
[266] B. Schrempp and M. Wimmer, “Top quark and Higgs
boson masses: Interplay between infrared and ultraviolet
physics,” Prog. Part. Nucl. Phys. 37 (1996) 1–90,
arXiv:hep-ph/9606386 [hep-ph].
[267] F. Bezrukov, M. Yu. Kalmykov, B. A. Kniehl, and
M. Shaposhnikov, “Higgs Boson Mass and New Physics,”
JHEP 10 (2012) 140, arXiv:1205.2893 [hep-ph].
[,275(2012)].
[268] G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa,
G. F. Giudice, G. Isidori, and A. Strumia, “Higgs mass
and vacuum stability in the Standard Model at NNLO,”
JHEP 08 (2012) 098, arXiv:1205.6497 [hep-ph].
[269] D. Buttazzo, G. Degrassi, P. P. Giardino, G. F. Giudice,
F. Sala, A. Salvio, and A. Strumia, “Investigating the
near-criticality of the Higgs boson,” JHEP 12 (2013) 089,
arXiv:1307.3536 [hep-ph].
[270] S. Alekhin, A. Djouadi, and S. Moch, “The top quark and
Higgs boson masses and the stability of the electroweak
vacuum,” Phys. Lett. B716 (2012) 214–219,
arXiv:1207.0980 [hep-ph].
[271] A. Eichhorn and A. Held, “Top mass from asymptotic
safety,” Phys. Lett. B777 (2018) 217–221,
arXiv:1707.01107 [hep-th].
[272] A. Eichhorn and A. Held, “Mass difference for charged
quarks from asymptotically safe quantum gravity,” Phys.
Rev. Lett. 121 no. 15, (2018) 151302, arXiv:1803.04027
[hep-th].
[273] K.-y. Oda and M. Yamada, “Non-minimal coupling in
Higgs–Yukawa model with asymptotically safe gravity,”
Class. Quant. Grav. 33 no. 12, (2016) 125011,
arXiv:1510.03734 [hep-th].
[274] A. Bonanno and M. Reuter, “Entropy signature of the
running cosmological constant,” JCAP 0708 (2007) 024,
arXiv:0706.0174 [hep-th].
[275] A. Bonanno and F. Saueressig, “Asymptotically safe
cosmology – A status report,” Comptes Rendus Physique
18 (2017) 254–264, arXiv:1702.04137 [hep-th].
[276] V. A. Rubakov, “Harrison-Zeldovich spectrum from
conformal invariance,” JCAP 0909 (2009) 030,
arXiv:0906.3693 [hep-th].
[277] M. Libanov, V. Rubakov, and G. Rubtsov, “Towards
conformal cosmology,” JETP Lett. 102 no. 8, (2015)
561–570, arXiv:1508.07728 [hep-th]. [Pisma Zh. Eksp.
Teor. Fiz.102,no.8,630(2015)].
[278] K. Hinterbichler, A. Joyce, and J. Khoury, “Non-linear
Realizations of Conformal Symmetry and Effective Field
Theory for the Pseudo-Conformal Universe,” JCAP 1206
(2012) 043, arXiv:1202.6056 [hep-th].
[279] P. Creminelli, A. Joyce, J. Khoury, and M. Simonovic,
“Consistency Relations for the Conformal Mechanism,”
JCAP 1304 (2013) 020, arXiv:1212.3329 [hep-th].
[280] C. Wetterich, “Cosmon inflation,” Phys. Lett. B726
(2013) 15–22, arXiv:1303.4700 [astro-ph.CO].
[281] M. Shaposhnikov and D. Zenhausern, “Scale invariance,
unimodular gravity and dark energy,” Phys. Lett. B671
109
(2009) 187–192, arXiv:0809.3395 [hep-th].
[282] P. G. Ferreira, C. T. Hill, J. Noller, and G. G. Ross,
“Inflation in a scale invariant universe,” Phys. Rev. D97
no. 12, (2018) 123516, arXiv:1802.06069
[astro-ph.CO].
[283] S. Casas, M. Pauly, and J. Rubio, “Higgs-dilaton
cosmology: An inflation-dark-energy connection and
forecasts for future galaxy surveys,” Phys. Rev. D97
no. 4, (2018) 043520, arXiv:1712.04956 [astro-ph.CO].
[284] C. Wetterich, “Cosmologies With Variable Newton’s
’Constant’,” Nucl. Phys. B302 (1988) 645–667.
[285] J.-P. Uzan, “The Fundamental constants and their
variation: Observational status and theoretical
motivations,” Rev. Mod. Phys. 75 (2003) 403,
arXiv:hep-ph/0205340 [hep-ph].
[286] E. R. Harrison, “Fluctuations at the threshold of classical
cosmology,” Phys. Rev. D1 (1970) 2726–2730.
[287] Ya. B. Zeldovich, “A Hypothesis, unifying the structure
and the entropy of the universe,” Mon. Not. Roy. Astron.
Soc. 160 (1972) 1P–3P.
[288] P. J. E. Peebles and J. T. Yu, “Primeval adiabatic
perturbation in an expanding universe,” Astrophys. J.
162 (1970) 815–836.
[289] S. W. Hawking, “The Development of Irregularities in a
Single Bubble Inflationary Universe,” Phys. Lett. 115B
(1982) 295.
[290] A. A. Starobinsky, “Dynamics of Phase Transition in the
New Inflationary Universe Scenario and Generation of
Perturbations,” Phys. Lett. 117B (1982) 175–178.
[291] M. Sasaki, “Large Scale Quantum Fluctuations in the
Inflationary Universe,” Prog. Theor. Phys. 76 (1986)
1036.
[292] V. F. Mukhanov, “Quantum Theory of Gauge Invariant
Cosmological Perturbations,” Sov. Phys. JETP 67 (1988)
1297–1302. [Zh. Eksp. Teor. Fiz.94N7,1(1988)].
[293] C. Wetterich, “Can observations look back to the
beginning of inflation?,” Phys. Lett. B754 (2016)
109–113, arXiv:1503.04698 [gr-qc].
[294] C. Wetterich, “Cosmic fluctuations from a quantum
effective action,” Phys. Rev. D92 no. 8, (2015) 083507,
arXiv:1503.07860 [gr-qc].
[295] A. Hebecker and C. Wetterich, “Natural quintessence?,”
Phys. Lett. B497 (2001) 281–288,
arXiv:hep-ph/0008205 [hep-ph].
[296] F. Lucchin and S. Matarrese, “Power Law Inflation,”
Phys. Rev. D32 (1985) 1316.
[297] C. Wetterich, “Kaluza-Klein Cosmology,” in Monopole
’83 Ann Arbor, Mich., October 6-9, 1983. 1983.
[298] C. Wetterich, “Kaluza-Klein Cosmology and the
Inflationary Universe,” Nucl. Phys. B252 (1985) 309–320.
[299] R. Kallosh, A. Linde, and D. Roest, “Universal Attractor
for Inflation at Strong Coupling,” Phys. Rev. Lett. 112
no. 1, (2014) 011303, arXiv:1310.3950 [hep-th].
[300] R. Kallosh, A. Linde, and D. Roest, “Superconformal
Inflationary α-Attractors,” JHEP 11 (2013) 198,
arXiv:1311.0472 [hep-th].
[301] K. Dimopoulos and C. Owen, “Quintessential Inflation
with α-attractors,” JCAP 1706 no. 06, (2017) 027,
arXiv:1703.00305 [gr-qc].
[302] K. Dimopoulos and T. Markkanen, “Dark energy as a
remnant of inflation and electroweak symmetry breaking,”
arXiv:1807.04359 [astro-ph.CO].
[303] A. Bonanno and A. Platania, “Asymptotically safe
inflation from quadratic gravity,” Phys. Lett. B750
(2015) 638–642, arXiv:1507.03375 [gr-qc].
[304] A. Bonanno, A. Platania, and F. Saueressig,
“Cosmological bounds on the field content of
asymptotically safe gravity–matter models,” Phys. Lett.
B784 (2018) 229–236, arXiv:1803.02355 [gr-qc].
[305] S. Pi, Y.-l. Zhang, Q.-G. Huang, and M. Sasaki,
“Scalaron from R2-gravity as a heavy field,” JCAP 1805
no. 05, (2018) 042, arXiv:1712.09896 [astro-ph.CO].
[306] J. Rubio and C. Wetterich, “Emergent scale symmetry:
Connecting inflation and dark energy,” Phys. Rev. D96
no. 6, (2017) 063509, arXiv:1705.00552 [gr-qc].
[307] G. Isidori, V. S. Rychkov, A. Strumia, and N. Tetradis,
“Gravitational corrections to standard model vacuum
decay,” Phys. Rev. D77 (2008) 025034, arXiv:0712.0242
[hep-ph].
[308] J. R. Espinosa, G. F. Giudice, and A. Riotto,
“Cosmological implications of the Higgs mass
measurement,” JCAP 0805 (2008) 002, arXiv:0710.2484
[hep-ph].
[309] A. O. Barvinsky, A. Yu. Kamenshchik, and A. A.
Starobinsky, “Inflation scenario via the Standard Model
Higgs boson and LHC,” JCAP 0811 (2008) 021,
arXiv:0809.2104 [hep-ph].
[310] F. Bezrukov and M. Shaposhnikov, “Standard Model
Higgs boson mass from inflation: Two loop analysis,”
JHEP 07 (2009) 089, arXiv:0904.1537 [hep-ph].
[311] J. Garcia-Bellido, D. G. Figueroa, and J. Rubio,
“Preheating in the Standard Model with the
Higgs-Inflaton coupled to gravity,” Phys. Rev. D79 (2009)
063531, arXiv:0812.4624 [hep-ph].
[312] F. Bezrukov, D. Gorbunov, and M. Shaposhnikov, “On
initial conditions for the Hot Big Bang,” JCAP 0906
(2009) 029, arXiv:0812.3622 [hep-ph].
[313] A. De Simone, M. P. Hertzberg, and F. Wilczek,
“Running Inflation in the Standard Model,” Phys. Lett.
B678 (2009) 1–8, arXiv:0812.4946 [hep-ph].
[314] F. L. Bezrukov, A. Magnin, and M. Shaposhnikov,
“Standard Model Higgs boson mass from inflation,” Phys.
Lett. B675 (2009) 88–92, arXiv:0812.4950 [hep-ph].
[315] J. L. F. Barbon and J. R. Espinosa, “On the Naturalness
of Higgs Inflation,” Phys. Rev. D79 (2009) 081302,
arXiv:0903.0355 [hep-ph].
[316] C. P. Burgess, H. M. Lee, and M. Trott, “Comment on
Higgs Inflation and Naturalness,” JHEP 07 (2010) 007,
arXiv:1002.2730 [hep-ph].
[317] L. A. Popa and A. Caramete, “Cosmological Constraints
on Higgs Boson Mass,” Astrophys. J. 723 (2010) 803–811,
arXiv:1009.1293 [astro-ph.CO].
[318] F. Bezrukov, D. Gorbunov, and M. Shaposhnikov, “Late
and early time phenomenology of Higgs-dependent cutoff,”
JCAP 1110 (2011) 001, arXiv:1106.5019 [hep-ph].
[319] F. Bezrukov, A. Magnin, M. Shaposhnikov, and
S. Sibiryakov, “Higgs inflation: consistency and
generalisations,” JHEP 01 (2011) 016, arXiv:1008.5157
[hep-ph].
[320] A. O. Barvinsky, A. Yu. Kamenshchik, C. Kiefer, A. A.
Starobinsky, and C. F. Steinwachs, “Higgs boson,
renormalization group, and naturalness in cosmology,”
Eur. Phys. J. C72 (2012) 2219, arXiv:0910.1041
[hep-ph].
[321] A. Salvio, “Higgs Inflation at NNLO after the Boson
Discovery,” Phys. Lett. B727 (2013) 234–239,
arXiv:1308.2244 [hep-ph].
[322] Y. Hamada, H. Kawai, and K.-y. Oda, “Minimal Higgs
inflation,” PTEP 2014 (2014) 023B02, arXiv:1308.6651
[hep-ph].
110
[323] M. Fairbairn, P. Grothaus, and R. Hogan, “The Problem
with False Vacuum Higgs Inflation,” JCAP 1406 (2014)
039, arXiv:1403.7483 [hep-ph].
[324] F. Bezrukov and M. Shaposhnikov, “Higgs inflation at the
critical point,” Phys. Lett. B734 (2014) 249–254,
arXiv:1403.6078 [hep-ph].
[325] F. Bezrukov, J. Rubio, and M. Shaposhnikov, “Living
beyond the edge: Higgs inflation and vacuum
metastability,” Phys. Rev. D92 no. 8, (2015) 083512,
arXiv:1412.3811 [hep-ph].
[326] J. Rubio, “Higgs inflation and vacuum stability,” J. Phys.
Conf. Ser. 631 (2015) 012032, arXiv:1502.07952
[hep-ph].
[327] J. Repond and J. Rubio, “Combined Preheating on the
lattice with applications to Higgs inflation,” JCAP 1607
no. 07, (2016) 043, arXiv:1604.08238 [astro-ph.CO].
[328] J. Fumagalli and M. Postma, “UV (in)sensitivity of Higgs
inflation,” JHEP 05 (2016) 049, arXiv:1602.07234
[hep-ph].
[329] V.-M. Enckell, K. Enqvist, and S. Nurmi, “Observational
signatures of Higgs inflation,” JCAP 1607 no. 07, (2016)
047, arXiv:1603.07572 [astro-ph.CO].
[330] D. P. George, S. Mooij, and M. Postma, “Quantum
corrections in Higgs inflation: the Standard Model case,”
JCAP 1604 no. 04, (2016) 006, arXiv:1508.04660
[hep-th].
[331] Y. Ema, R. Jinno, K. Mukaida, and K. Nakayama,
“Violent Preheating in Inflation with Nonminimal
Coupling,” JCAP 1702 no. 02, (2017) 045,
arXiv:1609.05209 [hep-ph].
[332] J. Fumagalli, “Renormalization Group independence of
Cosmological Attractors,” Phys. Lett. B769 (2017)
451–459, arXiv:1611.04997 [hep-th].
[333] S. Rasanen and P. Wahlman, “Higgs inflation with loop
corrections in the Palatini formulation,” JCAP 1711
no. 11, (2017) 047, arXiv:1709.07853 [astro-ph.CO].
[334] F. Bezrukov, M. Pauly, and J. Rubio, “On the robustness
of the primordial power spectrum in renormalized Higgs
inflation,” JCAP 1802 no. 02, (2018) 040,
arXiv:1706.05007 [hep-ph].
[335] V.-M. Enckell, K. Enqvist, S. Rasanen, and E. Tomberg,
“Higgs inflation at the hilltop,” JCAP 1806 no. 06, (2018)
005, arXiv:1802.09299 [astro-ph.CO].
[336] J. Rubio, “Higgs inflation,” arXiv:1807.02376 [hep-ph].
[337] V. Branchina, E. Messina, and M. Sher, “Lifetime of the
electroweak vacuum and sensitivity to Planck scale
physics,” Phys. Rev. D91 (2015) 013003,
arXiv:1408.5302 [hep-ph].
[338] F. Bezrukov, G. K. Karananas, J. Rubio, and
M. Shaposhnikov, “Higgs-Dilaton Cosmology: an effective
field theory approach,” Phys. Rev. D87 no. 9, (2013)
096001, arXiv:1212.4148 [hep-ph].
[339] J. Garcia-Bellido, J. Rubio, and M. Shaposhnikov,
“Higgs-Dilaton cosmology: Are there extra relativistic
species?,” Phys. Lett. B718 (2012) 507–511,
arXiv:1209.2119 [hep-ph].
[340] G. K. Karananas and J. Rubio, “On the geometrical
interpretation of scale-invariant models of inflation,” Phys.
Lett. B761 (2016) 223–228, arXiv:1606.08848
[hep-ph].
[341] J. Rubio and M. Shaposhnikov, “Higgs-Dilaton cosmology:
Universality versus criticality,” Phys. Rev. D90 (2014)
027307, arXiv:1406.5182 [hep-ph].
[342] J. Garcia-Bellido, J. Rubio, M. Shaposhnikov, and
D. Zenhausern, “Higgs-Dilaton Cosmology: From the
Early to the Late Universe,” Phys. Rev. D84 (2011)
123504, arXiv:1107.2163 [hep-ph].
[343] B. Ratra and P. J. E. Peebles, “Cosmological
Consequences of a Rolling Homogeneous Scalar Field,”
Phys. Rev. D37 (1988) 3406.
[344] C. Wetterich, “The Cosmon model for an asymptotically
vanishing time dependent cosmological ’constant’,”
Astron. Astrophys. 301 (1995) 321–328,
arXiv:hep-th/9408025 [hep-th].
[345] P. T. P. Viana and A. R. Liddle, “Perturbation evolution
in cosmologies with a decaying cosmological constant,”
Phys. Rev. D57 (1998) 674–684,
arXiv:astro-ph/9708247 [astro-ph].
[346] E. J. Copeland, A. R. Liddle, and D. Wands,
“Exponential potentials and cosmological scaling
solutions,” Phys. Rev. D57 (1998) 4686–4690,
arXiv:gr-qc/9711068 [gr-qc].
[347] R. R. Caldwell, R. Dave, and P. J. Steinhardt,
“Cosmological imprint of an energy component with
general equation of state,” Phys. Rev. Lett. 80 (1998)
1582–1585, arXiv:astro-ph/9708069 [astro-ph].
[348] L. Amendola, “Scaling solutions in general nonminimal
coupling theories,” Phys. Rev. D60 (1999) 043501,
arXiv:astro-ph/9904120 [astro-ph].
[349] B. Widom, “Equation of state in the neighborhood of the
critical point,” The Journal of Chemical Physics 43
no. 11, (1965) 3898–3905.
[350] A. N. Kolmogorov, “The local structure of turbulence in
incompressible viscous fluid for very large reynolds
numbers,”.
[351] L. Amendola, M. Baldi, and C. Wetterich, “Quintessence
cosmologies with a growing matter component,” Phys.
Rev. D78 (2008) 023015, arXiv:0706.3064 [astro-ph].
[352] C. Wetterich, “Growing neutrinos and cosmological
selection,” Phys. Lett. B655 (2007) 201–208,
arXiv:0706.4427 [hep-ph].
[353] O. Bertolami, “TIME DEPENDENT COSMOLOGICAL
TERM,” Nuovo Cim. B93 (1986) 36–42.
[354] L. H. Ford, “COSMOLOGICAL CONSTANT DAMPING
BY UNSTABLE SCALAR FIELDS,” Phys. Rev. D35
(1987) 2339.
[355] M. W. Hossain, R. Myrzakulov, M. Sami, and E. N.
Saridakis, “Variable gravity: A suitable framework for
quintessential inflation,” Phys. Rev. D90 no. 2, (2014)
023512, arXiv:1402.6661 [gr-qc].
[356] A. Agarwal, R. Myrzakulov, M. Sami, and N. K. Singh,
“Quintessential inflation in a thawing realization,” Phys.
Lett. B770 (2017) 200–208, arXiv:1708.00156 [gr-qc].
[357] S. Ahmad, R. Myrzakulov, and M. Sami, “Relic
gravitational waves from Quintessential Inflation,” Phys.
Rev. D96 no. 6, (2017) 063515, arXiv:1705.02133
[gr-qc].
[358] C.-Q. Geng, C.-C. Lee, M. Sami, E. N. Saridakis, and
A. A. Starobinsky, “Observational constraints on
successful model of quintessential Inflation,” JCAP 1706
no. 06, (2017) 011, arXiv:1705.01329 [gr-qc].
[359] P. G. Ferreira and M. Joyce, “Structure formation with a
selftuning scalar field,” Phys. Rev. Lett. 79 (1997)
4740–4743, arXiv:astro-ph/9707286 [astro-ph].
[360] M. Doran, J.-M. Schwindt, and C. Wetterich, “Structure
formation and the time dependence of quintessence,”
Phys. Rev. D64 (2001) 123520, arXiv:astro-ph/0107525
[astro-ph].
[361] V. Pettorino, L. Amendola, and C. Wetterich, “How early
is early dark energy?,” Phys. Rev. D87 (2013) 083009,
111
arXiv:1301.5279 [astro-ph.CO].
[362] W. Buchmuller and N. Dragon, “Einstein Gravity From
Restricted Coordinate Invariance,” Phys. Lett. B207
(1988) 292–294.
[363] W. Buchmuller and N. Dragon, “Dilatons in Flat and
Curved Space-time,” Nucl. Phys. B321 (1989) 207–231.
[364] M. Shaposhnikov and D. Zenhausern, “Scale invariance,
unimodular gravity and dark energy,” Phys. Lett. B671
(2009) 187–192, arXiv:0809.3395 [hep-th].
[365] P. J. E. Peebles and A. Vilenkin, “Quintessential
inflation,” Phys. Rev. D59 (1999) 063505,
arXiv:astro-ph/9810509 [astro-ph].
[366] B. Spokoiny, “Deflationary universe scenario,” Phys. Lett.
B315 (1993) 40–45, arXiv:gr-qc/9306008 [gr-qc].
[367] P. Brax and J. Martin, “Coupling quintessence to
inflation in supergravity,” Phys. Rev. D71 (2005) 063530,
arXiv:astro-ph/0502069 [astro-ph].
[368] C. Wetterich, “Conformal fixed point, cosmological
constant and quintessence,” Phys. Rev. Lett. 90 (2003)
231302, arXiv:hep-th/0210156 [hep-th].
[369] K. Dimopoulos and T. Markkanen, “Non-minimal
gravitational reheating during kination,” JCAP 1806
no. 06, (2018) 021, arXiv:1803.07399 [gr-qc].
[370] L. Amendola, “Coupled quintessence,” Phys. Rev. D62
(2000) 043511, arXiv:astro-ph/9908023 [astro-ph].
[371] P. Jordan, “Die physikalischen weltkonstanten,”
Naturwissenschaften 25 no. 32, (Aug, 1937) 513–517.
https://doi.org/10.1007/BF01498368.
[372] P. Jordan, “Über die kosmologische konstanz der
feinstrukturkonstanten,” Zeitschrift für Physik 113 no. 9,
(Sep, 1939) 660–662.
https://doi.org/10.1007/BF01340095.
[373] P. A. M. Dirac, “The Cosmological constants,” Nature
139 (1937) 323.
[374] T. Chiba, “Quintessence, the gravitational constant, and
gravity,” Phys. Rev. D60 (1999) 083508,
arXiv:gr-qc/9903094 [gr-qc].
[375] G. R. Dvali and M. Zaldarriaga, “Changing alpha with
time: Implications for fifth force type experiments and
quintessence,” Phys. Rev. Lett. 88 (2002) 091303,
arXiv:hep-ph/0108217 [hep-ph].
[376] T. Damour and A. M. Polyakov, “The String dilaton and
a least coupling principle,” Nucl. Phys. B423 (1994)
532–558, arXiv:hep-th/9401069 [hep-th].
[377] J.-P. Uzan, “Cosmological scaling solutions of
nonminimally coupled scalar fields,” Phys. Rev. D59
(1999) 123510, arXiv:gr-qc/9903004 [gr-qc].
[378] T. Damour, F. Piazza, and G. Veneziano, “Runaway
dilaton and equivalence principle violations,” Phys. Rev.
Lett. 89 (2002) 081601, arXiv:gr-qc/0204094 [gr-qc].
[379] T. Damour, F. Piazza, and G. Veneziano, “Violations of
the equivalence principle in a dilaton runaway scenario,”
Phys. Rev. D66 (2002) 046007, arXiv:hep-th/0205111
[hep-th].
[380] C. Wetterich, “Probing quintessence with time variation
of couplings,” JCAP 0310 (2003) 002,
arXiv:hep-ph/0203266 [hep-ph].
[381] C. Brans and R. H. Dicke, “Mach’s principle and a
relativistic theory of gravitation,” Phys. Rev. 124 (1961)
925–935.
[382] J. Narlikar and H. Arp, “Flat spacetime cosmology - A
unified framework for extragalactic redshifts,” Astrophys.
J. 405 (Mar., 1993) 51–56.
[383] J. V. Narlikar, “Two Astrophysical Applications of
Conformal Gravity,” Annals Phys. 107 (1977) 325–336.
[384] F. Hoyle and J. V. Narlikar, “A conformal theory of
gravitation,” Proceedings of the Royal Society of London
A: Mathematical, Physical and Engineering Sciences 294
no. 1437, (1966) 138–148. http://rspa.
royalsocietypublishing.org/content/294/1437/138.
[385] C. Wetterich, “Naturalness of exponential cosmon
potentials and the cosmological constant problem,” Phys.
Rev. D77 (2008) 103505, arXiv:0801.3208 [hep-th].
[386] E. V. Linder, “The Dynamics of Quintessence, The
Quintessence of Dynamics,” Gen. Rel. Grav. 40 (2008)
329–356, arXiv:0704.2064 [astro-ph].
[387] C. Wetterich, “Crossover quintessence and cosmological
history of fundamental ’constants’,” Phys. Lett. B561
(2003) 10–16, arXiv:hep-ph/0301261 [hep-ph].
[388] C. Wetterich, “Cosmology with varying scales and
couplings,” in Proceedings, 5th Internationa Conference
on Strong and Electroweak Matter (SEWM 2002):
Heidelberg, Germany, October 2-5, 2002, pp. 230–249.
2003. arXiv:hep-ph/0302116 [hep-ph].
[389] C. Skordis and A. Albrecht, “Planck scale quintessence
and the physics of structure formation,” Phys. Rev. D66
(2002) 043523, arXiv:astro-ph/0012195 [astro-ph].
[390] J. A. Frieman, C. T. Hill, A. Stebbins, and I. Waga,
“Cosmology with ultralight pseudo Nambu-Goldstone
bosons,” Phys. Rev. Lett. 75 (1995) 2077–2080,
arXiv:astro-ph/9505060 [astro-ph].
[391] Y. Ayaita, M. Baldi, F. Führer, E. Puchwein, and
C. Wetterich, “Nonlinear growing neutrino cosmology,”
Phys. Rev. D93 no. 6, (2016) 063511, arXiv:1407.8414
[astro-ph.CO].
[392] D. F. Mota, V. Pettorino, G. Robbers, and C. Wetterich,
“Neutrino clustering in growing neutrino quintessence,”
Phys. Lett. B663 (2008) 160–164, arXiv:0802.1515
[astro-ph].
[393] S. Casas, V. Pettorino, and C. Wetterich, “Dynamics of
neutrino lumps in growing neutrino quintessence,” Phys.
Rev. D94 no. 10, (2016) 103518, arXiv:1608.02358
[astro-ph.CO].
